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1 Introduction

Welter’s game is a game that is played on an infinite strip of squares, numbered
0,1,2,3,.... A number of coins are placed on some of the squares, with no two
coins on the same square. Two players play alternately. In each turn, they take
a coin from a square and move it to a square with a lower number, that is not
yet occupied by a coin. If there are no moves left at the start of a player’s turn,
that player loses.

This is an example of a so-called impartial combinatorial game. For each initial
position of such a game, there exists a strategy that is winning for one of the
players, regardless of what moves the other player chooses. This is related to
the Sprague-Grundy function, a function with all possible positions in the game
as domain and N = {0,1,2,...} as range. The Sprague-Grundy function has
value 0 in a position if and only if there is a winning strategy starting from that
position for the player whose turn it is not. Such positions are called P-positions.

The Sprague-Grundy function is a recursive function. The value at a certain
position depends on the values at all positions that can be reached from that
position in one move. This recursive expression for the Sprague-Grundy func-
tion does not lead to a computationally efficient algorithm for calculating the
value at a certain position. So if we want to use the Sprague-Grundy func-
tion to efficiently calculate the winning strategy of a game, we need to find a
closed-form expression for the Sprague-Grundy function, or a computationally
more efficient recursive expression. We will further discuss P-positions and the
Sprague-Grundy function in Chapter 2.

Next, we discuss the Sprague-Grundy function for Welter’s game. In the lit-
erature, we encountered four different methods for finding a computationally
efficient expression for this function (see [10], [2] and [1]). Each of these consists
of defining a candidate Sprague-Grundy function based on a list of one or more
properties. To prove that a candidate function is indeed the Sprague-Grundy
function for Welter’s game, we first need to prove that it satisfies the properties
of at least two of the other candidate functions, thereby proving that the three
candidate functions are equal.

Because the properties that define the four candidate functions are quite differ-
ent, it is not immediately obvious that the functions are all equal. In order to
better understand the relations between these defining properties, we examined
the pairwise equivalence of the four sets of defining properties. We tried to prove
directly that each of the candidate functions satisfies the properties of each of
the three other functions. We discuss the four candidate functions and their
equivalence in Chapter 3. Some of the proofs in this chapter come from [10]
and [2], others are new.

Once it has been established that the four candidate functions are equal, we
prove in Chapter 4 that this function is indeed the Sprague-Grundy function
for Welter’s game. In order to do so, we first discuss a few interesting properties
that this function satisfies. We follow Conway’s proof, which can be found in [2].
The same result was first proved in a different way by Welter, in [10].

In Chapter 5, we discuss an interesting method for determining P-positions for
Welter’s game. This method uses tables filled with such positions, and can also



be applied to multiple similar games. It also leads to a new proof that the
Sprague-Grundy function for Welter’s game must satisfy one of the properties
discussed in Chapter 4, directly from the definition of Welter’s game.

We discuss some further properties of Welter’s game in Chapter 6. First, we
discuss a method that can be used to determine a move in the optimal strategy,
by completing a triangle of numbers. Next, we discuss an interesting property
that the Sprague-Grundy function for Welter’s game has when the amount of
coins is a multiple of 4. This can help to find a move in the optimal strategy,
even in cases where the amount of coins is not a multiple of 4. We also check
whether a similar property holds when the amount of coins is not a multiple of
4. Then, we discuss the optimal strategy when Welter’s game is played with at
most 4 coins. Finally, we discuss the optimal solution for the situation where
there are exactly 5 coins, and all are on positions in {0,...,15}.

In Chapter 7, we further discuss a non-intuitive property of Welter’s original
candidate function. We prove directly from the definition of Welter’s game that
Welter’s candidate function is indeed the Sprague-Grundy function for Welter’s
game played with 2 coins. Then, we discuss some interesting patterns that
appear in tables with Sprague-Grundy values for Welter’s game with 3 coins,
that are related to this candidate function.

Finally, in Chapter 8 we discuss the optimal strategy for the misére version for
Welter’s game. In this variant, if there are no moves left at the start of a player’s
turn, that player wins.

In later chapters, we will often use the definitions and the main results of Chap-
ters 2, 3, and 4, without explicitly referring back to those chapters.



2 Impartial combinatorial games

In this chapter, we discuss some important properties of impartial combinatorial
games. First we give the definition in Section 2.1, then we discuss a method for
finding winning strategies in Section 2.2. In Section 2.3 we look at the game
Nim, which is an example of an impartial combinatorial game. Here we also
define the so-called nim-sum, which plays an important role in finding winning
strategies for many games, including Welter’s game. Finally, in Section 2.4 we
discuss the Sprague-Grundy function, which can be used to analyse impartial
combinatorial games. A more detailed description of impartial combinatorial
games and their properties, with many examples, can be found in Chapter 1
of [3].

2.1 Definition

Combinatorial games are games with two players where no chance is involved.
In each turn a player moves the game state from one position to another, and
the players alternate turns. At all times both players know in which position
the game is and which moves from one position to another are possible. Below
we give a more precise definition.

Definition 2.1 (Combinatorial game). A combinatorial game is a game that
satisfies the following conditions:

e There are two players.
e There is a set of feasible positions of the game.

e For each combination of player and position, there is either a set of feasible
moves to other positions that the player may choose from if it is his turn, or no
moves are possible. If there is a feasible move from position A to position B,
we call B a follower of A.

e The game ends when a position is reached from which no moves are possible
for the player whose turn it is. Such a position is called a terminal position.

e The players alternate moving. At each time, the player who will move next
is called the next player, and the other player is called the previous player.

Definition 2.2 (Impartial combinatorial game). A combinatorial game is called
impartial if, given that the game is in a certain position, the set of available
moves is the same regardless of whose turn it is to play.

Example 2.3. Chess is a combinatorial game, but it is not impartial, because
one player may only move the white pieces while the other may only move the
black pieces.

Definition 2.4 (Normal play and misere play). Under the normal play rule, if
a player moves to a terminal position, that player wins. Under the misere play
rule, a player who moves to a terminal position loses. We assume the normal
play rule is used, unless we state otherwise.



Note that under these conditions a combinatorial game does not necessarily end
in a finite number of turns. If a game does not end in a finite number of turns,
there is a draw. However, for this thesis we only look at impartial combinatorial
games where there is a finite maximum number of turns before the game ends.

2.2 Winning strategies

In all combinatorial games in which a draw cannot occur, there is a winning
strategy for one of the players. If the player follows this strategy, he will win,
regardless of what the other player does. We will prove this for impartial com-
binatorial games that end within a finite maximum number of turns, using the
normal play rule. It can be proven in a similar way for other combinatorial
games.

First, we separate the positions into those in which there is a winning strategy
for the player whose turn it is, and those in which there is a winning strategy
for the other player.

Definition 2.5 (N-positions and P-positions). A position in an impartial com-
binatorial game is called an N-position if there is a strategy with which the
next player, that is the player whose turn it is, can win no matter what moves
the other player will make. It is called a P-position if there is such a winning
strategy for the other player, the previous player, instead.

Theorem 2.6. In an impartial combinatorial game for which there is a maxi-
mum number of turns before the game ends, there is always a winning strategy
for one of the players.

Proof. We use the following algorithm to label each position as either a P-
position or an N-position.

Step 1: Give every terminal position the label P.

Step 2: Give the label N to every position which has a feasible move to a position
with label P.

Step 3: Give the label P to every position for which all feasible moves lead to
positions with label N.

Step 4: If every position has a label, stop. Otherwise return to step 2.

Note that, if we follow the algorithm above, each position gets at most one label.
To show that this algorithm is correct, we first need to show that every position
gets a label. For each position A we can define d(A4) as the maximum amount
of moves to get from that position to a terminal position. Once all the followers
of a position have been labelled, either a follower has received label P or all
the followers have label N. So each position will receive its label no later than
the round after all of its followers are labelled. Since we start by labelling all
the terminal positions, this means that position A will receive its label in round
d(A) at the latest.

Now we need to show that each P-position gets the label P, and each N-position
gets the label N. We prove this by induction on d(A4). If d(A) = 0, then A is



a terminal position. If a terminal position is reached, the player who made the
last move has won. So every terminal position is a P-position and should get
label P. This means that the algorithm correctly labels these positions.

Now assume that d(A) > 0 and that B is labelled correctly for each position B
with d(B) < d(A). If A received label N, then it must have a follower B which
has label P. Because B is a follower of A, we must have d(B) < d(A). So by the
induction hypothesis, B is a P-position. Now we can find a winning strategy for
the next player starting from A. That player can move to position B. After this
move, he will be the previous player. He can then follow the winning strategy
for the previous player starting from position B. So A is an N-position.

Assume that d(A) > 0 and that B is labelled correctly for all positions B with
d(B) < d(A). If A received label P, then its followers must all have label N. A
follower B of A must satisfy d(B) < d(A). So by the induction hypothesis, all
followers are N-positions. Now we can find a winning strategy for the previous
player starting from A. For any follower B of A, if the next player moves to
position B, the previous player can follow the winning strategy for the next
player from there. So position A is a P-position.

O

Corollary 2.7. FEvery position in an impartial combinatorial game for which
there is a maximum number of turns before the game ends is either a P-position
or an N-position. Further, the partition into P-positions and N-positions is the
unique one with the following three properties:

o All terminal positions are P-positions.
e From every N-position, at least one of the feasible moves is to a P-position.
e Frrom every P-position, all feasible moves are to N-positions.

Corollary 2.8. The winning strategy is to always move to a P-position, so that
the other player will be forced to move to an N-position. Repeat until a terminal
P-position is reached.

If we want to know the winning strategy for a particular game, we need to
find a computationally efficient method for determining which positions are P-
positions and which are N-positions. For some games, this can be done using
the Sprague-Grundy function, which we discuss in Section 2.4.

2.3 Nim

Nim is an impartial combinatorial game played with piles of coins. Each turn,
a player must remove coins from exactly one of the piles. At least one coin
must be removed, and at most the whole pile. If a player cannot make a move
because all the coins have been removed, that player loses.

Definition 2.9 (Nim). Nim is an impartial combinatorial game. The positions
are (r1,...,x,) for any x1,...,2, € N. For such a position, we say that there
are n piles of coins, of sizes z1,...,T,.



The followers of a position (z1,...,z,) are all positions
/
(mh ey Lj—1y Ly L1y e v vy mn)
with ¢ € {1,...,n} and 2} < ;.

To analyse this game, we first define the binary expansion and the nim-sum.

Definition 2.10 (Binary expansion). Let x € N. Then there exist n € N and
20,1, ..,y € {0,1} such that x = xg + 221 + 2225 + -+ + 2"2,,. We call
TpTn_1-..T1xo the binary expansion of x. For any m > n, £,Tpm_1...21%0
with 2,41 = -+ = x,,, = 0 is also the binary expansion of z. For any k € N, the
last k digits of the binary expansion of x are xp_1Tg_o...2120.

Definition 2.11 (Nim-sum). For any two non-negative integers z and y, their
nim-sum z @ y is the sum without carry in base 2. Suppose that the binary ex-
pansion of z is px,_1 ... 21T and the binary expansion of ¥ i Yp¥Yn_1 .- . Y1Y0-
Then x @ y has binary expansion z,z,_1 ... 2120, where z; = x; +y; mod 2 for
alli e {1,...,n}. Wecall 1 @ --®x, the nim-sum of the position (z1,...,z,).

We now give a few useful properties of nim-addition.

Lemma 2.12. The nim-sum is commutative and associative, so xt By =1y D x
and (z@Y)®z=2 (y® z) for all x,y,z € N.

Lemma 2.13. 2@y =z ® z if and only if y = z.

Proof. By nim-adding x to both sides, we find that y = z implies t®y = x B 2.
Further, note that x ® x = 0 and 0 @ x = x for all z € N. This means that
@y =x® z implies

y=0Py=cPrdy=c0xd2z=002==2.
O

Example 2.14. We calculate 3@ 5@ 7. The binary expansion of 3 is 11 or 011,
that of 5 is 101 and that of 7 is 111. When adding in base 2 without carry we
get

011

101

111 +

001

So the binary expansion of 3 ® 5@ 7 is 001, which means that 3G 5& 7 = 1.

Theorem 2.15. A position (x1,...,2,) in Nim is a P-position if and only if
1P Dz, =0.

Proof. Note that Nim is an impartial combinatorial game, and that starting
from position (21, ..., 2, ), there are at most z1+- - -+, moves before the game
ends. This means we can use Corollary 2.7. We check the three conditions.

e The only terminal positions are the ones with 1 = --- = x,, = 0, for any n.
These positions all satisfy 1 & - P x, = 0.



e From each position (z1,...,z,) with 1 ® --- ® x,, # 0, we can move to a
position with nim-sum 0 as follows: write the nim-sum using column addition
as in Example 2.14, and look at the leftmost column with an odd number of
Is. Pick an ¢ € {1,...,n} such that z; that has a 1 in that column, and
replace x; by a number z} such that there are an even number of 0s in each
column. Then in the first position on which the binary expansions of x; and
), differ, z; has a 1 and z} has a 0. So we have 2} < z;. This means that
(X1, Tio1, X, Tig1, . .., &y) s a follower of (z1,...,2,). By our choice of 2,
it has nim-sum 0.

e From a position (z1,...,xz,) with 21 ®---®x, = 0, every feasible move is to a
position (21, ..., %;—1,2, Tit1,...,2,) for some i € {1,...,n} and with z} < ;.
Suppose that such a position satisfies 1 @ -+ D ;-1 Dz} D xiq1 - Dxy = 0.
Then we have x; = x} by Lemma 2.13. This gives a contradiction, so all followers
of (z1,...,x,) have a nim-sum unequal to 0.

O

Example 2.16. Suppose Nim is played, and the current position is (1,3,5).

We calculate the nim-sum:
001

011
101 +
111

The nim-sum has binary expansion 111, so this is not a P-position. So the player
who starts can win by moving to a P-position. Using the column addition we
see that the player needs to remove coins from the third pile. To get an even
number of 1s in each column, this 101 pile needs to be changed to a 010 pile.
This means that the player should remove coins from the third pile until there
are 2 coins left in this pile. This corresponds to a move to position (1, 3,2).

2.4 Sprague-Grundy function

One way of finding the P-positions and N-positions is by using the Sprague-
Grundy function, which we will define now.

Definition 2.17 (Minimal excludant). For any set A C N, the minimal exclu-
dant of A is
mex(A) :=min{n € N:n ¢ A}.

Definition 2.18 (Sprague-Grundy function). For any position z, let F'(z) be
the set of followers of x. Then the Sprague-Grundy function g is the unique
function such that for all x,

g(z) =min{n € N:n #£ g(y) for all y € F(x)} = mex{g(y) : y € F(z)}.

We call g(z) the Sprague-Grundy value of x.

For any impartial combinatorial game with a maximum number of turns before
the game ends, the Sprague-Grundy function is well-defined. In such a game,
we have g(z) = mex(()) = 0 for any terminal position z. If all followers of



position x are terminal positions, then g(x) = 1. In general, if d(z) is the
maximum number of moves to get from position x to a terminal position, then

g(z) < d(z).

Example 2.19. Let g be the Sprague-Grundy function for the game Nim. We
calculate ¢g((1,2)). Note that for any z,y € N, the position (z,y) in Nim equals
the position (y,z). So

9((1,2)) = mex{g((0,2)),9((1,1)), 9((1,0))}
= mex{g((0,2)),9((1,1)),9((0,1))}.

Further, we have

9((0,0)) = mex() =0,

9((0,1)) = mex{g((0,0))} = mex{0} =1,

9((1,1)) = mex{g((0,1)),9((1,0))} = mex{g((0,1))} = mex{1} =0,
9((0,2)) = mex{g((0,1)),9((0,0))} = mex{1,0} = 2.

So
9((1,2)) = mex{2,0,1} = 3.

If the Sprague-Grundy value can be calculated efficiently for a particular game,
then it is easy to find a winning strategy.

Theorem 2.20. For any impartial combinatorial game for which there is a
mazimum number of turns before the game ends, the P-positions are precisely
those positions with Sprague-Grundy value 0.

Proof. We check the three conditions from Corollary 2.7.

o If x is a terminal position, then F(z) is the empty set. In that case
mex{n € N:n # g(y) for all y € F(z)} = min{n € N} = 0.
So all terminal positions have Sprague-Grundy value 0.

e Suppose a position x has Sprague-Grundy value unequal to 0. Then we have
mex{g(y) : y € F(x)} #0,s0 0 € {g(y) : y € F(x)}. This means that = has a
follower with Sprague-Grundy value 0.

e If a position = has Sprague-Grundy value 0, then mex{g(y) : y € F(z)} =0,
so 0 & {g(y) : y € F(x)}. This means that all followers of x have Sprague-
Grundy value unequal to 0.

O

The recursive expression g(z) = mex{g(y) : y € F(z)} for the Sprague-Grundy
function does not lead to a computationally efficient algorithm for finding the
value at a certain position. However, for some games there exists a closed-form
expression for the Sprague-Grundy function, or a computationally more efficient
recursive expression. This is true for the game Nim, as well as for Welter’s game.
We will discuss the Sprague-Grundy function of Welter’s game in Chapter 3.
We now give the Sprague-Grundy function for Nim.

10



Theorem 2.21. The Sprague-Grundy value of any position (z1,...,x,) in Nim
s equal to its nim-sum, x1 D -+ D Ty,

Proof. For any position A, let d(A) be the maximum amount of moves needed
to get from position A to a terminal position. We use induction on d(A4). The
proof is similar to that of Theorem 2.15, except that we now work with nim-sum
k' for any k' € N, instead of only with nim-sum 0.

If d(A) = 0, then A is a terminal position. By Theorem 2.20, this means that
A has Sprague-Grundy value 0. By Theorem 2.15, A also has nim-sum 0. So
the Sprague-Grundy value of A is equal to its nim-sum.

Now let A = (z1,...,2,) with d(A) > 0, and assume that for each position
B with d(B) < d(A), the Sprague-Grundy value of B is equal to its nim-sum.
Let k=21 @ - ® x,. We need to show that there is a follower of (z1,...,z,)
with Sprague-Grundy value k' for each k' < k, and that there is no follower of
(z1,...,2,) with Sprague-Grundy value k.

Assume that k& > 0. Let ¥ € N with ¥’ < k. We write the nim-sum using
column addition as in Example 2.14, and look at the first position in which
the binary expansion of the nim-sum k differs from that of ¥’. Since k > ¥/,
k has a 1 in this position while & has a 0 in this position. This means that
the number of 1s in the corresponding column must be odd. We can pick an
1 €{1,...,n} such that x; has a 1 in this column, and replace x; by a number
x} so that the nim-sum becomes equal to k’. Then in the first position on which
the binary expansions of z; and z; differ, x; has a 1 and z} has a 0. So we
have z} < x;. This means that (z1,...,%i—1,2}, Tit1,...,%y) is a follower of
(1,...,2y). By our choice of x}, this follower has nim-sum equal to k’. By the
induction hypothesis, its Sprague-Grundy value also equals £'.

Suppose that a follower of (x1,...,x,) has Sprague-Grundy value k. Then
there exist ¢ € {1,...,n} and 2} < x; such that the follower is the position
(X1, Tio1, 2, Tig1,. .., 2y). By the induction hypothesis, this means that
21D B 1 DT, OTi41 DDz, = k. Then we have z; = 2} by Lemma 2.13.
This gives a contradiction, so all followers of (x1,...,x,) have Sprague-Grundy
value unequal to k.

O

Example 2.22. We show that we can move from the position (1,3,5) to a
position with Sprague-Grundy value 2. We write the nim-sum using column

addition:
001

011
101 +
111

The binary expansion of 2 is 010. The first difference with the nim-sum is in
the left-most column. From the column addition we see that we need to remove
coins from the third pile. To get nim-sum 010, this 101 pile needs to be changed
to a 000 pile, so all coins from this pile need to be removed. This corresponds
to a move to position (1,3, 0).

11



3 Sprague-Grundy function for Welter’s game

In this chapter, we discuss several candidate functions for the Sprague-Grundy
function corresponding to Welter’s game. First we describe Welter’s game in
Section 3.1. Next, we look at four equivalent candidates for the Sprague-Grundy
function in Section 3.2, though we do not yet prove that they are equivalent and
that they are related to Welter’s game. In Section 3.3, we prove some lemmas
which will be useful for the proofs in the following sections. Then, in Section 3.4,
we prove that the functions discussed are symmetric in their arguments. We
will need this property for some of the proofs in Section 3.5, where we prove
the equivalence of the four candidates, and conclude that they in fact equal
a single function. In Chapter 4 we will prove that this function is indeed the
Sprague-Grundy function for Welter’s game. In Chapter 6 we will discuss some
other properties of Welter’s game. These lead to two methods for determining
P-positions, and to the optimal strategy for the game played with at most 4
coins, or with 5 coins on the squares {0,...,15}.

3.1 Welter’s game

Welter’s game is an impartial combinatorial game played on an infinite strip
of squares, numbered 0,1,2,3,.... A number of coins are placed on some of
the squares, and no two coins may be on the same square. In each turn, a
player picks up one coin and moves it to a lower-numbered square that is not
yet occupied by a coin. The player who moves last, wins.

Definition 3.1 (Welter’s game). Welter’s game is an impartial combinatorial

game. The positions are (z1,...,2,) where z1,...,2, € N are distinct. For
such a position, we say that there are n coins on squares 1, ..., T,.
The followers of a position (z1,...,x,) are all positions
/
(Ila o 7xi—1vzivaji+17 ey 'Tn)

with i € {1,...,n}, ) < z; and z} € N\ {z1,...,2z,}.

Note that, for any starting position (z1,...,z,), there are at most 1 +-- -+ z,
moves before the terminal position (0,1,...,n — 1) is reached. So by The-
orem 2.20, the winning strategies can be found by calculating the Sprague-
Grundy value.

Welter’s game is similar to Nim, because Nim can also be played with coins
on an infinite strip of squares instead of with piles of coins. In this variant, a
coin on square n is equivalent to a pile of n coins, and removing coins from a
pile of n coins corresponds to picking up a coin on square n and moving it to a
lower-numbered square. So the only difference between Nim and Welter’s game
is that in Nim multiple coins may be on the same square.

Welter discussed this game in [10] and found the optimal strategy essentially by
finding a computationally efficient recursive expression for the Sprague-Grundy
function, although he did not call it that. At the time, some variants of the
game had already been solved. In [8], Sprague defined and solved the variant
with exactly 5 coins, and played on the squares {0,...,15}. We will discuss this

12



variant in Section 6.4. In [9], Welter solved the variant with exactly 5 coins and
an infinite strip of squares.

3.2 Four candidate functions

In this section, we discuss candidate functions for the Sprague-Grundy function

for Welter’s game. We write [y | -+ | zy, | for the value of the Sprague-Grundy
function of Welter’s game on position (z1,...,z,). By definition, we have
(1] lan ] =mex{[@1 | |1 |i | Tipa |+ |20 ] :

i€{l,...,nha; e N\ {z1,...,z,}, 2, < z;}.

However, this does not lead to a computationally efficient method to calculate
[ ][ 2n ]

We will discuss several methods for finding a computationally efficient expression
for the Sprague-Grundy function. Each of these consists of defining a candidate
Sprague-Grundy function based on a list of one or more properties. We dis-
cuss four candidates for the Sprague-Grundy function for Welter’s game. We
call these functions Welter’s candidate, the Mating candidate, the Animating
candidate and the Triangle candidate. In Section 3.5, we will prove that these
functions are equal. In Chapter 4, we will prove that they equal the Sprague-
Grundy function for Welter’s game. For convenience of notation, we will use
the notation [ x; | --- | , | for each of the functions.

Welter’s candidate We first discuss Welter’s candidate, which Welter de-
fined in [10].

Definition 3.2 (Welter’s candidate). (z1,...,2n) — [ 21 | --- | @, ] is the
unique real-valued function defined on any position (x1, ..., x,) of Welter’s game
that satisfies the following three conditions:

1. [0]=0.
2. [0]ay |- |apn]=[z1—1| | 2p —1] when z1,...,2, #0.
B [mi®z| @] =[z1] | 2n] D (z), for all z € N.

Here, (), is the result of nim-adding n copies of z, i.e. (), = 2 when n is odd
and (x), = 0 when n is even.

Lemma 3.3. There exists a unique function satisfying the three properties of
Welter’s candidate.

Proof. We first show that there exists a function satisfying the three properties.
We define f : U, e joy N — N as follows. Let f((z1)) = z1 for all 21 € N, and

let f((z1,...,20)) = f((x2®21—1,..., 2, P21 —1))D(21), for all n € N\ {0, 1}.
Then f((0)) = 0, so the first property is satisfied. Further, for all distinct
T1,...,T, € N, we have
f0,z1,...,2,)) = f((z1 ®0—=1,...,2, D0 —1)) @ (0),
=f((z1—1,...,2, — 1)),
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so f satisfies the second property. Finally, we have

fllrr@x,...,z, D))
=f((z2@2x®r1®r—1,...,2, D Dx1 D —1))
=f((z2®x1—1,...,2, D1 — 1))

= f((z1, - 2n)),

so f satisfies the third property.

Next we show unicity. Let f, g : UneN\ (0} N™ — N be two functions satisfying
the three properties of Welter’s candidate. For all n € N\ {0}, let f,, : N* —» N
be the function f restricted to the domain of positions with n coins. Similarly,
let g, : N® — N be the restriction of the function g to the domain of positions
with n coins. We prove by induction that f,, = g, for all n € N.

Suppose that f1((z1)) # g1((x1)) for some x; € N. Then, by the third condition,
we have f1((0)) @ z1 # ¢1((0)) @ x1. By the first condition, it follows that
0@ x1 # 0@ z1, but this gives a contradiction. So f; = ¢;.

Now let n € N and assume that f,, = g, for all m < n. Suppose that
fol(z1, ... 20)) # gn((z1,...,2,)) for some distinct x1,...,2, € N. Then,
by the third condition, we have

Fal(0 22 @ 21, 2n @ 21)) # gn((0,22 B 21, ..o, 30 D 31)).
By the second condition, it follows that
fn—l((a:?@xl _17--~7xn@1‘1 _1)) #gn_l((I‘Q@J?l _17~-~7$n@x1 _1))a

but this contradicts the induction hypothesis. So we may conclude that f,, = g,.
O

Example 3.4. Consider the position (1,5,6). We have

[1]5]6]=[0]4|7]®(1)3=[0]4|7]®1=[3|6]®1
[0]5]®1®(3)2=[0]|5]®1a0=[4]a1

[0]®@1®4):;=[0]01®4=0D1®4=5.

The first two properties of Welter’s candidate are easy to understand. Since the
position (0), where one coin is placed on the 0 square, is a terminal position,
it must have Sprague-Grundy value 0. The following lemma shows that the
Sprague-Grundy function for Welter’s game must satisfy the second property of
Welter’s candidate. We discuss the third property further in Chapter 7.

Lemma 3.5. The second property of Welter’s candidate follows directly from
the rules of Welter’s game.

Proof. Let (z1,...,2,) — [ 21 | -+ | @, ] for all distinet zq,...,2, be the
Sprague-Grundy function for Welter’s game.

Let n € N. Because (0,1,...,k) is a terminal position for all k£ € N, we have

(011 n)=0=[0] 1] |n-1]
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Now let 1,...,2, € N\ {0} be distinct and assume that for all ¢ € {1,...,n}
and 2} < x;,

[0y |- [zt [ 2 [ @iga | | @0 ]
:[.’El—1||$1,1—1‘ZL’;—1|(E1+1—1||£L'n—1]
Then
[Ofay |- 2n]
=mex{[0]|@y || @it | @) |zigr |- |@n] i€ {L,...,n}, 2} <ax;}
=mex{[z; — 1| |z — 1|2z, -1 |z — 1| |z —1]:
ie{l,...,nh o <z}
:[1'1—].|"'|£UZ',1—].|(Ei—1|$i+1—1|"'|$n—1].

O

In [10], Welter proved that Welter’s candidate gives the Sprague-Grundy func-
tion for Welter’s game. We will discuss this result in Chapter 4.

Mating candidate A second candidate for the Sprague-Grundy function for
Welter’s game is the Mating candidate, which is described in Chapter 13 of [2].

Definition 3.6 (Mating candidate). For all distinct z1,22 € N, we define
[z1]: =21 and [z |22 ] =21 B2y — 1.

Let n > 3 and let x1,...,2, € N be distinct. Let i1,i3 € {1,...,n} be such
that out of the n numbers, z;, and x;, are congruent to each other modulo the
highest power of 2. Then let i3, i3 € {1,...,n} be such that out of the numbers
{z1, ...y xn} \{xi,, 2i, }, 245 and x;, are congruent modulo the highest power of
2, et cetera. Then if n is even, we define

[z | on ] =2 |2y [® [ 2o |2, [© - @ i,y [ 24, ],

and if n is odd,

[z || an =2, |20, |© [Ty |20, |© O [ 24, , [Tiy, |© [T, |-

We call this the Mating candidate because the numbers z1, ..., z, are separated
into pairs of mates.

Example 3.7. Consider the position (1,5,6). The numbers 1 and 5 are mates
because they are congruent modulo 4, while 1 and 6 and 5 and 6 are not. So
we have

[1]5]6]=[1]5]®[6]=(1®5—1)®6=3®6=5.

Example 3.8. Consider the position (1,3,7,8,11,19). The numbers 3 and 19
are congruent modulo 16, while no pair is congruent modulo 32. When looking at
the remaining numbers {1,7,8,11}, we see that 7 and 11 are congruent modulo 4
while no pair is congruent modulo 8. So we have

[1]3]7]8[11]19]=[3]19]a@[7|11]&[1]8]
=@Bel9-1l)ae(Tell-1)e(1e8-1)
=(16-1D(12-1)d(9-1)
=15®11®8=12.
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Animating candidate In Chapter 13 of [2], Conway discussed a class of
functions he called animating functions, and proved that a particular animating
function, the Animating candidate, is the Sprague-Grundy function for Welter’s
game. He also proved that this function is the same as Welter’s candidate.

Definition 3.9 (Mating function). For all distinct z,y € N, let
(e]y) = 2" 1

if £ and y are congruent modulo 2" but not modulo 2”*!. The function defined
by (z,y) — (z | y) for all distinct x,y € N is the mating function.

Definition 3.10 (Animating candidate). For all distinct z1,...,z, € N, we
define

(1] | 2n]
=B P, B (T |T2) BB (T1 | Tn) B (22| 23) D+ B (Tp—1 | Tn)-

We will often write (z1 | 22) ® -+ @ (xp—1 | ,) instead of (z1 | z2) B - B
(xl | xn) S (1‘2 | 133) b D (Jﬁn_l | l’n)

Example 3.11. Consider the position (1, 5,6). We have

[1]5]|6]=1®5a6® (1|5 a(1]6)®(5]6)
=20 (22" -1 (2" - 1)@ (2T —1)
=2072101=5.

Conway named (z,y) — (z | y) the mating function because the Animating
candidate satisfies the properties of the Mating candidate, meaning that the
functions are the same. He called functions of the type

f@)=(..((t@c)) +ch) Dey) +cy) & Deyy,)

for some m € N and ¢},c,,...c,, € Z, where m is odd, animating functions.

This is because they are defined in terms of addition and nim-addition, and they
preserve the mating function, i.e. satisty (f(z)|f(y)) = (z|y) for all z,y € Z.
The latter fact follows from Lemma 3.16 below.

Note that 1 +— [ 21 | --- | 2, | is a function of the type
f)=z@®ca(z]c)d - & (z|cn)
for some ¢, ¢y, ...,c, € Z. Functions of this type can also be written as

f@)=(.. (ko) + ) @cy) +c) & Depp)

for some m € N and ¢}, c,...c, € Z, where m is odd. So the Animating
candidate is an animating function. In order to prove this, the nim-sum and
mating function first need to be defined for negative numbers, and (z|z) needs

to be defined for any = € Z. We will further discuss this in Section 4.1.
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Triangle candidate We give one more candidate function. It is based on an
interesting property that Welter proved holds for the Sprague-Grundy function
for Welter’s game.

Lemma 3.12. For all n > 3 and distinct x1,...,x, € N, the Sprague-Grundy
function for Welter’s game satisfies

[z | Jan ] =[[a | fona ][] |onzfon]]@ a1 ] [2n2],
or, more generally,
[z1 || 2n]

=[lz | Imia [ [ Jan ] [ [ T [ | [ on ] ]
Olar |- l@ict[@ipr [ w1 @i [ [ an ]
The proof can be found in Lemma 2 of [10]. We will also give the proof in
Section 3.5.

Definition 3.13 (Triangle candidate). For all distinct z1,z2 € N, we have
[z1] =21 and [2) |22 ] =21 P 20— 1. If n >3 and 24,...,2, € N are
distinct, we have

[xl|-~-|xn]::[[a:1|---|xn_1]|[x1|---|xn_2|xn]]@[ac1|~--|a:n_2].

Note that it is not immediately obvious that this function is well-defined. For
the function to be well-defined, we need to have

[1‘1|"'|1’n71]75[96‘1|"'|$n72\33n]

for all distinct x1,...,2, € N. By the Unique Prime Lemma, which we will
prove in Section 4.1, this is true.

Example 3.14. Consider the position (1,5,6). We have

)
[L[5]16]=[[1]5][[1]6]]@[1l]=[(A®5-1)|(1a6-1)]®1
[3]6]@l=0Ba6—-1)®l=4d1=5.

We call this the Triangle candidate because with it, the value [z | - -- | @, ] for
any position (z1,...,z,) can be found by completing a triangle of numbers, as
is explained in Chapter 15 of [1].

Suppose we want to find [ 1 | --- | @, ], for some distinct 21, ...,2, € N. We
start by writing down n + 1 copies of the number 0 in a row, leaving a space
between each 0. We fill the row below with z1,...,z,, where each number is
diagonally below two of the 0s. While filling the rest of the triangle, we ensure
that whenever there is a diamond pattern

b

C

the numbers satisfy (a@d) = (bdc)+1, so ¢ = ((a®d)—1)®b. Whenever three
of the locations of a diamond are filled, a unique fourth number can be added
so that the equation holds. If we do this until we can finish no more diamonds,
the value [z1 | --- | @, ] is at the bottom of the triangle. We will further discuss
this method in Section 6.1.
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Example 3.15. Suppose we want to find [1 ]3| 7|8 11| 19]. Using the
method described above, we get

0 0 0 0 0 0 0
1 3 7 8 11 19
1 3 14 2 23
2 11 3 31
11 9 25
10 12
12

So[1|3|7|8]11]19]=12.

In Section 3.5, we will discuss the fact that the four candidates above are the
same function. In Chapter 4, we prove that this function is the Sprague-Grundy
function for Welter’s game. This was first proved by Welter in [10].

In many cases, it is possible to directly prove that one of the four candidates
satisfies the properties of another. If candidate A satisfies the properties of
candidate B, we say that A implies B. In order to get a better grip on the four
candidates, we discuss many of these direct implications in Section 3.5. Some
of these have been proved before. For example, in [10], Welter proved using his
function that Lemma 3.12 holds. Welter’s candidate also satisfies [ 1 | = 1 and
[z1 | z2 ] = 21D 2o —1 for all distinct x1, z2 € N. So Welter’s candidate satisfies
the properties of the Triangle candidate, meaning the two functions are equal.
Welter also proved that Welter’s candidate implies the Mating candidate. In [2],
Conway used the Animating candidate, and discussed the fact that it implies
the Mating candidate, the Triangle candidate and Welter’s candidate.

3.3 Some useful lemmas

In this section, we discuss some lemmas that will be useful in the following
sections. First, we look at a few properties of the mating function. These
were used by Conway in [2] for his proof that the Animating candidate is the
Sprague-Grundy function for Welter’s game, although he did not mention the
sixth property explicitly.

Lemma 3.16. The mating function has the following properties:
1. For all a,b,z € N with a # b, we have (a® x| b® ) = (a | D).
For all a,b,x € N with a # b, we have (a +z |b+2x) = (a|b).
For all n € N\ {0}, we have n@® (n|0) =n — 1.

For all a,b € N with a # b, we have a®@b® (a |b) =adb— 1.

For all distinct a, b,z € N such that out of {a,b,x}, the numbers a and b are
congruent modulo the highest power of 2, we have (a | z) = (b|z) < (a|b).

6. For all distinct a,b,c € N, we have (a® (a|c) | b (b]c)) = (a]Db).
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Proof. 1. Suppose that a and b are congruent modulo 2", but not modulo 2"+!,
This means that the binary expansions of a and b have their last n digits in
common, but not the last n + 1 digits. Nim-adding = to a and b changes their
binary expansions in the same positions. So the binary expansions of a & x and
b @ x also have their last n digits in common, but not the last n + 1 digits. It
follows that (a @z |b® x) = (a | b).

2. Suppose that a and b are congruent modulo 27, but not modulo 2"*!. Assume
without loss of generality that a < b. Then b — a is a multiple of 2", but not a
multiple of 2"1. Since (b+ z) — (a + x) = b — a, the numbers a + z and b+ =
are also congruent modulo 2 but not modulo 27+,

3. Let £ be the amount of Os at the end of the binary expansion of n, which
may be zero. So the last ¢ + 1 digits of the binary expansion of n are 10...0.
The last £+ 1 digits of the binary expansion of n—1 are 01...1, and the binary
expansions of n — 1 and n are equal on the positions before that.

n has its last ¢ digits in common with 0, but not its last £+ 1 digits. This means
that (n|0) = 241 —1 = 1+ 2+ ... + 2% This has binary expansion 11...1,
with ¢ 4 1 digits. So the last ¢+ 1 digits of the binary expansion of n & (n | 0)
are 01...1, and the binary expansions of n and n @ (n | 0) are equal on the
positions before that.

This means that n — 1 and n @ (n | 0) have the same binary expansion, so they
are equal.

4. Using Lemmas 3.16.1 and 3.16.3 we get

adbD(a]|b)=a®b®(aDb|bDD)=aDbD(a®b0)=adb—1.

5. Suppose that a and b are congruent modulo 2" but not modulo 2" 1. By our
assumption, ¢ and z are not congruent modulo 2"+, Assume that a and x are
congruent modulo 2™ for some m < n. Then b is congruent to a modulo 2™,
which means that b and x are also congruent modulo 2™. Similarly, if b and = are
congruent modulo 2™, then so are a and x. We conclude that (a | ) = (b | z).

Now suppose that (a | z) = (b | ) = (a | b). Then the binary expansions of a, b
and z are all equal on the last n digits, but no two are the same on the (n+1)th
last digit. This is not possible, so we conclude that (a | z) = (b | x) < (a | b).

6. Assume that (a | ¢) = 27t — 1 and (b | ¢) = 2721 — 1. If ny = ng, then
(a]ec)=(b]c), and the result follows from Lemma 3.16.1. Otherwise, assume
without loss of generality that n; < ng. Then because b is congruent to ¢ mod-
ulo 22, and ny > ng +1, b is also congruent to ¢ modulo 2" +! and modulo 2™.
We know that a is congruent to ¢ modulo 2™, but not modulo 2"+, Tt follows
that @ must also be congruent to b modulo 2™, but not modulo 2™ 11,

The binary expansion of a ® (a | ¢) and the binary expansion of a differ on each
of the last nq+1 digits. The binary expansion of b® (b | ¢) and the one of b differ
on each of the last ny +1 > n; + 1 digits. This means that on the last ny + 1
positions, a and b have the same digit if and only if a ® (a | ¢) and b® (b | ¢)
have the same digit. We conclude that a @ (a | ¢) and b @ (b | ¢) are congruent
modulo 2™, but not modulo 2"+ so (a® (a|c) | b® (b]c)) = (a|b).

O
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The following lemma will be used multiple times in the following sections. It
was used by Welter in [10] for his proof that Welter’s candidate is the Sprague-
Grundy function for Welter’s game.

Lemma 3.17. If[x1 | 22 | = x1 ® 2 — 1 and out of {x1,xa, x5}, the numbers
x1 and xo are congruent modulo the highest power of 2, then

[[z1 23] | [2z2|2s]] =21 ]22]

Proof. Let n be such that (z; | z2) = 2""' —1. By Lemma 3.13.5, there is some
m < n such that (z; | x3) = (2o | 23) = 2™+ — 1.

The last m + 1 digits of the binary expansion of x1 @ x3 are 10...0. So the last
m + 1 digits of the binary expansion of [ z; | z3 ] are 01...1, and the binary
expansions of x; @ xz3 and [ z1 | x3 | are equal on the positions before that.
Similarly, the last m + 1 digits of the binary expansion of [ x5 | x3 ] are 01...1,
and the binary expansions of xo @ x3 and [z | 23 | are equal on the positions
before that.

So the last m + 1 digits of the binary expansion of [ z1 | 235 | ® [ 22 | 23 ]
are 00...0, and the binary expansions of [ z1 | 23 | ® [ 22 | 3 ] and of
T1 D a3 Do ® 3 = T1 D X are equal on the positions before that. The last
n + 1 digits of the binary expansion of ;1 @ x5 are 10...0, so the last m + 1
digits are 00...0. It follows that [ 21 | 25 | @ [ 22 | 23 | = #1 @ x2. This implies
that [[@1 |23 ][ [22 [2s]]=[21 |22 ]

O

3.4 Symmetry

In this section, we discuss the fact that the Sprague-Grundy function for Welter’s

game is symmetric in its arguments zi,...,T,, for any n. That is, we have
(21| [ 2n ] =[2xq) | -+ | Za) | for any distinct 2q,...,2, € N and
any permutation 7 on {1,...,n}. The Sprague-Grundy function must have

this property because the order of the coins does not matter in Welter’s game.
Therefore, we need to show that the candidate functions discussed in Section 3.2
also satisfy this property. Some of the proofs in Section 3.5, where we prove
that the four functions are the same, rely on the Symmetry property.

Definition 3.18 (Symmetry). Let (z1,...,2,) — [21 |-+ | 25 | be a function
defined on all positions of Welter’s game. The function is symmetric if and only
if

[xfr(l) | "'|x7r(n)]: ['rl | |xn]

for all distinct 21, ..., 2, and any permutation 7 on {1,...,n}.

The Animating candidate is clearly symmetric. So if we start from this can-
didate, we can directly prove that Symmetry holds without first showing that
the candidate is equivalent to one of the others. The Mating candidate is also
symmetric by definition, because the result only depends on which numbers are
congruent modulo the highest power of 2, and on the values [ 1 | 2 ] for all
distinct z1,x2 € N. These satisfy

[z1 |22 ]| =21 B2 —1=20B 21 — 1 =22 | 21 ].
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In Lemma 3 of [10], Welter proved that any function satisfying the properties of
both Welter’s candidate and the Triangle candidate is symmetric. In Section 3.5,
we will show that these two candidate functions are equivalent. Thus, using
either Welter’s candidate or the Triangle candidate, Symmetry also follows.

Figure 1 provides an overview of the results in this section. The proof that
uses two candidates is denoted using a + next to the corresponding implication
arrows in the figure.

Welter’s candidate Mating candidate
+
Symmetry
+
Animating candidate Triangle candidate

Figure 1: Overview of direct implications. A + signifies that two candidates are
used for the proof.

In order to prove that Welter’s candidate and the Triangle candidate together
imply Symmetry, we first need the following lemma. This is Lemma 2.2 in [9].

Lemma 3.19. Let z,y € N\ {0} be such that the last 1 in the binary expansion
of y is later than the last 1 in the binary expansion of x. That is, such that there
exist m,n € N with m < n such that the last n digits of the binary expansion
of x are 10...0 and the last m digits of the binary expansion of y are 10...0.
Then (z —1)@y+1=(z—-1)@ (y—1).

Proof. Let m be such that the last m digits of the binary expansion of y are
10...0. Then the last m digits of the binary expansion of y —1 are 01...1, and
the binary expansions of y and y — 1 are equal on all other positions. So the
binary expansion of y @ (y — 1) equals 11...1, with m 1s.

Let n be such that the last n digits of the binary expansion of z are 10...0. Then
the last n digits of the binary expansion of x —1 are 01...1. We have n > m, so
it follows that the last m digits of the binary expansion of (z—1)@®y are 01... 1.
Then the last m digits of the binary expansion of (x —1)®y+1 are 10...0, and
the binary expansions of (x — 1) @y and (x — 1) @ y + 1 are equal on all other
positions. It follows that the binary expansion of (x —1) @y ® ((x —1)®y+1)
equals 11...1, with m 1s.

So we have
yoy-D=@-NHoyo((z-1)oy+1)
By nim-adding (z —1) @y to both sides, we get (z—1)Py+1=(z—1)B(y—1).
O
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Next, we prove that Welter’s candidate and the Triangle candidate together
imply Symmetry. We use a more detailed version of Welter’s proof.

Lemma 3.20. If the function (z1,...,2,) — [z1 | -+ | @y | for all distinct
T1,...,Tn € N satisfies the properties of both Welter’s candidate and the Trian-
gle candidate, it is symmetric.

Proof. We will prove this by induction on n.

If &1, 29 € N are distinct, we get
[zo |21 ] =20@ a1 —1=01Bas—1=[x1 | x2].
Now let z1,xo,x3 € N be distinct. To prove that

[Zr) | Zage) | Trzy | = [21 |22 | 23]

for any permutation 7 on {1,2,3}, we need to show that any two numbers can

be interchanged. We will show that [ 21 | 23 | @2 | = [ 21 | @2 | x5 | and
[23 | 22| @1 ] =21 | 22| 3 ] for any distinct 21, 29,23 € N. Then it follows
that

[z2 |21 |2zs]=[as |21 |22] =23 |22 |21 ]| =[21 |22 | 23]

Because Symmetry holds for n = 2, we have

(@1 [ |wo ] =[[21 [2s][[21 ] 22]]®[21]
=[[o1 |z ]|[21|as]]@ o] =[a1 |22 | 23]
To show that [ z3 | 2 | 1 ] = [ #1 | 2 | x3 |, we use Lemma 3.19. We can

apply this to our problem as follows. Suppose that x;, x; are congruent modulo
a strictly higher power of 2 than z/, z’ ot € N with o; # x;

i» @ for some z;, x;, x;, ¥
/ /
and x} # x};. Then,

i@z, - )@z +1=(z;®x; — 1)@ (27 D2 — 1). (1)

Assume that out of {x1,x2,x3}, the numbers z; and x5 are congruent modulo
the highest power of 2. Then by Lemma 3.16.5, z; and x5 are congruent modulo
a strictly higher power of 2 than z; and x3.

Using Lemma 3.17 and the fact that Symmetry holds for n = 2, we get
(w3 @z @] =[[as|@2]|[as]@1]]®[as]
=[[z1|as]|[22|as]]D[as]=[z1]|22]Das.

We rewrite this using equation (1).

(.%‘1 651‘2—1)@.1‘1 @xg)@l‘l

(53169962—1)69(96169363—1)—1)69:131

oz ]| [21 |23 ]] @[ 2]

[[
=[x |22 |23]

[21 ]| 22 ] ® a3

= (
= (
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So in this case [ x3 | @2 | 1 ] = [ 21 | 22 | ®3 ]. Similarly, if zo and x5 are
congruent modulo the highest power of 2, we can start from [ 21 | 22 | 3 ] and
show that it is equal to [ z3 | z2 | 21 ].

Now assume that x; and z3 are congruent modulo the highest power of 2 out of
{x1,z2,23}. Using Lemma 3.16.5, we find that z; and x3 are congruent modulo
a strictly higher power of 2 than z; and x5. Then we get, using (1),

[z1 |22 |zs]=[[21|22]|[z1]2s]]®[21]
(r1@r—1)@ (@13 —1)-1) Dy
(21 P a2)® (1 D3 — 1)) Dy

To @ (x1 ®xg —1).

Similarly, we have
(23|22 |21 ] =20 ® (23D 21 — 1).

So[x1 |xe | 23] and [x3 | 2 | 21 | are equal.

Now let n > 3 and assume that the symmetry property holds for all m < n. Let
Z1,...,Z, € N be distinct and let 7 be a permutation on {1,...,n —2}. Then,
using the induction hypothesis, we find that

[Zr) | | Ta(no2) | Tn-1 | 20 ]

=[[zz) [ | Trn2) | Ta1 ] [ [Z2) | | Tr(noz) [ Tn ] ]
O[zrqy | | Trn_2) ]

=[[z ] |op2|@pa ]|z | [zn2|zn]]®[21] | 202]

=[a |- [an]

and

[xﬂ(l) | "'|$ﬂ(n—2) |$n|xnfl}

=[[zrq) | | Zrm-2) [T ][ [Za) | - | Tr(no2) | Tn-1]]
@[ Ta) |+ | Tr(n2) ]

=[[{z| |22 |zaa ][z |Tnz|an]]®[z1]| | 2n2]

=[x |- [an]

We assumed that n > 4. So by the above, it follows that we can interchange
the first two positions. Using this fact, we get

[z1 a2 || an]

=la a2z 2]

=[0]x1 @z | a3 Daa| - |zp Da2] D (22)n
=[z1Pas—1|xsBas—1| |z, Pa2—1]D (z2)n

By the induction hypothesis, this equals

[y @xo—1]as®ao—1] - |Tp_1Dx2—1]|21Dx2—1]® (22)0,
=[0]|x, @2 |23Da2| - |Tpo1 D2 |21 D2 | D (T2)n

=[xz @n 23| - [@p1 | 21]

=[an @2 a3 | [T |21],
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Now we only need to show that we can interchange any i € {x1,...,2,_2} with
any j € {,_1,2,}. We can do this by using a permutation on {x1,...,2Z,_2}
which places 4 in the first position, permuting {z,_1,2,} so that j is in the
last position, interchanging the first and last positions and then applying the
inverses of the permutations.

So any pair of numbers from {z1,...,2,} can be interchanged, which implies
that the Sprague-Grundy function for Welter’s game is symmetric.

O

3.5 Equivalence of the candidates

In this section, we will prove that the four candidates for the Sprague-Grundy
function given in Section 3.2 are equivalent.

Theorem 3.21. The following are equivalent:

o Welter’s candidate: Let x1,...,x, € N be distinct. We have

1. [0]:=0.

2,10z |- |ep]i=]ar =1+ |zp—1] when z1,...,2, #0.

(e ®x| | xn®x] =21 |2y ]® (¥)y for allz € N.

e Mating candidate: For all distinct 1,29 € N, we have [ 1 | := z1 and
[x1 | 22 ] == 21 ®az— 1. Let n > 3 and let xq,...,2, € N be distinct.
Let i1,i9 € {1,...,n} be such that out of the n numbers, x;, and x;, are con-
gruent modulo the highest power of 2. Then let i3,i3 € {1,...,n} be such that
out of {x1,...,xn} \ {zi,, iy}, Ty and x;, are congruent modulo the highest

power of 2, et cetera. Then if n is even,
(2o ] lan ] =[mi [ 2 | [@ |2 | & @[, |23, ],
and if n is odd,
(a1 |- lan ] =[a |2, @[z |2 @ @20, @i,y | @ [ 23, |-

e Animating candidate: For all distinct x1,...,x, € N, we have
[Z1] | an] =21 @ Dan® (X1 |22) D D (Tp—1 | Tn)-

e Triangle candidate: For all distinct x1,22 € N, we have [ z1 | := x1 and
[z1 |z2 ] :i=21® a2 — 1. Ifn>3 and x1,...,2, € N are distinct, we have

N N N e N N R e N B N R N N Bl K2 R KRN

In order to prove this, it is enough to show, for example, that the Animating
candidate satisfies the properties of each of the three other candidates. If we can
show that the Animating candidate satisfies the properties of Welter’s candidate,
then we can conclude that this function is equal to Welter’s candidate. However,
in this thesis we prove in multiple ways that the equivalence holds, in order to
better understand the relation between these candidate functions. In many

24



cases, it is possible to directly prove that one candidate satisfies the properties
of another, without first showing that the candidate is equivalent to one of the
remaining two. If candidate A satisfies the properties of candidate B, we say
that A implies B. Below, we discuss many of these direct implications. For
some of the proofs, we need to assume that Symmetry holds.

Figure 2 provides an overview of the results in this section. If there is an S next
to an implication arrow, it signifies that Symmetry is used for the proof.

Welter’s candidate

Mating candidate Animating candidate

Triangle candidate

Figure 2: Overview of direct implications. An S signifies that Symmetry is used
for the proof.

We first prove that the four candidates are equivalent when n < 2.

Lemma 3.22. Each of the four candidate functions satisfies the properties of
the other three candidates when n < 2.

Proof. First we start from Welter’s candidate. Assume that [ 0] = 0 and that
for all distinct 1,20 € N and all x € N, we have [0 | a1 | = [ 21 — 1 ],
[T1Px]=[x1]Prand [z1Px|2x2®x]=[21]22]. Then

[21]=[00a1|=[0]®21 =0Dz1 =21
for all 1 € N, and
[z1]22]=[0]22 @1 ]|=[22P21—1]=220B 01 —1=01Da3—1
for all distinct x1, 22 € N. This also implies that
[21[@2] =21 B 22 @ (71 | 22)

by Lemma 3.16.4.

Now, we will show that the other two candidates follow from either the Mating
candidate or the Triangle candidate, which are equivalent for n < 2. Assume
that for all distinct 1,29 € N, we have [z1 | =1 and [z | 22 | = 21 P xg — 1.
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Then [0]=0and [0|z1 ] =21 —1= [z —1] for all ; € N. Also, for any
z € N and distinct z1, 292 € N we have

[z1®z]|=x1 Dz =[21]Dx,
and
[T1 @z |2e@a]=(1102)® (22Px)—1=21Pao—1=[x1|22].
Further, by Lemma 3.16.4 we have [ 1 | z2 | = 1 ® 22 ® (v1 | x2).

Finally, we show at the Animating candidate implies the other three when n < 2.
Assume that [ 21 ] = z1 and [ 21 | 22 ] = 21 ® 22 & (21 | x2) for all distinct
21,22 € N. Then [0] =0, and by Lemma 3.16.3 we have

[0]z1]=21@(0|21) =21 -1

for any z; € N. Further, for any x € N and distinct z1, 25 € N we get
[z1@x]=010x=[21]Dx,

and, using Lemma 3.16.1,

[T1@z 2202 =(2197) B (2202) B (11D [2207) =21 DT2® (71 | 72).

Finally, [ 21 | #2 ] = 21 ® 22 — 1 by Lemma 3.16.4.
O

We start by proving that Welter’s candidate implies the Mating candidate,
assuming that Welter’s candidate satisfies the Symmetry property. This is
Lemma 5 of [10].

Lemma 3.23. Welter’s candidate implies the Mating candidate, assuming that
Symmetry holds for Welter’s candidate.

Proof. We prove this using induction on n. By Lemma 3.22, the statement
holds for n < 2. Let n > 3 and assume that for all distinct z1,...,z,_1
such that x; and xo are congruent modulo the highest power of 2, we have
(1] |zpa =[x [z2]® 23| |20t ]

Let z1,...,x, € N be distinct. Assume without loss of generality that x; and
29 are congruent modulo the highest power of 2 out of {x1,...,z,}. Because of
Symmetry, we have

[%1|"'|Q?n]=[l’1@l‘n|--~|mn_1@xn‘0]@(mnn
-1

=[z1®xn—1]| | Tp_1 Dy 1D (zn)n.

By Lemmas 3.16.1 and 3.16.2, x1 @z, — 1 and x2 @ x,, — 1 are congruent modulo
the highest power of 2 out of {z; ® x, — 1,...,24-1 D 2, — 1}. So by the
induction hypothesis, the above equals

[ml@mn—l|x269$n—1]69[w3€996n—1||$n71@xn—1]€9($n)n
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By Lemma 3.22, we have [z | 22 | = 21 @ 22 — 1 for all distinct x1, 25 € N. So
we can use Lemma 3.17. Then the above is equal to

[[oi]an ] [[22]2n]]®[as@an =1 - [2p1 ®Tn — 1] D (Tn)n—2
=[x |22 ] B[rsPan—1| | Tn1Dxn — 1] (Tn)n—2
:[xl|x2]@[13@xn|"'|xn—1@xn‘0]®(zn)n—2

=[x |z ] @23 | [ an]

O

Next, we show that Welter’s candidate and the Animating candidate imply each
other.

Lemma 3.24. Welter’s candidate implies the Animating candidate.

Proof. We prove this using induction. For n < 2 the statement holds by
Lemma 3.22. Now let n € N and assume that

(1] |zna]=21@ - @rp 1 @ (21 |22) D D (T2 | Zn_1)
for all distinct x1,...,2,_1 € N. Let z1,...,z, € N be distinct. We have
[z1] - [2zn]=[0]z1@ 22 |21 BT | © (21)00
=[x @a—1] - |z1 Py —1]D (1)n.
By the induction hypothesis, this is equal to
(t1®z2—1)B - & (1 P, —1)
@(1'1 @1'2—1 |$1@$3—1)@"'@(5E1@xn71_1 |x1@xn_1)@(xl)n
By Lemmas 3.16.2 and 3.16.1 this can be simplified to
(1022 -1)@® - D (@1Ox, — 1) (22| 23) D @ (Tp—1 | T1) D (¥1)n-
Using Lemma 3.16.4, we get
(1@ 22® (21 | 22) ® -+ & (21 ® 2 @ (21| T1))
(22| 23) @ @ (Tp—1 | 2n) @ (21)n

=(21)2m-1DP 22D DXy D (1 | 22) D+ D (1 | Tn)
=01® DT, @ (1| 22) B B (Tpe1 | Tn).

Lemma 3.25. The Animating candidate implies Welter’s candidate.

Proof. Let x1,...,x, € N be distinct. By Lemmas 3.16.3 and 3.16.2 we have

[0y |- |an]

=21 @0|21)® - @2, ® (0] zn) @ (21| 22) B+ ® (Tp—1 | T0)

(1 -1)@® - ®(z,— 1) (1 |22) D D (Tp—1 | Tp)

=@z -1 & (z,—1)
D1z —1)D @ (vp1 — 1|2, — 1)

=[x —1] |z, —1].
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By Lemma 3.16.1 we have

(1@ |20 @3]

=21 DD DL, DD (1Dx | 122D2)D - D (X1 Dz |z, D)
=21DrD BT, Drd (x| 22) B D (Tp—1]| Tn)
=lz| - |an]® @)

O

Next, we show that Welter’s candidate implies the Triangle candidate. This is
Lemma 2 of [10].

Lemma 3.26. Welter’s candidate implies the Triangle candidate.

Proof. We prove this using induction on n. By Lemma 3.22, the statement
holds for n < 2, so we have [ 21 | = 27 and [ 21 | 22 | = 1 ® 22 — 1 for all
z1,2x2 € N. Now let 21,2, 23 € N be distinct. Then

[z x2]|[z1]as]]@[o]=[m1@®a—1|x1Pas—1]@x

:[O|I1@$2|$1@$3]@I1:[I1|l‘2‘$3].

Now let n > 3 and assume that the statement holds for all m < n. Let
Z1,...,T, € N be distinct. Then we find that

(1| [zn]=[0]m1 @22 |21 D23 |- [21D 20 | (T1)n
=[x Baa—1|zBaz—1| - |z1 B2, —1]DB (21)n-

By the induction hypothesis, this equals

[[21 Pz —1]| |21 B Xp_1—1]
[[z1® 2z —1] - |21Brpo—1|x1Dz, —1]]
Sl @2 —1] |21 P Tp2—1]® (z1)n

=[[0]|z1@z2| - |21BTp1]|[0]|z1Pa2]| - |21 BTp2|T1DTH]]
O[0|z1Dag | |21 DTp_2]® (T1)n—2

=z |z | | 2po1]® (@1)no1 | [z1 |22 | | T2 | 20 ] © (T1)n-1 ]
©zy a2 | | 2n2]

=[[z1r|@ | Jona]|[@ |22 |on2|an]]B 21|22 - [T02]

O

Now, we show that the Triangle candidate also implies Welter’s candidate.

Lemma 3.27. The Triangle candidate implies Welter’s candidate.
Proof. First, we will prove by induction that for all z € N and all distinct

Z1,...,Cn €E Nywe have [z @z |-+ |zpn Bz ] =[21| | 20 ]® (2). By
Lemma 3.22, the statement holds when n < 2. Let n > 3 and assume that the
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statement holds for all m < n. Let z1,...,2, € N be distinct. Then, by the
induction hypothesis,

[z1®x]| |z, D]

(2@ |01 ©2] | [3183 |- | 202 G2 | 20 D3]]
@z [Tp20 7]

=[[z1] | 2p1 ]®@)p-1 | [21 ] [Tz |20 ] O (T)n-1]
©lar | |zn2]® (@)n-2

If n is odd, this is
[l [ Jaa ][z ] [@ng|za ][ |- [2n2] @ (2)n-2.
If n is even, it is
[lay |- Jana]@z| [z ] [onafon]@z]@[o | |2n2]®(@)n2
By the induction hypothesis, the statement holds for n = 2, so this is equal to
[lan - fona [ {2 Jona @z ]]O[ar |- | 202 ] @ (@)n—2.

So in both cases we find that

[z x| - |z, D]

=[ler ] lonalllo |- lenzlza]l@ o |- | 2n2] @ (@)n2

=[z1| |2 ]®@n-—2=[z1] |22 ] D (2)n.
Next, we prove by induction that [0 |z | -+ |xp ] =[2x1 — 1] -+ |2y — 1]
whenever z1,...,z, € N\ {0} are distinct. Let z; € N. Then, by Lemma 3.22,
[0]x1]=[21 —1]. Now let n > 2 and assume that the statement holds for

all m < n. Then we have

[0y | [an]

=[[0]z1 | [zpr][[0]21]| |Tno2|zn]]B[0]21] [ 2p2]

=[[z1 1| |zp—1]|[z1—1] - |zno—1]2p—1]]
Glz—1]-|zp2—1]

=[xz —1] - |z,—1]

O

Next, we show that the Mating candidate and the Animating candidate directly
imply each other. Conway proved this in Chapter 13 of [2].

Lemma 3.28. The Mating candidate and the Animating candidate are equiva-
lent.

Proof. We prove this by induction on n. For n < 2, the result follows from
Lemma 3.22. Let n > 3 and assume that the Mating candidate and the Ani-
mating candidate are equivalent for all m < n. Let z1,...,x, € N be distinct
and let 4, j € {1,...,n} be such that z; and x; are congruent modulo the highest
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power of 2 out of {z1,...,z,}. Without loss of generality, assume that i = 1
and j = 2. Then, by the induction hypothesis, we have
[z1|z2 ] @ [mg |- | an ]
=21 @220 (21 [22) BT3D - BT @ (23| 24) B+ B (Tn—1 | Tn)-
By Lemma 3.16.5, we have (z; | ;) = (22 | x;) for all ¢ € {3,...,n}. So the
above equals
T DD (21 [ 22) 3D Oxp @ (23 | 24) -+ D (T | 0)
@ (21| 23) @ (22 | 23) & (21 [ 24) © (22 | 24) S -+ & (21 | 0) B (72 | 2)
=21® - Bx, D (21 | 22) B B (Tp—1 | Tn)-
So[xy |- |zp]=[x1|22]®[23]| | 0] if and only if

[331|"'|xn]:x1@"'@xn@($1|$2)€B"'@(l'n_1|$n).

O

Now, we show that the Mating candidate and the Triangle candidate directly
imply each other, assuming that the Triangle candidate satisfies the Symmetry
property.

Lemma 3.29. The Mating candidate and the Triangle candidate are equivalent,
assuming that Symmetry holds for the Triangle candidate.

Proof. Recall that the Mating candidate satisfies the Symmetry property.

We prove this by induction on n. For n < 2, the Mating candidate and the
Triangle candidate are equal. Let x1,x3,23 € N be distinct and assume that
out of {x1,x2,23}, the numbers x; and z2 are congruent modulo the highest
power of 2. Then, by Lemma 3.17, we have

[l s ][ [zo |2 ]]@[as] =21 |22 ] @ [25]

Now let n > 3 and assume that the Mating candidate and the Triangle candidate
are equivalent for all m < n. Let z1,...,x, € N be distinct. Because of
Symmetry, we may assume that x; and zs are congruent modulo the highest
power of 2 out of {z1,...,z,}. Then, by the induction hypothesis,

[loy |- fana ][ [en | on2 |z ]]@ [ |- | 2n2]
=[[zfz]@fas| - [ona ][z [22]@[@s] - [2no|2n]]
Slay |z ]@las| [ 202l
By Lemma 3.22, we have [ 21 @2 | 22 ® 2 | = [ 21 | 22 | for any distinct

r1,T2 € N. So the above can be simplified to

[[zs ] lzna][[2zs] - |an2lapn]]®[z1]|z2] B 23] [Tn—2]
=[xy |22 ]®[23] |20 ].
So
(1| Jazn]=[[z1 | Jzpa ][z ] [Tp2lzn]]@ 21| [Tn-2]
ifand only if [z1 |-+ |zn ] =[21 |22 ] ® 23] | 20 .

O
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Finally, we show that the Animating candidate and the Triangle candidate di-
rectly imply each other. Conway proved this in Chapter 13 of [2].

Lemma 3.30. The Animating candidate and the Triangle candidate are equiv-
alent.

Proof. We prove this by induction on n. By Lemma 3.22, the two candidates are
equivalent for n < 2. Let n > 3, and assume that the candidates are equivalent
for all m < n. Let z1,...,2, € N be distinct. Because [z |y] =2 Py ® (x| y)
for all distinct z,y € N, we have

[[zi |- fzna ]l [2 ] |an2|an]]@ 21| [Tn—2]
=l |- Japa]@[z1 ] | Tp—2 | 20 ]
Oz |opa [z | [Taa |z ) O[22 | | Tp2].

By the induction hypothesis, this equals

T1B B Tpo1 B (21| 22) P B (Tp—2 | Tn—1)
QT D OTy DTy D (21 | 22) D D (Tn—3 | Tp—2)
@ (71 ‘mn)@"'@(mn72|xn)
@fl@"‘@iﬂn—2@($1|$2)@"‘@(9€n—3|$n—2)

Oz | lana]llz]| - |Tn2|zn])
=21 D DT, B (1 | 22) D B (Tp—2 | Tp_1)
O @1 |2n) @@ (@p—2|20) ©([21 | |Tpa ][ [21 ] | Tp—2 |20 ]).

Using the induction hypothesis again, we get

(1| lznaa ) 2| |22 |20 ])

=@ @ Crp 1 ® (21| 22) P © (T2 | Tno1)
|21 @ O Tpo2® Ty ® (21| 22) D+ D (Tp—3 | Tn-2)
@(581 |xn)®"'®($nf2|xn))‘

Using Lemma 3.16.1, this simplifies to
(Tp_1 @ (ml | Zno1) @ @ (mnf2 ‘ xn71>) | 2, @ (xl | Tp) @ D@ (T2 | Tp)).

This is equal to (-1 | Z5) by Lemma 3.16.6. Combining this with the above,
we get

(o] lana ]l [a ] [Zp2|an ][O [21 ]| | 2n2]
:ml@"'@xn@(xl|x2)@"'@(1’n72|xn71)

D@1 |xn) B D (Tp—2 | Tn) ® (Tn-1 | zn)
=5 @O, @ (21 | 22) D O (Tpo1 | Tn)-

So
[z fan]=[l2[- Jana ][z Jonazn ] ]O[ar |- [2n2]
ifand only if [21 |-+ [z | =21 © - © 2 O (21 [ 22) - D (Tn—1 | Tn)-

O
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The above lemmas together prove Theorem 3.21. So the four candidates are the
same function. Further, using the results of Section 3.4 we can conclude that
this function satisfies the Symmetry property. In Chapter 4, we will show that
this function is the Sprague-Grundy function for Welter’s game.
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4 Welter’s Theorem

Recall that the four candidate functions for the Sprague-Grundy function for
Welter’s game are equal. In this section, we will prove Welter’s Theorem, which
states that the function described in Chapter 3 is the Sprague-Grundy function
for Welter’s game.

In order to do so, we first discuss some properties that Welter’s game satisfies,
and that are used in both Welter’s and Conway’s proofs of Welter’s Theorem.
We discuss the Unique Prime Lemma in Section 4.1 and the Even Alteration
Theorem in Section 4.2. Then, we prove Welter’s Theorem in Section 4.3.

Welter’s and Conway’s proofs start from different candidate functions, and it
is not immediately obvious that these functions are related. In an attempt to
better understand the relation between the four candidates and the interesting
properties that the function has, we will provide proofs of the Unique Prime
Lemma and the Even Alteration Theorem in multiple ways, starting from dif-
ferent candidate functions.

4.1 Unique Prime Lemma

Welter’s game has the following property. If we start from any position and
want to move to a position with a given Sprague-Grundy value, it is possible to
do so by moving any one of the coins, possibly to a higher-numbered position.
We will need this for our proof of Welter’s Theorem. So we need to show that
the function discussed in Chapter 3 satisfies this property.

Lemma 4.1 (Unique Prime Lemma). If [y | --- | @, | = k and k' # k, there
exist unique 1, . .., € N, with ¥] # x; and x; # ) whenever i # j, such that
[y lz2 |- an]=[21 |2y |23 | Jzn]=-=[a1]| |z |2, ] =k

We call this the Unique Prime Lemma because of the unicity of the correspond-
ing primed numbers z, ...z, . Note that the lemma implies that

[(E1|-~-|$n,2‘l‘n,1]7é[$1|"'|£L’n,2|(En]

for all distinct x1,...,x, € N, so that the Triangle candidate is well-defined.

We will give several proofs of the lemma, starting from multiple candidate func-
tions. Figure 3 provides an overview of the results in this section. Some of the
proofs use the Symmetry property. When that is the case, there is an S next to
the corresponding implication arrow in the figure.

First, we give a direct proof that Welter’s candidate implies the Unique Prime

Lemma.

Lemma 4.2. Welter’s candidate implies the Unique Prime Lemma, assuming
that Symmetry holds for Welter’s candidate.

Proof. We prove this by induction on n. Suppose we want to find x such that

[27]=F Since
[z]=[0@z]=[0]or=2
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Welter’s candidate Mating candidate

Unique Prime Lemma

Animating candidate Triangle candidate

Figure 3: Overview of direct implications. An S signifies that Symmetry is used
for the proof.

for all z € N, we find that the only option is z} = k'.

Now let n > 2, and suppose that the Unique Prime Lemma holds for all m < n.
Let z1,...,2, € N be distinct and let &' € N be such that &' # [z1 | -+ | zy, ]
We need to show that for all i € {1,...,n}, there exists a unique z; such that
z; # x; and x; # o, whenever i # j, and

[z1 |-z [ 2f [z |- Jzn ] = K.

Because of Symmetry, it is enough to show that this is true when i # 1.

Note that, for all ¢ € {2,...,n}
[z ] i @i | @i [ [an ] = F
is true if and only if
[0ze@ | [z @ |2 @21 [T @ a1 | |20 D21 ] =K & (21)0,

which is true if and only if

[zo®xy — 1] |zi1@r—1|2i®r; —1 |21 Dy — 1
=k @ (xl)n.
By the induction hypothesis, there exist unique z7, ..., z, € N such that for all

1€{2,...,n}, we have

[Ig@xlfl | tee | xi_l@xlfl ‘ l’g | ‘Ii_;,_l@ililfl | | IEn@Il*l] = k/@(l'l)n,
where 7 # 1 © x; — 1 and zi # 2 for all j € {2,...,n} \ {i}. For all
ie{2,...,n}, let 2} = (¢ +1) @ z1. Then 2 € N, and 2 must be the unique

number such that

[z [ [ mia [2f [ @iga [ [an ] = K
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Further, we have x] # x; and x} # ; for all j € {2,...,n}\ {i}. Note that
z/+1>0,so0
z, = (z] +1) ®x1 # 21.

By Symmetry, we can conclude that there also exists a unique 2} € N such that
[z [2a |- [an ] =K,

and 77 # z; and 27 # 2} for all j € {1,...,n}\ {1,¢} for any £ € {2,...,n}.

So x, # .

O

Next, we give a direct proof that the Animating candidate implies the Unique

Prime Lemma. We use a more detailed version of the proof Conway used in
Chapter 13 of [2].

We first need to define the nim-sum for negative numbers. We define the binary
expansion of —1 as a string of 1s, infinite to the left. Then we can add, subtract
and nim-add just like we would with non-negative integers. So for all n € N\{0},
we can find the binary expansion of —n using the equation —n = (—=1) — (n—1).
For example, since —2 = (—1) — 1, its binary expansion is ...1110, which is
equal to that of (—1) @ 1. The binary expansion of —3 = (—2) — 1 is ...1101,
which is equal to that of (—1) @ 2.

Remember that for any a,b € N, a and b are congruent modulo 2" if and only if
the last n digits of their binary expansions are equal. Because of how we defined
the binary expansions of negative integers, the same holds for any a,b € Z.

We define (z | ) = —1 for any € Z. Note that with our new definitions,
Lemmas 3.16.1, 3.16.2 and 3.16.3 hold more generally. For all a,b,x € Z, we
have (a @z |b®z) = (a|b) and (a+ x| b+ x) = (a|b), and for all n € Z, we
have n® (n|0) =n— 1.

Now, we need the following lemma.
Lemma 4.3. Any function of the form
f@)=z@chd(z]c)® & (z|cn),
withn € N and ¢, c1,...,c, € Z, can also be written as
f@ = ((zoa)+ea)dd) +d) -,

for some ¢}, ch,...ch, € Z, with m = 4n + 1.

Proof. We prove this by induction on n. For any ¢ € Z, the function z — @ ¢
for all x € Z is already in the required form, so the statement holds when n = 0.
Now let n € N\ {0} and assume that the statement holds for all m < n. Let
€, €1y CnyCnr1 € Z, and let f be the function defined by

f@)=z@co(@]a)® - o(z]|c)

for all z € Z. By the induction hypothesis, f can be written in the required
form. Let ¢},...,c}, be such that

f@)=(..((r@c)) +c3) Dey) +¢)) B Dcyy,).
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We need to show that the function g defined by
g@)=r@cd(@|c)® @ (v]cn) ® (] cnr)

for all x € Z can also be written in the required form.

Let ¢}, ., = 0. Then we have
f@) = (( ((w@c) + ) @es) +¢)) @ @) + ).

Let h(x) = f(z) ® f(cpy1), for all z € Z. By Lemmas 3.16.1 and 3.16.2, we
have (h(a) | (b)) = (f(a) | f(b)) = (a|b) for all a,b € Z. So for any x € Z,

(@ | eng1) = (W(=) | h(cnt1)) = (h(z) | 0).
Using Lemma 3.16.3, it follows that
h(z) =1 =h(z)® (h(z) | 0) = h(z) & (x| cny1) = f(2) & feny1) & (@ ] cnya),
SO
9(@) = f(2) ® (x| cny1) = (h(x) = 1) © f(ent)
= ((f(2) & flens1)) = 1) & flensr).

This is a function of the required form, with ¢}, o, = f(¢nt1), ¢},43 = —1 and
C;71+4 = f(ens1)-
O

Lemma 4.4. The Animating candidate implies the Unique Prime Lemma.

Proof. Let ¢« € {1,...,n} and let z1,...,zi—1,%it1,...,2, € N be distinct.
Then x; — [x1 | -+ | 2, | is a function of the form

T z@c®(c|la)®-- B (] cn)
for some c,cq,...,c, € Z. By Lemma 4.3, it can be written in the form
e (L ((med)+a)ed)+d)a- - ec,)

for some ¢}, ..., c,, € Z. Functions of this form clearly have an inverse, so this
implies that for every k&’ € N there exists a unique z; € Z such that

[z1 |- wia [ 2f [z |- J2n ] = K.

Now we only need to show that z; is non-negative, and unequal to z; and z’
for all j € {1,...,n}\ {i}.

Assume that z; = z; for some j # i. Then z; > 0, so if we use the definition
of the Animating candidate to write out [ @y | -+ | @iy | @} | g1 | - | Tn ]
as a nim-sum, the only negative term is (2} | ;) = —1. Then the result of the
nim-addition is negative, but by assumption it should be equal to k¥’ € N. This
gives a contradiction, so x} # x; whenever j # i.

Now assume that 2} is negative. Because x} # z; for all j € {1,...,n}\ {i},
the numbers (2 | z;),..., (2} | z,) are all non-negative. So if we write out
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[z1 | | @im1 | @ | @ig1 | -+ | 2 | s & nim-sum, the only negative term is z}.
Then the result of the nim-addition is negative. This again gives a contradiction.

Finally, assume that x; = 2/, for some j € {1,...,n} \ {i}. Then

[zy |- lwia iz |- Tz = o0 | lao [ 2 2 [ ] 2]
=[xy |- x| @[z || an]

Because the Animating candidate is symmetric, it follows that

[zy |- lwima o @i |- oo [ af [ |- |20 ]

=@ [ lwimn @ | | T 2 @ | [ 2 ]
We can conclude that

i@ (zj | 21) @ @ () [ 2im1) ® (25 | Tig1) B ...

@ () | 2j—1) @ (25 | 27) @ (x5 [ 2j41) @ - ® (2 | )
=z;®(x; |x1) D D (x| iz1) B (i | Xig1) D - ..

O (i | xj-1) @ (2 | 27) © (@i | 2j41) B - © (i | 20).

So the function

@ (@|z)® D (x| xim1)® (x| xig1) D ...
@@ |zj1)®(@|2)® (@)@ 0 (] zn)
maps both z; and x; to the same number. But z; # x;, and we proved above
that functions of this type are bijective, so this gives a contradiction.
O

Finally, we give a direct proof that the Triangle candidate implies the Unique
Prime Lemma.

Lemma 4.5. The Triangle candidate implies the Unique Prime Lemma, as-
suming that Symmetry holds for the Triangle candidate.

Proof. We prove this by induction on n. For any k' € N, we have [z} | = k' if
and only if ] = k’. Now let x1, 25 € N be distinct, let &’ € N, and assume that
we want to find 2 such that [z} | zo | = k’. Since [z} | 2] = 2] ® x2 — 1, the
only option is ] = (k' + 1) ® z2. Similarly, we have =5, = (K’ + 1) ® ;.

Let ¢ € {1,2}. Then (k' + 1) ® z; € N. Also, we have

=k +1)@x # K +1)®xe =),
Now assume that z} = zo. Then

[2) |22 ]=2)Bas—1=0—1=—1,

which gives a contradiction. Similarly, we have z}, # x;.

Let n > 3, and assume that the Unique Prime Lemma holds for all m < n. Let
Z1,...,%n € N be distinct, let ¥’ € Nand let ¢ € {1,...,n}. We will find z} such
that [z1 |- | @1 | @ | g1 | -+ | 2o | = K. Because of the assumption that
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Symmetry holds, we may assume without loss of generality that i = n. Then
we need to find 2/, such that

=[a] 21 |a,]
=[] lona]l[2]on2lay ]l (21| |Ta2]
This is equivalent to
(2] Janz]a,]=E &[] |op2 ]+ ) @[] |20 ]

By the induction hypothesis, there is a unique 2}, € N with this property, and

we have x] # x1,...,2,_9 and z,, # a},...,2),_,. Suppose that =/, = z,_;.
Then

(1] [ @nz|@na]=F &[] |op2]+ ) &[] |Ta1],
sok"®[x1 ]| | xn_2]+1=0, which gives a contradiction. Finally, assume

that ], = x],_;. Then
[m1|"'|mn—2|xn—1 |x%—1]:k/:[m1|"'|'rn—2|$21—1 |xn]-

Using the Triangle candidate, we find that

[z [@pz | @na ][ [21 [ [2n—2 | 2f 1 ]]
=[la1 |- anolapq [z ] |20 |za]]
Then
(21| | Zna | Tna ] =[21 | |Tna|zn],

which violates the assumption that the Unique Prime Lemma holds for n — 1.
O

Welter’s game is not the only game that satisfies a version of the Unique Prime
Lemma. For example, Nim has the same property. The Unique Prime Lemma
also holds for the game Antonim, which is similar to Nim and Welter’s game.
Another similar game, Antimatter, satisfies a slightly different property. We
will discuss this further in Chapter 5. There, we also prove directly from the
definition of Welter’s game that it must satisfy the Unique Prime Lemma.

4.2 Even Alteration Theorem

An interesting property of Welter’s game is that whenever an even number of
elements in a position is exchanged by their primed counterparts as defined in
the Unique Prime Lemma, the Sprague-Grundy value remains the same. We
will need this property for our proof of Welter’s Theorem. So we will show that
the function discussed in Chapter 3 satisfies this property.

Theorem 4.6 (Even Alteration Theorem). Let x1,...,x, € N be distinct and

let k € N be such that [x1 |-+ | @, ] = k. Let k' € N be unequal to k, and let
xy, ..., be as defined in Lemma 4.1. Then the equation [x1 |-+ |zp ] =k
remains true whenever an even number of x1,...,x,, k are replaced by the cor-
responding numbers x, ...,z k'. We express this with the following notation:
T xn |k
[ x} x, } K
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We give two proofs of this theorem, starting from different candidate functions.
Figure 4 provides an overview of the results in this section. When a proof uses
the Symmetry property, there is an S next to the corresponding implication
arrow in the figure.

Welter’s candidate Mating candidate

Even Alteration Theorem

Animating candidate Triangle candidate

Figure 4: Overview of direct implications. An S signifies that Symmetry is used
for the proof.

Note that it is enough to show that
[ @i [ af |2 |l [ @ Taj [ Jan [ =[20 | | 2]

for all distinet 21,...,2, € Nand all 4,5 € {1,...,n} with ¢ # j. Then we also
have

oy |- iy |2 | waga |- Taga [ @) o |- [ ooy [ o [ apgn |- | 2 ]
=[ay | apr | wh | Tega | Jan | =F
for all distinct 1, ..., 2, € N and all distinct 4, j,k € {1,...,n}. The statement

then follows by induction on the amount of primed elements.

First, we give a direct proof that Welter’s candidate implies the Even Alteration
Theorem.

Lemma 4.7. Welter’s candidate implies the Even Alteration Theorem, assum-
ing that Symmetry holds for Welter’s candidate.

Proof. Let x1,z2 € N be distinct and assume that [ 1 |ze | =k, [2] |22 ] =k
and [z | 25| =K. Let ¢ = 21 @ 2. Then z} = z; ® z, and
F=la]zm]=[nor|n]=[z|noz]

By the Unique Prime Lemma, we can conclude that 2, = x5 & 2. So
[zi gy =[m @z |zor]=[z1|22] =k

Now let n > 3 and assume that the Even Alteration Theorem holds for all m <
n. Let z1,...,x, € Nbedistinct and let i, 5 € {1,...,n} with i # j. By Symme-
try, we may assume that 7, j # 1. Assume without loss of generality that i = n—1
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and j = n. Suppose that [z |- @, | =k, [z1 ] | Tpo |2, 1|20 ] =K

and [z |- | Zp_1 |2, ] = K. We have
(1] [an]=[0]z2@ar | [2n D21 ] D (21)n
=[axo@x;—1]| |z, ®x1—1]DB (21)n,
=)
[2o@®x1—1] |2, @21 — 1] =k® (21)n.
Similarly,
[zo®a1 =1 |2po@o—1]2, @21 —1|2, D21 —1]=k & (21)n
and
[zo@® a1 — 1| |2p 1@ —1]|2, @z —1] =K & (21)n.
By the induction hypothesis, we can conclude that
[zo®ar =1 |2po®o—1]a2, 1 ®x1—1|2),dx1—1]=k® (21)n-
So
(1] | @p—z |2y | 2]
=[0]zm @2 | |op2@a1 |2, Ba1| 2, D] (21)n
=@z —1] |2y o®rr—1|2,_ @z —1]|2, &1 —1]® (1)
=k.
O

Next, we give a direct proof that the Triangle candidate implies the Even Al-
teration Theorem. This is Lemma 8 of [10].

Lemma 4.8. The Triangle candidate implies the Even Alteration Theorem,
assuming that Symmetry holds for the Triangle candidate.

Proof. Let x1,...,2, € N be distinct, and let 4,5 € {1,...,n} with ¢ # j. By
Symmetry, we may assume without loss of generality that i =n —1 and j = n.

Assume that [ @y | -+ | axn | =k, [21 | -+ | ®pe1 | 251 | @n ] = K and
[z1] | @n-1 |2, ] =K. Then
(2ol lanafap ] 2| Jana | an ] ]@ (20| | 2n2]
=lo| - Janalalylon]=[21 ] |20 |2
=[lz ] lonallle |- on2lal ]]O [ |- | 2n2]

This implies that

(1] fana |2, @[] | 22| 2]
=lz]-lona]@la ]|zl ],
so by nim-adding [z | -+ | Zp—2 | Zn | B[ 21| -+ | ®n—2 | 2, | to both sides we
find that
[z | fanz o, @[] |2zl ]
=[z |- Jepa]olo |-l zna o]
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We conclude that

(2o | Jana |2y | 2]

=l fena |z [ {o ] oo, @ [a ] [2n2]
=[lz ] lanalzaa [z ] - [2nglea]]O [ ] |2n2]
:[551|"'|=’En]:k-

O

Welter’s game is not the only game for which the Even Alteration Theorem
holds. It also holds for the game Nim, as we show below.

Theorem 4.9. The Even Alteration Theorem holds for Nim.

Proof. Let x1,...,z, € N, and let 4,5 € {1,...,n} with ¢ # j. Because the
Sprague-Grundy function for Nim is symmetric, we may assume without loss
of generality that ¢ = 1 and j = 2. Let k, k" € N be distinct, and assume that
21D Dy =k, ] ®r2® - Dr, =F,andx1 b D3 D - Dx, =k By
combining the second and third statements, we get

Ty T Doy ®ah,=0.

By nim-adding this to the first statement, we find that o} @z, &z3®- - -dx, = k.
O

There exist other games that are also similar to Welter’s game, but for which the
Even Alteration Theorem does not hold. We will discuss some of these games
in Chapter 5.

4.3 Proof of Welter’s Theorem

In this section, we prove Welter’s Theorem, which says that the function dis-
cussed in Chapter 3 is the Sprague-Grundy function for Welter’s game. We use
a more detailed version of Conway’s proof, which can be found in Chapter 13
of [2]. We first need the following lemma.

Lemma 4.10. Let n > 3, and let x1,...,x, € N be distinct, such that out of
{z1,.. . xn, 2y, ... 2}, 1 and xo are congruent modulo the highest power of 2.
Let k' € N, and let x} and x4 be as defined in Lemma 4.1. Then x| ®xh = x1Dx2.

Proof. We have [ o} | o4 | 23 | -+ | @n | = [ @1 | --- | @xn ], by the Even
Alteration Theorem. By using the properties of the Triangle candidate and the
Symmetry property, we find that

[[zylas | lan] | [2y|2s| - [an]]@[as] [ 2n]
=lai oy |as | Jan]=[21 || an]
=

[z fas |- |@a] {2223 |- Jan]]® @3] [2n].
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This implies that
[y [as | |an]® 2y 23] | 2n]
=[zi|zs| - lap]@[22 23| 2]
Using the properties of the Animating candidate, we conclude that
o) @ () [23) @ @ (2 | 2n) B2y © (2 | 23) @+ © (25 | )
=z1® (1 |23) D & (21 [2n) 2B (22 [ 73) © - B (22 | T0).
Using Lemmas 3.16.6 and 3.16.1, we get

(z1 | 2)

(
Olz1®(z1]23) P B(x1 | Tn) D2 ® (2| 23) B - B (22 | Tn))
=02y ® (@) |23) D @ (2] [ 2n) Dy D (25 | 23) © -+~ ® (23 | 7))
() @ (@) |23) @@ (2] [2n) |25 @ (23 | 23) @ -~ @ (2 | 20))
(2}

It now follows that z) and z}, are also congruent modulo the highest power
of 2 out of {x1,...,zpn,2},...,2),}. Then, using the properties of the Mating
candidate and the Even Alteration Theorem, we get

[z @ [zs |- [on]=[a1]| - |2n]
=[ay |2y las | Jan]=[a) [ah ] ®[as]| | 2n],
so [x1 | x2 ] = [} | 24 ], which implies that x1 @ xo = z} © x%,.
O
Next, we will show that if
T xn |k
x} x | K,
then an even amount of the inequalities 2} < z1,...,2), < z,, k' < k are
true. This implies that if [ 21 | --- | @, ] = k and k¥’ < k, there is at least
one feasible move from (x1,...,%,) to a position (1, ...,Ti—1,2, Tit1,...,Tn)
with {21 |-+ | @im1 | @) | g1 | - | @ ] = K. In order to prove this, we need
two more lemmas.
Lemma 4.11. If
T xn |k
x} x | K,

then for any x, an even number of the inequalities

L erier<z

T, DT, Br<T
k&K & (2)n < (2)n

are true.
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Proof. We prove this by induction on n. Let z1, ], k, k' be such that

X1 o k

| K
and let z € N. Then the inequalities are 71 G 7] Gz <z and k Gk Pz < x.
Here, k = 21 and k' = x|, so the inequalities are equivalent.

Next, let z1, xq, 2, 5, k, k' be such that

|:.’£1 £E2:|_k
2

xh K
and let x € N. Now, the inequalities are

nerier<x
LoDy D <z
ko k @0<0.

The last inequality is certainly false, because k, k" € N. So we need to show
that an even number of the first two inequalities hold. By the Even Alteration
Theorem, we have [ 2} | 24 ] = [ 21 | 22 ]. This implies that o} & ), = 21 & x4,
S0 1 @ x) = 29 ® 2. So the two inequalities are equivalent.

Now let n > 3 and assume that the statement holds for all m < n. Let
Xiyeeoy Ty &Y, 20k k' be such that

Z1

)
and let z € N. Note that if we interchange an even amount of the elements with
their primed counterparts in the statement

{xl xn}_k
7y

x K,

the statement remains true and the corresponding set of inequalities remains
the same. For example, if 2] and x5 are congruent modulo the highest power of
2out of {zy,...,2,,21,..., 2.}, we can exchange 2| with 21 and &’ with k, and
our problem remains the same. Because of this fact and because of Symmetry,
we may assume without loss of generality that z; and x5 are congruent modulo
the highest power of 2 out of {z1,...,xn,2],..., 2, }. Then, by the properties
of the Mating candidate, we have

T3
3

By the induction hypothesis, an even amount of the inequalities

xn} k
/ = k'

€T

n ’

xn}: ko |x|xo]

x!, K @[x|x].

T3y D <z

T, D, ®r <z

kd[x |2 OK @21 | 22]® (2)n_2 < (T)n_2
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hold. This set of inequalities is equivalent to
T3Py dr <z
T, D, Br <z
ko k' @ (2)n < (2)n,
S0 now it is enough to show that an even amount of the inequalities

nerier<z
LoDy D <z

hold. By Lemma 4.10, we have z1 @ x2 = | ® z4. By nim-adding z} @ x2 to
both sides, we find that z1 @&z = zo®xh. So the two inequalities are equivalent.

O

Lemma 4.12. Let y1,...,yn,y € N. Then an even amount of the inequalities
Oy <y
Yn DY < Yn

PO By DY <y - By

are true for any y € N.

Proof. Suppose that y1 & By, By < y1 P+ - B yn. Then the first 1 from the
left in the binary expansion of y is in a location on which the binary expansion
of y1 ® -+ ® y, also has a 1. So an odd amount of the y; have a 1 on this
position, and these are exactly the ones for which the inequality y; ® y < y; is
true. So in total, an even amount of the inequalities are true.

Now suppose that y1 - Py, Py > y1 D -+ - D yn. Then the first 1 from the
left in the binary expansion of y is on a location at which y; & --- ® y,, has a
0. Then there are an even amount of y; with a 1 on this position, and these are
exactly the ones for which the inequality y; ® y < y; is true. Again, it follows
that an even amount of the inequalities are true.

O
Theorem 4.13. If
T xn |k
x} x | K,
then an even number of the inequalities x} < x1, ...,z < x,, k' <k are true.

Proof. We prove this by induction. Let x1,z], k, k' be such that

I _ k
2 | K.

Then k = 7 and k&’ = 2, so the inequalities #} < x1 and k' < k are equivalent.
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Now let n > 2, and assume that the statement holds for all m < n. Let € N|
and let x1,...,2n—1,2},...,2,,_1,k, k" be such that

0|z Ty k
{x ;v’i x'i } K. (2)
Let y; € {x;,2;} for alli € {1,...,n — 1}. Then
[Oly ] Tynal=ln—=1]|yn1—1],

and this equals k if an even amount of the elements are primed, and £’ if an
odd amount of the elements are primed. So we have

[ T, — 1...
zp—11...
We compare equations (2) and (3). For the corresponding inequalities, the only
difference is that in the first case, there is an extra inequality = < 0. But this

inequality is certainly false, because z € N. So in both cases, the number of
true inequalities is the same.

o =1 | K. (3)

n—1

$n1—1:| k

Now let 21, ..., zpn, @}, ..., 2, k, k" be such that
T zn |k
{ x) xl } K. (4)

Let x € N. Then

1 Dx
) ®x

T, @z | kD (2)n
x%@x}_ K @ (z)n (5)

is also true. We will show that the parity of the number of true inequalities is the
same in both cases. In order to do so, we first note that for all £ € {z1,...,z,, k}
and all x € N, an even amount of the inequalities
U<t
U prx <l

(el dax<z
are true. This follows from Lemma 4.12, with the choicen = 2, y; = ¢, yo = (B
andy=(¢@ 1.

Now we can conclude that an even amount of

Ty < m

/ /!
T, < T,

E <k
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are true if and only if an even amount of

i@ r<z dx
1@ dr <z

T, Br<T, BT
T, @, Br <
Ko@), <kod(x),
koK & (), < (2)n

are true. By Lemma 4.11, we find that this is true if and only if an even amount
of

I Pr<z DT
x;®x<xn€9x
Ko (x), <k® (1),

are true. We conclude that for equations (4) and (5), the parity of the amount
of true inequalities is equal.

Now let x1,...,2pn,2],..., 20, k, k" be such that
T xn |k
xh x, | K.

By what we proved above, the parity of the amount of corresponding true in-
equalities is the same as that for

To DT

Tn®x1 | k& (x1)n
xh &1 o

x, @ 1 K & (x1)n,

0
xh @ xy
which is the same as that for

|:IE2@I11

Typ Dy — 1 _ k@ (z1)n
hdx —1

x, e —1 K & (x1)n.

By the induction hypothesis, this is even.

Now we can prove Welter’s Theorem.

Theorem 4.14 (Welter’s Theorem). The function described in Chapter 3 is
the Sprague-Grundy function for Welter’s game.

Proof. Let z1,...,z, € N. Note that [ 1 | -+ | @, | € N. Let ¥ € N
with ¥ < [x1 | -+ | 5 ]. Then, by the Unique Prime Lemma, there exist
x, e N\ {zy,...,2,} for all i € {1,...,n} such that

(2o |-l mia [ 2f [ @iga [ [2n ] = K.

46



By Theorem 4.13, there exists an ¢ € {1,...,n} such that 2 < x;. Then
(1, s ®i—1, X%, Tig1, - - -, Tp) 1 & follower of (z1,...,2,).

Now let o} € N\ {z1,...,2,} with o} < z; for some i € {1,...,n}. Then, by
the Unique Prime Lemma, we must have
[ | Twima | @i [T [ Jan ] # [z | [ 2]
Together, this proves that
(1] lap]=mex{[a1 | @i |2} |Tigr |- | 20 ]

cap <@g, xh E{x, .. ti € {1, ..., n}}

So the function is the Sprague-Grundy function for Welter’s game.
O

Conway’s version of the proof is similar to Welter’s version. Welter also used
Theorem 4.13, but gave a different proof of that theorem. While Conway’s proof
uses the properties of all four candidate functions, Welter’s proof does not use
the properties of the Animating candidate.
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5 Table method

In this section we discuss the Table method, a method for determining a P-
position using a table with previously known P-positions. This is based on a
method used for analysing the game Antonim in [7], but can also be applied to
Welter’s game and to several other games. In Section 5.1 we describe how to
apply the Table method to Welter’s game. This also leads to a direct proof of
the Unique Prime Lemma, starting from the definition of Welter’s game. We
have not encountered this in the literature. In Section 5.2 we discuss how to
apply the Table method to some other games, including Nim.

5.1 Application to Welter’s game

Let z1,...,2z, € N be distinct, and suppose that we know all the P-positions
of the form (z1,...,%—1,2}, Tit1,...,2p,x) with € N, ¢ € {1,...,n} and
a2, < x;. Then, by the following lemma, we can find a unique z such that
(x1,...,2n,2) is a P-position.

Lemma 5.1. Let x1,...,x, € N be distinct, and let

A={zeN:Fie{l,...,n},2, < z; such that

’ . ..
(T1,. .y Tim1, Tjy Tig1y .-+, Tn, 2) 18 a P-position}.

Let z = mex(A U {x1,...,2,}). Then (x1,...,2p,2) is a P-position, and
(x1,...,2n,2") is an N-position for all 2/ # z.

Proof. For any distinct x1,...,x, € Nand 21,20 € N\{z1,...,z,} with z; < 29,
the position (z1,...,Zn,21) is a follower of (x1,...,&,,22). This means that
they cannot both be P-positions. So there is at most one 2’ € N such that
(x1,...,2n,2") is a P-position. This also implies that A has at most x123 ...z,
elements, so z := mex(AU {z1,...,2,}) is well-defined.

To prove that (z1,...,2,,2) is a P-position, we need to show that its follow-
ers are all N-positions. First we look at followers of the type (z1,...,Zy,2'),
with 2/ < z. Let 2/ € N be such that 2/ < 2. Then we have 2/ € AU
{z1...,2n}. U 2 € {x1,...,2,}, then (x1,...,2,,2") is not a feasible posi-
tion. Otherwise, we have 2z’ € A. Then there exists a position of the type
(T1y. oy im1, Xy Ty 1, - -« Ty 2') with 2 < x; that is a P-position. Such a po-
sition is a follower of (z1,...,2,,2'), 0 (z1,...,Zy, 2" ) must be an N-position.

If a follower of (x1,...,2n,2) of the type (z1,...,%i—1, 25 Tit1,...,2n, 2) for
some ¢ € {1,...,n} and 2z} < x; is a P-position, then z € A. This gives a
contradiction. So all followers of this type are also N-positions.

O

Now we can prove directly from the definition, so without assuming knowledge
of the relation between the Sprague-Grundy function and Welter’s candidate,
the Mating candidate, the Animating candidate and the Triangle candidate,
that the Unique Prime Lemma must hold for Welter’s game. As usual, we write
[z1 ]| x| for the Sprague-Grundy value of position (z1,...,x,).
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Lemma 5.2. Welter’s game satisfies the conditions of the Unique Prime Lemma.

Proof. We start by proving by induction on k that if x1,...,z, € N are dis-
tinct and k € N, then there exists a unique z € N\ {z1,...,2,} such that
[z |- Jan|2z] =k

For any distinct z1,...,2, € Nand 21,25 € N\ {x1,...,2,} such that z; < 29,
the position (x1,...,%,,21) is a follower of (z1,...,2n,22). This means they
cannot have the same Sprague-Grundy value. So for any k, if a z such that
[z1 ]| xn | 2] =k exists, it is unique.

Let z1,...,z, € Nbedistinct. For k = 0, the statement follows from Lemma 5.1.
Now let k& € N\ {0} and assume that the statement holds for all ¥ < k.
Note that it is enough to show that there exists a value z such that each fol-

lower of (z1,...,zn,%) of the type (z1,...,%i—1,2; Tit1,...,%n,2) for some
i€ {1,...,n} and z; < z; has Sprague-Grundy value unequal to k, and such
that for each k' < k, there exists a follower of (z1,...,x,,2) with Sprague-
Grundy value equal to k’. Then we have [ 1 | -+- | 2, | 2] = k for the minimal
z satisfying these requirements.
Let
A={z€eN:3ie{l,...,n},2, <z such that

(21| Jzic | @ | Tiga |- |2 | 2] =k}

For each i € {1,...,n} and =} < x;, there is at most one z such that
(1] @i @i @i | an | 2] =k,

so A is finite. Let 2’ be the maximal element of A, if A # @. Otherwise, let

2/ = —1. For all x € N\ {x1,...,2,} with > 2/, no follower of the position
(1,...,2pn,x) of the type (z1,...,2Ti—1, 25, Tit1,. .., T, x) has Sprague-Grundy
value k.

For all ¢ < k, let z; be such that [ 1 | --- | @ | s | = ¢. Such 2z ex-

ist by the induction hypothesis. Let 2” = max{z; : 0 < ¢ < k}. Then
for all x € N\ {zy,...,2,} with x > 2z” and for all ¥ < k, the position
(z1,...,2Tn,x) has a follower with Sprague-Grundy value k', namely the po-
sition (z1,...,%n, 2k).

We can conclude that the z as described in the statement exists. This equals
x;, 1 as described in the Unique Prime Lemma. Because Welter’s game is
symmetric, it follows that x; exists for all i. Further, assume that z; = z’; for
some 4,7 € {1,...,n+ 1} with ¢ # j. Then,
N A E Y S E N R E P A R TR R A
=[a ] lajr 2 [z [ [ 2],
which, by Symmetry, implies that
[zl @ima [ @iga | @i [ @y | [ 2n [ 2] [ 2]
=z | @it |2 | T ajo [y [ [ [ 2 [ ).
Because z; # x;, one of the corresponding positions is a follower of the other,
which gives a contradiction. So z} # z; whenever i # j.

O
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Using Lemma 5.1, we can fill tables with P-positions. We call this the Table
method. Below we provide some examples.

Example 5.3. If we want to find the P-positions for Welter’s game with 3
coins, we can fill a table where the first column gives x1, the first row gives
%9, and the unique z such that (z1,z2,2) is a P-position can be read off the
table. The elements on the diagonal are empty, as they do not correspond to
feasible positions in Welter’s game. By Lemma 5.1, each other position of the
table must be filled with the minimal excludant of the row elements up to that
point and the column elements up to that point, including the row and column
headers z; and x5. This gives Table 1.

o 1 2 3 4 5 6 7 8 9 10
0 2 1 4 3 6 5 8 7 10 9
1] 2 o 5 6 3 4 9 10 7 8
211 0 6 5 4 3 10 9 8 7
314 5 6 o 1 2 11 12 13 14
413 6 5 0 2 1 12 11 14 13
516 3 4 1 2 0 13 14 11 12
6 |5 4 3 2 1 0 14 13 12 11
T8 9 10 11 12 13 14 0o 1 2
8 (7 10 9 12 11 14 13 O 2 1
9 (10 7 8 13 14 11 12 1 2 0
w9 8 7 14 13 12 11 2 1 O

Table 1: P-positions for Welter’s game with 3 coins.

Example 5.4. If we want to find the P-positions for Welter’s game with 4 coins,
we can fill multiple tables where the element in the upper left gives the value of
x1, the first column gives xo and the first row gives x3, and the unique z4 such
that (21, z9, z3,x4) is a P-position can be read off the table. Then the elements
that do not correspond to feasible positions are empty. The other positions of
the tables are filled with the minimal excludant of the earlier elements in the
same row or column of the same table, the row and column headers, the element
in the upper left corner, and the elements in the same position in earlier tables.
For x; € {0,1} and x5, 23 € {0,...,10}, this results in Tables 2 and 3.

From the above example, we see that when 7 € {0,1} and 29,25 € {0, ..., 10},
a position (z1, z2,x3,4) is a P-position if and only if 21 ® xo ® 2324 = 0. In
Section 6.3, we will discuss the fact that this is always true.

We can use a similar method to find the Sprague-Grundy values of each posi-
tion, because the Sprague-Grundy value is also the minimal excludant of earlier
values. In this case, the table elements that do not correspond with feasible
positions again remain empty. All other elements of the table are filled with
the minimal excludant of the row elements up to that point and the column el-
ements up to that point, and the earlier elements in the same position in earlier
tables.

Example 5.5. If we want to find the Sprague-Grundy values for Welter’s game
with 2 coins, we can fill a table where the first column gives x1, the first row
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ojo 1 2 3 4 5 6 7 8 9 10
0

1 3 2 5 4 7 6 9 8 11
2 3 1 6 7 4 5 10 11 8
3 2 1 7T 6 5 4 11 10 9
4 5 6 7 1 2 3 12 13 14
) 4 7 6 1 3 2 13 12 15
6 7T 4 5 2 3 1 14 15 12
7 6 5 4 3 2 1 15 14 13
8 9 10 11 12 13 14 15 1 2
9 § 11 10 13 12 15 14 1 3
10 1 8 9 14 15 12 13 2 3

Table 2: P-positions for Welter’s game with 4 coins, with one coin on 0.

170 1 2 3 4 5 6 7 8 9 10
0 3 2 5 4 7 6 9 8 11
1

213 o 7 6 5 4 11 10 9
3| 2 0 6 7 4 5 10 11 8
4 |5 7T 6 0 3 2 13 12 15
5 | 4 6 7 O 2 3 12 13 14
6 | 7 5 4 3 2 0 15 14 13
7|6 4 5 2 3 0 14 15 12
8 19 11 10 13 12 15 14 0 3
9 | 8 10 11 12 13 14 15 O 2
10 | 11 9 8 16 14 13 12 3 2

Table 3: P-positions for Welter’s game with 4 coins, with one coin on 1.

o1



gives xo, and the Sprague-Grundy value of (x1,z2) can be read off the table.
Then the diagonal is empty, and each other position of the table must be filled
with the minimal excludant of the row elements up to that point and the column
elements up to that point. When we do this, we get value zo — 1 at position
(0,x2) and value x; — 1 at position (z1,0) or all 21,29 € N, as can be seen in
Table 4. This means that after the first row and column, the table is a shifted
version of Table 1 from Example 5.3.

o 1 2 3 4 5 6 7 8 9 10
0 o 1 2 3 4 5 6 7 8 9
110 2 1 4 3 6 5 8 7 10
2|1 2 o 5 6 3 4 9 10 7
312 1 0 6 5 4 3 10 9 8
413 4 5 6 o 1 2 11 12 13
514 3 6 o5 0 2 1 12 11 14
6 |5 6 3 4 1 2 0 13 14 11
716 5 4 3 2 1 0 14 13 12
|7 & 9 10 11 12 13 14 0 1
9|18 7 10 9 12 11 14 13 O 2
079 10 7 8 13 14 11 12 1 2

Table 4: Sprague-Grundy values for Welter’s game with 2 coins.

By combining Examples 5.3 and 5.5, we get the following result.

Lemma 5.6. Let 1,29 € N be distinct. The unique z such that (x1,22,2) is a
P-position in Welter’s game is equal to the Sprague-Grundy value of the position
(r1+Lz2+1), s0to (x14+1)® (z2+1) — 1.

We will discuss a different proof of this lemma in Section 6.3.

Suppose we want to use the Table method to determine whether a given position
(1,...,Tn,Tnt1) is a P-position or an N-position. Then we need to know
exactly which of the positions (z1,..., 21,2}, Tiy1,...,2n,2) for all 2, < z;
and z € N are P-positions. So while the Table method provides some insight
into the behaviour of the P-positions, it does not provide an efficient algorithm
for determining which positions are P-positions.

5.2 Application to other games

In this section, we discuss three other games to which a version of the Table
method can be applied, and which satisfy a version of the Unique Prime Lemma.
We discuss the games Nim, Antonim and Antimatter.

Nim For the game Nim, which we discussed before in Section 2.3, we use a
slightly different version of Lemma 5.1.

Lemma 5.7. Let x1,...,x, € N, and let

A={zeN:Fe{l,...,n},z, < z; such that

/ . ..
(T1y ey T, X Tt 1y - -y Ty 2) 18 @ P-position}.
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Let z = mex(A). Then (z1,...,Zn,2) is a P-position, and (x1,...,&pn,2") is an
N-position for all 2’ # z.

The proof is similar to that of Lemma 5.1. When we apply the Table method to
Nim, no table elements are empty. Each position in the tables is filled with the
minimal excludant of the earlier elements in the same row or column, and the
earlier elements in the same position in previous tables. The row and column
headers may be ignored while filling the tables. This leads to the following
result, which also follows from Theorem 2.21.

Lemma 5.8. Let x1,...,z, € N. The unique z such that (z1,...,z,,2) is a
P-position in Nim is equal to the Sprague-Grundy value of (x1,...,Zp).

Using a similar proof to that of Lemma 5.2, we can prove the following result,

which is the Unique Prime Lemma for the game Nim. Here, we write [z1, ..., z,]
for the Sprague-Grundy value of the position (z1,...,%,).

Lemma 5.9. Let (z1,...,x,) be a position in Nim. If [z1 |-+ |z, | =k and
k' # k, there exist unique ',...,z; € N, with z; # x); whenever i # j, such
that

[yl | Jan]=[a]ah |as | |an )= =[a1 ] |an |2, ] =F.

Antonim Antonim is a variant of Nim. Antonim is played like Nim, except
no two piles of coins may have the same size. It can also be seen as a variant of
Welter’s game in which multiple coins may be on the 0 square.

Definition 5.10 (Antonim). Antonim is an impartial combinatorial game. The

positions are (x1,...,%,) where z; # x; whenever x; # 0. For such a position,
we say that there are n coins on squares x1, ..., Z,.
The followers of a position (x1,...,x,) are all positions
!/

(xla DR 7xi71»xi»xi+1a ey xn)
with ¢ € {1,...,n}, 2} < z; and = € N\ {z1,...,2,} or 2} = 0.
We write [ z1 | - -+ | 2, ] for the Sprague-Grundy value corresponding to position
(T1,...,Zpn)-

For this game, we can prove the following, using a proof similar to that of
Lemma 5.1. This was first proved in [7].

Lemma 5.11. Let x1,...,2, € N such that if x; = x; and i # j, then x; =
x; =0. Let

A={zeN:Fe{l,...,n},z, < z; such that

/ . .,
(T1y. ey T, X T 1, - -y Ty 2) 18 @ P-position}.

Let z = mex(AU ({z1,...,2,}\{0})). Then (z1,...,2n, 2) is a P-position, and
(x1,...,2n,2") is an N-position for all 2’ # z.

This leads to the result that the Unique Prime Lemma also holds for Antonim,
using a similar proof to that of Lemma 5.2.
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Lemma 5.12. Let (x1,...,2,) be a position in Antonim. If [z, |- |2, | =k

and k' # k, there evist unique x4, ...,x, € N, with ] # x; whenever i # j,
such that
(@i 22| lan]=lar]ah [as| - |zn] = =[a1] a1 ]2, ] =K.

Antimatter Another game that is similar to Welter’s game is Antimatter.
This game was defined by Fraenkel in [4]. It is played using two types of particles,
positrons and electrons, instead of coins. Two particles of the same type may
not be on the same square. If two particles of different types end up on the
same square, both are annihilated.

Definition 5.13 (Antimatter). Antimatter is an impartial combinatorial game.
The positions are (p1, ..., pnle1,- - -, em) with distinct py, ..., pn,€1,...,em € N.

For such a position, we say that there are n positrons on squares p1, ..., py,, and
m electrons on squares e, ..., €.,.
Positions (p1,...,pnle1,...,en) with p; = e; for some 7 € {1,...,n} and j €
{1,...,m} are also feasible. In this case, we have

(P1s--spaler, .. em) = (P1,- -, Pi—1,Dit1, - - - Puler, - - <y €j—1,€5+1, .- s €m)s

and we say that the positron and the electron on square p; = e; are annihilated.
The followers of a position (p1,...,pnle1,...,en) are all positions

(DP1ye- s Die1sDhs Dit1s -+ DPnl€lse s €m)
with i € {1,...,n}, p} < p; and p, € N\ {p1,...,Pn,€1,...,€m} and

(p17~ .. 7pn|el7' .. 7ei—1yefiaei+l7' . ~7em)

with ¢ € {1,...,m}, e, < e; and €, € N\ {p1,...,Dn,€1,...,€n}. In addition,
the positions

(plu ey Pi—1,Pit1y - - 7pn|617 ey ej*h €j+1, ey em)
with i € {1,...,n} and j € {1,...,m} are followers.
We write [p1 | -+ | pn || €1 | -+ | em ] for the Sprague-Grundy value corre-
sponding to position (p1,...,pnle1,...,em).
For this game, we can prove the following variant of Lemma 5.1.

Lemma 5.14. Let py,...,pn € N and eq,...,e, € N be such that the position
(p1,---,pnl€1,. .. em) is feasible in Antimatter. Let

A={zeN:3ie{l,...,n},p, < p; such that
(p17' s 7pi—1apgapi+17' .- 7p7l|el7' s 7677“2) is a P—pOS’L.tZ'O’I’L
or3je{l,...,m}, e} <e; such that

(ph...,pn|el,...7ej,1,e;-7ej+1,...,em,z) is a P-position.
orJie{l,...,n},j€{1,...,m} such that
(p17~-~,pi—1’pi+1;-~-’pn|617~--7€j—176j+1;---;em72)

is a P-position.}
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Let X C {e1,...,em} be the set of electrons that are not annihilated in the
position (p1,...,Pnl€1,...,em), and let z = mex(A U X). Then the position
(p1,---sDnle1s ..., em,2) is a P-position, and (p1,...,pnlé1,...,em,2") is an N-
position for all 2’ # z.

In the above lemma, we can interchange the positrons and electrons to find that
there is also a unique z such that (p1,...,pn, 2le1,...,en) is a P-position, for
any pi,...,Pn,€1,---,em such that (p1,...,pnle1,...,e,) is a feasible position.

Because of annihilation, it is possible that (p1,...,pnle1,.--,€m,em+1) is a fea-
sible position, but (p1,...,pnl€1,...,emn) is not. This happens only when the
position (p1,...,pnl€1,. .., €m,em+1) has multiple positrons on position e,,41,
of which all but one are annihilated. In this case, (p1,...,pnl€1,-..,€m,2) is
only a feasible position when z = e,, 11, as otherwise two positrons that are not
annihilated remain on the same position. So for these positions, it is not true
that for all & # [ p1 | -~ | pn |l €1 | -+ | em | em+1 | there exists a unique
€1 such that [p1 |- | pu|ler |- - | em| €, 1] =k So the Unique Prime
Lemma can only hold for positions such that, if any one particle is removed,
the resulting position is still feasible. This is certainly true for positions which
do not contain any annihilated particles. It is possible to prove the following,
using a similar proof to that of Lemma 5.2.

Lemma 5.15. Let p1,...,pn € N and ey, ..., e, € N be such that the position

(p1,---,Dnle1y. .. em) is feasible in Antimatter, and contains no annihilated
particles. If [p1 |- |pnller ] - | em ]| =k and k' # k, there exist unique
Ply...,ph €ENandel,... e, €N such that

[Pilp |- Ipallen] - lem] =[Pl [l |pallen] - lem]=...
=[pl - Ipa-rlpplle| - lem]=[p]-Ipaller|ea] - lem]=...
:[pl|"'|pn||€1|""€m_1|€;n]:k‘/-

In order to apply the Table method to Antimatter, we need to look separately
at the positions that are not feasible, before filling in the other positions in
the tables. This is because if (p1,...,pnle1,-..,en) is not a feasible position,
a z satisfying the requirements of Lemma 5.14 may still exist. If one does
exist, it must be unique because in this case there is at most one z such that
(p1,.--,Dnlé1,...,em,2) becomes a feasible position.

Example 5.16. Take n =2, m = 1 and p; = p2. Then (p1,p2) is not a feasible
position. There is only one feasible position of the form (pi1,p2|z), that is the
one with z = p; = ps. In that case one of the positrons is annihilated, so we
get (p1,p2|z) = (p1), and this is a P-position if and only if p; = 0.

Example 5.17. If we want to find the P-positions for Antimatter with 2
positrons and one electron, we can fill a table where the first column gives
p1, the first row gives po, and the unique e such that (p1,ps|e) is a P-position
can be read off the table. We first look at the situations where the two positrons
are in the same position. In Example 5.16 we found that (0, 0|0) is a P-position,
and there are no other P-positions where the two positrons are on the same
square. Each other position in the table must be filled with the minimal exclu-
dant of the row elements up to that point and the column elements up to that
point. This leads to Table 5.
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o 1 2 3 4 5 6 7 8 9 10
ojo 1 2 3 4 5 6 7 8 9 10
1] 1 o 2 3 4 5 6 7 8 9
212 0 1 5 3 4 8 6 7 11
313 2 1 0 6 7 4 5 10 8
414 3 5 0 12 9 10 6 7
5|15 4 3 6 1 0o 2 9 11 12
6|16 5 4 7 2 0 13 12 13
T|7v 6 8 4 9 2 1 0 3 5
8|8 7 6 o5 10 9 3 0 1 2
919 8 7 10 6 11 12 3 1 0
0110 9 11 8 7 12 13 5 2 0

Table 5: P-positions for Antimatter with 2 positrons and 1 electron.

Example 5.18. If we want to find the P-positions for Antimatter with 2
positrons and 2 electrons, we can fill multiple tables where the element in the up-
per left gives the value of ey, the first column gives pq, the first row gives po, and
the unique es such that (p1,paler, e2) is a P-position can be read off the table.
We again have to look separately at the case p; = ps, as in this case the position
(p1,p2le1) might not be feasible. If e; = p; = pa, then (p1,paler) is a feasible
position. If e; # p; = pa, then (p1,paler) is not feasible. Then the position
(p1,p2le1, e2) is only feasible for es = p; = pa. Then (p1,p2ler,e2) = (p1ler),
which is a P-position if e; = p;. So by Theorem 5.14, it is not a P-position
when e; # p1. So if e; # p1 = po, there is no es such that (py,paler, eq) is a
feasible position.

The rest of the positions can be filled in with the minimal excludant of the
earlier elements in the same row or column of the same table, the elements
in the same position in earlier tables, and the element e; in the upper left
corner, if that element is not equal to the row header or the column header. For
p1,p2 € {1,...,10} and e; € {1,2}, using the method above results in Tables 6
and 7.

ojo 1 2 3 4 5 6 7 8 9 10
ojo 1 2 3 4 5 6 7 8 9 10
1 1 3 2 5 4 7 6 9 8 11
212 3 1 6 7 4 5 10 11 8
313 2 1 7T 6 5 4 11 10 9
414 o5 6 7 1 2 3 12 13 14
5|15 4 7 6 1 3 2 13 12 15
6|16 7 4 5 2 3 1 14 15 12
7|7 6 5 4 3 2 1 15 14 13
8 [ 8 9 10 11 12 13 14 15 1 2
919 8 11 10 13 12 15 14 1 3
(10 11 8 9 14 15 12 13 2 3

Table 6: P-positions for Antimatter with 2 positrons and 2 electrons, with one
electron on 0.
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t1j0 1 2 3 4 5 6 7 8 9 10
0 o 3 2 5 4 7 6 9 8 11
170 1 2 3 4 5 6 7 8 9 10
213 2 o 7 6 5 4 11 10 9
312 3 0 6 7 4 5 10 11 8
415 4 7 6 0o 3 2 13 12 15
514 5 6 7 0 2 3 12 13 14
6|7 6 5 4 3 2 0 15 14 13
7|16 7 4 5 2 3 0 14 15 12
8§19 8 11 10 13 12 15 14 0 3
918 9 10 11 12 13 14 15 O 2
(11 10 9 8 15 14 13 12 3 2

Table 7: P-positions for Antimatter with 2 positrons and 2 electrons, with one
electron on 1.

In Section 4.2, we mentioned that the Even Alteration Theorem does not hold
for all games that are similar to Welter’s game. In particular, it does not hold
for Antonim or for Antimatter. For example, some Sprague-Grundy values for
Antimatter are

[617[9113[4]
[6]7[8]3]4]
[ ]
[ ]

6[7]9]/0]4
G[7]8][0]4

16,
2,
2,
13.

So when (p1,p2,p3ler,e2) = (6,7,9]3,4) and k' = 2, we have p;, =8 and e} = 0.
But in this case,

[p1lp2|psller|ex]# [p1|p2lpsilen]ex].
With the same values for p1,p2, p3, e1, ez and k', we have p| = 2. In this case,
[Py Ip2|psllenlea]# [pilp2lps|len]ez],

so exchanging two particles of the same type with their primed counterparts
also does not give the same Sprague-Grundy value. For Antonim, we get a
counterexample when (x1,xs,x3,x4,25) = (5,6,7,8,9), k' = 7, 5, = 1 and
) =4.
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6 Further properties of Welter’s game

We will discuss a few more properties of Welter’'s game. In Section 6.1, we
discuss a method for finding a move to a P-position, which uses the properties
of the Triangle candidate. In Section 6.2, we prove that the Sprague-Grundy
value of a position is congruent to 0 modulo 16 if and only if the nim-sum of the
position is congruent to 0 modulo 16, if the amount of coins is a multiple of 4.
We discuss how this property can be used to find a move to a P-position. We
also discuss variants modulo other powers of 2, and where the amount of coins
is not necessarily a multiple of 4. Next, in Section 6.3, we discuss the solution
to Welter’s game played with at most 4 coins. In this case, Welter’s game turns
out to be very similar to Nim. Finally, in Section 6.4 we discuss the solution to
Welter’s game if there are 5 coins and they are all on the positions {0, ..., 15}.

6.1 Using the Triangle candidate

In Section 3.2, we discussed that the Sprague-Grundy value of a given position
can be found by completing a triangle of numbers. Here, we prove this result
and discuss how to apply this method to find a move to a P-position. This is
based on Chapter 15 of [1].

Lemma 6.1. If we fill a triangle as described in Section 3.2, we get the Sprague-
Grundy value [z1,...,x,] at the bottom position.

Proof. We prove this by induction, using the properties of the Triangle candidate
and the Symmetry property. If n =1, we get

0 0
T

and [z1] = 1. Now let n > 1 and assume that the method works for all m < n.

Let
b

c

be the bottom diamond. Then (a ®d) = (b ¢) + 1. We need to prove that
¢=]x1| | zy]. By the induction hypothesis, we have b=1[za | -+ | &p_1 |,
a=[xz1| | xp—1]andd=[x2]| |z, ] So, using the properties of the
Triangle candidate and the Symmetry property, we find that

c=((a®d) —1) @b

= [z |- fapa]@ |- len ) =D @ [aa |- [2n]
=[lz |- ona]|laa |- fan]]@[aa |- [2na] =[] an]
O
Now, assume that [21 | --- | @, ] = k, and let ¥’ € N. Suppose we want to find
xh, ...,z such that
T xn |k
x} x | K.
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We can do this by filling a pattern in the same way as before, but starting with
different rows, as follows.

e The first row should now have 2n 4 1 0s, with an empty space between each
pair.

e The second row should have z1,...,z, to the right and below the first n Os,
so that each number is diagonally below two 0s.

o The (n+1)th row should have n+1 numbers, alternating between the numbers
k and k’. Between each number should be an empty space, and the first number
should be below x »+1 if that number exists, and in the column between the one

with Tz and the one with Tni otherwise.

By completing diamonds, we can eventually fill in the second row. This row
then has the numbers x1,...,2,,},..., 2}, as we prove below.

Example 6.2. Suppose we want to find a move to a P-position from (1,5,7).
We use the following pattern, where the numbers in bold are the ones we start
with.

We conclude that

1 (5|7 4

131913 0.
This means that the only feasible way to move to a P-position is by moving the
coin on square 7 to square 3.

Lemma 6.3. If we fill a table as described above, we get zy,...,x. in the

n
positions in the second row below and between the last n 4+ 1 0s.

Proof. Call the numbers in the described final positions y1,...,y,. We will use

induction on ¢ to show that y; = «} for all ¢ € {1,...,n}. By Lemma 6.1, we
have

[yilaa |- Jan]=la| - |znn ] =K.
So y; = x} by the Unique Prime Lemma. Now let i € {1,...,n—1} and assume

that y1 = 24,...,9,—1 = 2,_;. Then we find that

Eoifd ’
[IHl“x"‘x/l"x;—ﬂyz]: ?Z.?Seven
' k' if ¢ is odd.

If 7 is even, we can use Symmetry and the Even Alteration Theorem to find that
(21 [ [@ie |2 g [yi | Tiga |- |2 ] =k

By the Unique Prime Lemma and the Even Alteration Theorem, we conclude
that y; = 2. If i is odd, we find by using Symmetry and the Even Alteration
Theorem that

[z |- [ zicy |y | @aga |- |z ] = K

By the Unique Prime Lemma, it follows that y; = 7.
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6.2 Congruence modulo 16

In this section, we will discuss an interesting property of Welter’s game. If there
are a multiple of four coins, then the nim-sum of a position is congruent to 0
modulo 16 if and only if the Sprague-Grundy value of the position is congruent
to 0 modulo 16. This property can be used to find a move to a P-position.
We also discuss variants modulo other powers of 2, and the situation when the
amount of coins is not a multiple of 4.

4k coins We start by discussing the case where the amount of coins is a
multiple of 4. Before we prove that the nim-sum of a position is congruent to 0
modulo 16 if and only if the Sprague-Grundy value is congruent to 0 modulo 16,
we first show that the equivalence holds modulo 8. The proof we use comes from
Section 2.4 of [5]. We will also show that the equivalence holds modulo 2 and
modulo 4. We first need the following lemma.

Lemma 6.4. Let k € N\ {0} and let x1,...,x4r € N be distinct. Suppose that
[z1] |24k ] =0 mod 2" orz1®---Bxyr =0 mod 2", for any n € N\ {0}.
Then each pair of mates is congruent modulo 2, and possibly modulo a higher
power of 2.

Proof. Assume that x; and zo are congruent modulo the highest power of 2,
that 3 and x4 are congruent modulo the highest power of 2 out of {3, ..., z4x},
et cetera. Then, by the properties of the Mating candidate, we have

[z1| |z ] =21 |22] D B[ Tag—1 | Tak |-

First, we show that there can be at most one pair of mates that is congruent
modulo 2° = 1, but not modulo a higher power of 2. Suppose there are two
such pairs. Then exactly one of x4;_1 and x4 is odd, and exactly one of x4_3
and z4x_o is odd. These odd numbers are congruent to each other modulo 2,
which gives a contradiction.

Now assume that [ 21 | -+ | 24, ] =0 mod 2™. Suppose that there is a pair of
mates that is not congruent modulo 2, so only modulo 2° = 1. Then the binary
expansion of [ 4x—1 | 245 | ends in 0, and the binary expansions of [ z1 | 22 |,
oy [Zak—3 | Tak—2 ] all end in 1. So there are 2k — 1 pairs of mates (z;, ;) for
which the binary expansion of [ z; | ; | ends in 1. This means that the binary
expansion of [ 1 | z2 |®---®[ Tap—1 | Tax | endsin 1. Then [z |-+ | zax | £ 0
mod 2", which gives a contradiction.
Next, suppose that z1 ®---Pxg, =0 mod 2™, and that there is a pair of mates
that is congruent modulo 2° = 1 but not modulo a higher power of 2. Then
the binary expansions of x1 @ xa,...,Z4r_3 D T4x_2 end in 0, while the binary
expansion of x4;_1 @ x4 ends in 1. This means that the binary expansion of
1P Py, ends in 1, so that 1 B -+ P xy 0 mod 2". So in this case we
also get a contradiction.

O

Using the lemma above, we can show that the equivalence holds modulo 2.

60



Lemma 6.5. Let k € N\ {0} and let x1, ..., 245 € N be distinct. Then we have
[z1] |24t ] =0 mod 2 if and only if x1 & -+ B x4, =0 mod 2.

Proof. Assume that [z1 | -+ |24, ] =0 mod 2 or 21 & --- & x4, =0 mod 2.
In both cases, all pairs of mates are congruent modulo 2 by Lemma 6.4. So
whenever (z;,z;) is a pair of mates, the last digit of the binary expansion
x; @ x; equals 0, and the last digit of the binary expansion of [ z; | z; | equals
1. It follows that the last digit of 21 & - -- @ x4 equals 0. Further, using the
properties of the Mating candidate and the fact that the amount of pairs is even,
it follows that the last digit of [z1 | -+ | 24% | equals 0. Soif [xy |-+ | 245 ] =0
mod 2 or z1 ®---® xgr =0 mod 2, then both 21 ® - - ® x4, =0 mod 2 and
[z1] |24t ] =0 mod 2.

O

We now show that the equivalence holds modulo 8.

Lemma 6.6. Let k € N\ {0} and let x1,...,z4; € N be distinct. Then we have
[z1] |24 ] =0 mod 8 if and only if x1 & -+ ® x4, =0 mod 8.

Proof. Assume that xy and xzo are congruent modulo the highest power of 2,
that z3 and x4 are congruent modulo the highest power of 2 out of {3, ..., x4},
et cetera. Then, by the properties of the Mating candidate, we have

(1] |zap ] =[21 [ 22| D @ [Tap—1 | Tar |-

Note that by Lemma 6.4, in both cases, all mates are congruent to each other
modulo 2. This means that for any pair of mates (z;, z;), the binary expansion
of z; © x; can end in 000, 010, 100 or 110. Say there are w pairs of the first
type, = pairs of the second type, y of the third type and z of the last type. Since
[z1 ] 22] =21 ® a2 — 1 for all distinct 21, z9 € N, this means that there are w
pairs for which the binary expansion of [ z; | ; | ends in 111,  types for which
it ends in 001, y pairs for which it ends in 011 and z for which it ends in 101.
This is summarised below.

v @x; | (x| ;]
w 000 111
z 010 001
y | 100 011
z 110 101
Assume that [21 |-+ | 4x ] =0 mod 8. Then

[z1]|22] B D[ Tap—1 | T2 ] =0 mod 8,

so the last 3 digits of its binary expansion are 0s. The third last digit is 0 if
and only if w + z is even, the second last digit is 0 if and only if w + y is even,
and the last digit is 0 if and only if w + x + y + 2z is even. Since w + z and
w + y are even, w + z + w + y is also even, so y + z is even. Because w + y
and w + x + y + z are even, x + z is even. Since y + z and x + z are even, the
binary expansion of 1 @22 ® - - P T4_1 D T4 must end in 000. It follows that
T1DToD D Tap—1 Dxrar =0 mod 8.
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Next, assume that z1 ®--- P x4, =0 mod 8. Then, because the last 3 digits of
its binary expansion are 0s, y + z and x + z are even. There is an even amount
of pairs, so w + = 4+ y + z is also even. Then because x + z is even, so is w + y.
Because w + y and y + z is even, w + y + y + z is also even, so w + z is even.
Since w+ z, w+y and w + x + y + z are even, we can conclude that the binary
expansion of [ &1 | @2 | ® -+ ® [ Xap—1 | x4x ] ends in 000. It follows that
[z1] |24 ] =0 mod 8.

O

The same method as in the proof of Lemma 6.6 can be used to prove the
equivalence modulo 4. In that case, the corresponding table is the following.

ri ©aj | (@] z; ]
x| 00 11
y| 10 01

This leads to the following result.

Lemma 6.7. Let k € N\ {0} and let x1, ..., 245 € N be distinct. Then we have
[z1] |24t ] =0 mod 4 if and only if x1 ® -+ ® x4, =0 mod 4.

For the congruence modulo 16, the same method cannot be used, as we show
below.

Let £k € N\ {0} and let x1,...,z4r € N be distinct. Assume that z; and x5
are congruent modulo the highest power of 2, that x3 and x4 are congruent
modulo the highest power of 2 out of {x3,...,24x}, et cetera. Assume that
[z1] |24 ] =0 mod 16 or z1®- - -®x4r =0 mod 16. Then by Lemma 6.4,
the nim-sum of each pair of mates has a binary expansion that ends in 0000,
0010, 0100, 0110, 1000, 1010, 1100 or 1110. Let us assume the amount of pairs
of each type is n1,na, ..., ng, respectively. The corresponding Sprague-Grundy
values end in 1111, 0001, 0011, 0101, 0111, 1001, 1011 and 1101, respectively.
This is summarised below.

ri ;| [i] ;]
ny | 0000 1111
ng | 0010 0001
nsg | 0100 0011
nyg | 0110 0101
ns 1000 0111
ng 1010 1001
ny 1100 1011
ng 1110 1101

If[21] | 24 ] =0 mod 16, so that the last 4 digits of the binary expansion
of [ I | i) ]@ . @[ Tak—1 | T4k ] are OS, then niy +n6+n7+n8, niy +n4+n5+ng,
n1 + n3 +ns +ny and ny + - + ng are even. If we take two such sums, add
them together, and then remove the numbers that appear twice, we get another
sum that must be even. Repeating this process leads to a list of subsets of
{n1,...,ng} that have an even sum. These can be found in Table 8. Here, each
row contains one of the subsets.
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ni Ne | N7 | 18
n1 Ny | N5 ng
ni ns Ny nr
Ny | N2 | N3 | Ng | M5 | g | 7 | Ng
Ng | N5 | Mg | N7
n3 N5 | Ne ng
Nz | N3 | Ng | N5
ng | Ny nz | ng
N2 | N3 Ne | N7
nz Ny g ng
ny ng | N4 Ne
Ny | N2 | N3 ng
ny | n2 Ty nr
ny | N2 N5 | Ne
n2 ns ny | Ng
Table 8: Subsets of {n1,...,ns} which have an even sum if [ | -+ | 241 | =0

mod 16. Each row contains one of the subsets.

Using this method, we can show that ng + n4 + n7y + ng and ng + ng + ng + ng
are even. However we cannot prove that ns + ng + n7 + ng is even. This means
that we cannot use this method to show that the fourth last digit in the binary
expansion of x1 @ - - ® x4, is 0. So we cannot use this method to prove that
[21] |24 ] =0 mod 16 implies 21 @ --- ® xg, =0 mod 16.

Now assume that 1®- - -@x4, =0 mod 16, so that the last 4 digits of its binary
expansion are 0s. Then ns +ng+n7+ns, ng+nqg+n7+ng and ny+ng4 +ng+ns
are even. ni + --- + ng is also even, because there is an even number of pairs.
Using the method described above, we can show that the subsets of {ni,...,ns}
in Table 9 have an even sum. Here, each row contains one of the subsets.

Using this method, we can prove that ni 4+ ng + ns + ng and ny + n3 + ns + ny
are even. However, we cannot prove that nq + ng + ny + ng is even. So this
method is not enough to show that the fourth last digit of the binary expansion
of [21 |22 ]| @ @ [xak—1 | x4k ] is a 0. So we cannot use this method to prove
that 1 @ -+ ® x4, =0 mod 16 implies [x1 | -+ | 24 | =0 mod 16.

So, we use a different method to prove the equivalence modulo 16. This result
was also mentioned in [5].

Theorem 6.8. Let k € N\ {0} and let x1,...,24r, € N be distinct. Then we
have [x1 |+ | x4 ] =0 mod 16 if and only if x1 ® -+ B x4x, =0 mod 16.

Proof. Assume that x; and zo are congruent modulo the highest power of 2,
that 3 and x4 are congruent modulo the highest power of 2 out of {3, ..., x4},
et cetera. Then, by the properties of the Mating candidate, we have

['Tl | "'|154k]:[371 |I2]@"'€B[I4k_1 |:E4k}
We define ny, ..., ng as before. Assume that [ |-+ | z4x ] =0 mod 16. Then
we also have [z1 | -+ | 24, ] =0 mod 8. By Lemma 6.6, it then follows that
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Ns | e | N7 | N8
n3 | N4 n7 | ng
n2 Ny e ng
Ny M2 | N3 | Ng | N5 | Ng | N7 | N8
Nng | Ng | N5 | g
N2 Ny | N5 nr
Ny | N2 | N3 | Mg
ng | N3 Nne | N7
ny | N2 ns | Ne
n; ng ns nrz
Ny | N3 Ny ng
ny | N2 Nz | ng
n n3 Ne ng
n; ng | N ng
ny T4 Ne | N7
Table 9: Subsets of {n1,...,ng} which have an even sum if 1 @ - ® x4, =0

mod 16. Each row contains one of the subsets.

1P - By =0 mod 8. Similarly, if we have z1 - ® x4 =0 mod 16,
then also x1 @ - - @ x4 =0 mod 8. This implies [z1 |-+ | 246 ] =0 mod 8
by Lemma 6.6. So in both cases, the last 3 digits of the binary expansion are
equal, and we only need to show that they are equal on the fourth last position.

Let (x;,x;) be a pair of mates. We look at the value in the fourth last position
in the binary expansions of z; & z; and of [ z; | ; ]. Both numbers have the
same value in this position except when the binary expansion of x; ® x; ends
in 0000 and the binary expansion of [ z; | ; | ends in 1111, which happens n
times, or when the binary expansion of z; ®x; ends in 1000 and that of [ z; | z; ]
ends in 0111, which happens ns times. It follows that if n; and ns have the
same parity, the binary expansions of [ z1 | -+ | x4 | and z1 @ - - - @ x4y, are the
same in the fourth last position.

So it is enough to show that nj+ns is even whenever [z | -+ | 24, ] =0 mod 16
or x1 ® - Dxgr =0 mod 16. This means there are an even amount of pairs
of mates for which the binary expansion of the nim-sum ends in 000. As in the
proof of Lemma 6.6, we call w the number of pairs of mates for which the nim-
sum ends in 000, x the amount for which it ends in 010, y the amount for which
it ends in 100, and z the amount for which it ends in 110. The corresponding
Sprague-Grundy values have binary expansions ending in 111, 001, 011 and 101,
respectively. Then w = nj + ns, so we need to show that w is even.

Assume that [ 21 | --- | 24 ] = 0 mod 16 or x; @ --- ® x4, = 0 mod 16,
and that w is odd. By Lemma 6.6, we have [ 1 | --- | 4 | = 0 mod 8
and x1 @ --- @ xgr, =0 mod &, so the last 3 digits of the binary expansions of
1@ - Dagpandof [x1 |-+ |agp | =[x1 |22 ]| B D [Tap—1 | xar | are Os.

It follows that y + 2z,  + 2z, w+ z, w+ y and w + x + y + z are even. Then
w+x =w+ 2+ x+ 2z is also even. Since w + x, w + y and w + z are even
and w is odd, =, y and z are also odd. In particular, this means that x, y and z
are all at least 1. Let (x1,x2), (y1,y2), and (21, 22) be pairs of mates with nim-
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sum ending in 010, 100 and 110, respectively. Note that both pairs of numbers
(z1,22) and (z1,22) are congruent modulo 2, but not modulo 4. This means
that for 4,5 € {1,2}, z; and z; cannot be congruent modulo 4, as otherwise z;
and z; would form a pair of mates. Similarly, no two of the numbers can be
congruent modulo 8.

Let ¢ € {0,...,7} be such that z; = ¢ mod 8 Then 25 = (i ¢ 6) mod 8.
It follows that 1 # 4,7 @ 6 mod 8, because otherwise x; would be congruent
to z1 or zo modulo 8. Similarly, o # 4,7 ® 6 mod 8. We also have x; #
104,604 mod 8, because otherwise x; would be congruent modulo 4 with
21 Or zo. Similarly, zo Zi® 4,1 H6 D4 mod 8. So we have

T1,T2 Z4,1H2,iD4,id6 mod 8.

This means that if z; and z5 are even then z; and x5 are odd, and if z; and 25
are odd then x1 and x5 are even.

Now let j € {0,...,7} be such that 21 = j mod 8. Then x5 = j ® 2 mod 8.
We must have y1,y2 Z j,j @ 2,4,4 ® 6 mod 8, as otherwise y; or ys would
be congruent to one of z1,xs, 21,22 modulo 8. Because yo = y; ® 4 mod 8,
we also have y; Z 1@ 4,i®6P4,j P4, P®2®4 modS8. This means that
Y1 Zi1D4,i02,jD4,jH6 mod 8. Combined with the previous result, we now
have

NFELIPB2,194,i66,7,]92,j94,766 modS8.

Because i,j € {0,...,7} and they do not have the same parity,
{i,i®2,i94,i06,j,j®2,j®4,j06}={0,...,7}

So this gives a contradiction.
O

Modulo 32, the equivalence does not hold. If we try to follow the proof of
Theorem 6.8, we get the following. Let & € N\ {0} and let 1,...,24; € N be
distinct. Let nq,...,ng be the amount of pairs of mates for which the binary
expansion of the nim-sum ends in 0000, 0010, 0100, 0110, 1000, 1010, 1100
and 1110, respectively. The corresponding Sprague-Grundy values have binary
expansions that end in 1111, 0001, 0011, 0101, 0111, 1001, 1011 and 1101,
respectively. To show that the equivalence holds modulo 32, we would need to
show that n; cannot be odd. From the proof of Theorem 6.8, we know that
no + ng, nz + ny and nyg + ng cannot all be odd.

Ifx;® - ®age =0 mod 16 and [z | -+ | z4x | = 0 mod 16, then we find
that ns + ne + nz +ns, ng +nqg +ny + ng, n2 +ng +ne +ns, n1 +ne +n7 +ns,
n1 4+ ng +ns +ng, N1 +ns +ns +ny and Ny + no +n3g + ng + N5 + ng + N7 + nNg
are all even. By repeatedly adding two of the sums together and removing the
terms that appear twice, we can find a list of subsets of {nq,...,ng} that have
an even sum. These subsets are listed in Table 10, where each row contains one
of the subsets.

Here, even if ny is odd, it is not necessarily true that all of ny +ng, n3 +ny and
n4 + ng are odd. For example, it is possible for ni, no, ns and ng to be odd
while ng, n4, ny and ng are even.
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N5 | Ne | N7 | 18
n3 | N4 n7 | Ny
ng 2 e ng
ni Ne | N7 | N
n1 Ng | N5 ng
ni ns ns n7
Ny |M2 | N3 | Mg N5 |Te | N7 | T8
ng | N4 | Ny | Ne
N2 Ng | N5 nrz
nq ns
n1 Ty Ne | N7
ny n3 e ng
Ny | N2 | N3 | Mg
Ny | N3 Ne | N7
n1 ng | ng e
ni | N2 N5 | Ne
ny | N2 Ty nr
Ng | N5 | Ne | N7
ng ns | Ne ng
Ng | N3 | Ng | N5
nz | N3 ns ng
ny n3 | N4 | N5 n7 | ng
ny | N2 n7 | ng
ny | n2 Ng | M5 | N ng
Ny ng
ng n7
Ng | N3 | N4 Ne | v7 | Nig
np | n2 | N3 ng
N2 ns Ny | Ng
np | n2 | N3 N5 | g | N7
ng Ne
Table 10: Subsets of {ni,...,ng} which have an even sum if 1 & --- B x4, =0
mod 16 and [z1 | -+ | z4r | =0 mod 16. Each row contains one of the subsets.
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The examples below show that the equivalence does not hold modulo 2™ for any
n > 5. The examples satisfy ny =no =ns =ng=1landnz =ng =ny =ng =0
when n = 5 and k& = 2. The first example shows that 1 ® --- ® x4, = 0
mod 2" does not imply [ 1 | -+ | 4 | = 0 mod 2™ when n > 5, while
the second example shows that [ x; | --- | 4 ] = 0 mod 2™ does not imply
1D Dage =0 mod 2™ when n > 5.

Example 6.9. Let n > 5. We consider the position
(1,9,2,8,5,7,2™,2-2" ... (4k —6) - 2™),

with & € N\ {0,1}. Let 21 and x2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{z3,..., 241}, €t cetera.

The numbers 2,2 -2" ... (4k — 6) - 2™ are split into 2k — 3 pairs of mates, all
of which with a congruence modulo 2", and possibly modulo a higher power
of 2. That means that the last n digits of each of the binary expansions of
1 D To,...,Tak-7 D xgp_¢ are 0...0. Further, the numbers 1 and 9, 2 and
8, and 5 and 7 form pairs of mates. So we have x4p_5 ® x4p_4 = 1P 9 = 8,
Tar—3 D Xgp_2 = 208 = 10 and x4 1 D x4, = 5B 7 = 2. It follows that
the last n digits of the binary expansions of x4x_5 ® T4x_4, Tar_3 D Tar_o and
Tar—1 Dxgr are 0...01000, 0...01010, and 0...010, respectively. Then the last
n digits of the binary expansion of x1 ® -+ @ x4 are 0...0.

Since [z | z2 | = 21 ®xo — 1 for all distinct 1, 29 € N, the last n digits of each
of the binary expansions of [ 21 | 22 ],...,[ Tak—7 | 4x—¢ | are 1...1 Further,
the last n digits of the binary expansions of [ 45 | Zag—a |, [ Tap—3 | Tar—2 ]
and [ xgx—1 | 4 ] are 0...0111, 0...01001, and 0...01, respectively. So the
last n digits of the binary expansion of

[z1 | [ Zak41 ]
=[z1|z2] P - B[ Tap—7 | Tan—s ]

D [ ah—s5 | Tap—a | D[ Tak—3 | Tak—2 ] B [ Tan—1 | Tak ]

are 1...10000.

So x1 B - P wy =0 mod 2" does not imply [z | -+ | 24 ] =0 mod 27
when n > 5.

Example 6.10. Let n > 5. We consider the position
(1,1 427722772 9 pon=1 5 7 9" 2.9 . (4k —6)-2"),

with & € N\ {0,1}. Let 21 and x2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{x3,..., x4}, et cetera.

The numbers 2™,2 - 2" ..., (4k — 6) - 2™ are split into 2k — 3 pairs of mates, all
of which with a congruence modulo 2", and possibly modulo a higher power
of 2. That means that the last n digits of each of the binary expansions of
1B To, ..., Tap—7 D Tap—g are 0...0. The numbers 1 and 1 + 272, 22 and
242771 and 5 and 7 form pairs of mates. This means that x4;_5 ® Tap—g =
1O(1+2"2) =22 ny 3Bwgp_2=2""20(2+2" 1) =2""14+2""242and
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Tap_1Prar = HBT7 = 2. It follows that the last n digits of the binary expansions
Oof Ty 5 ® Tap_a, Tap—3 D Xap_o and 451 ® x4 are 010...0, 110...010 and
0...010, respectively. So the last n digits of the binary expansion of x1®- - -®x 4k
are 10...0.

Since [ 21 | 3 | = 21 P2 — 1 for all distinct 21, 22 € N, the last n digits of each
of the binary expansions of [ x1 | 22 |,...,[ Z4x—7 | Tak—6 ] are 1...1. Further,
the last n digits of the binary expansions of [ Z4x—5 | Tar—a |, [ Tar—3 | Tar—2 ]
and [ 451 | T4 ] are 001...1, 110...01 and 0...01, respectively. So the last
n digits of the binary expansion of

[z1 || Tagtr ]
=[x |22 |® - @[ @ap—7 | Ta—s |

B[ ak—s5 | Tap—a | P [ Tap—3 | Tak—2 ]| ® [ Tan—1 | Tar |
are 0...0.

So[z1]| | ®ag+1 ] =0 mod 2™ does not imply 1 B -+ D xgp41 =0 mod 2"
when n > 5.

Note that both of the examples above need k to be at least 2, so that the
number of coins is at least 8. Suppose z1, x2, 3,4 € N are distinct, such that
1 and zo are congruent modulo the highest power of 2. Let n € N. Then
1 B xo P a3 ®xrgy =0 mod 2" if and only if x1 & 22 = z3 P x4 mod 27,
which is true if and only if [ 21 | 22 | = [ 23 | 24 ] mod 27, so if and only if
[z1 |22 |23 | axa ] =[21 | 22] B[ 23| 24 ] =0 mod 2". So the equivalence
modulo 2" does hold when k& = 1, for any n € N.

4k + 1 coins We will now discuss the case where the amount of coins is not a
multiple of four. First, we prove the equivalence modulo 2 and modulo 4 in the
situation where the amount of coins is 4k + 1, for some k € N'\ {0}.

Lemma 6.11. Let k € N\ {0} and let z1,...,24511 € N be distinct. Then we
have [x1 |-+ | Zap41 ] =0 mod 2 if and only if x1 ® -+ B x46+1 =0 mod 2.

Proof. Assume that x1 and x5 are congruent modulo the highest power of 2, that
x3 and x4 are congruent modulo the highest power of 2 out of {3, ..., Z4rt1},
et cetera. Then, by the properties of the Mating candidate,

(1] | 2appr ] =21 |22 | © - O [ Tap—1 | Tap | © [ a1 ]
=[z1|z2] B B[ Tap—1 | Tak | ® Tap1.

Suppose that z4,_1 and 4 are congruent modulo 2° = 1, but not congruent
modulo 2. Then x4x41 is congruent modulo 2 to either z4;_1 or z4;. Then
z4r_1 and x4, would not be mates, so this gives a contradiction. So each pair
of mates is congruent modulo 2, and possibly modulo a higher power of 2. This
means that for any pair of mates (z;,x;), the last digit of the binary expansion
of z; ® x; is 0, and the last digit of the binary expansion of [ z; | z; ] is 1. Since
there are 2k pairs of mates, it follows that the last digit of the binary expansion
of [z |22 ] ® - B[ Tak—1 | Tar ] s 0. So

(21| [zappr ] =[21 |22 ] D @[ 2ap—1 | Tar | D Zapy1 =0 mod 2
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if and only if the binary expansion of 441 ends in 0.

The last digit of the binary expansion of x1 @ --- @ x4 is 0. This implies that
1P By P rgp+1 =0 mod 2

if and only if the binary expansion of x4;+1 ends in 0.
So[x1] | xag+1] =0 mod 2 if and only if 1 & -+ B w441 =0 mod 2.
O

Lemma 6.12. Let k € N\ {0} and let z1,...,24511 € N be distinct. Then we
have [x1 |-+ | Zak41 ] =0 mod 4 if and only if x1 ® -+ B 2441 =0 mod 4.

Proof. Assume that x1 and x4 are congruent modulo the highest power of 2, that
x3 and x4 are congruent modulo the highest power of 2 out of {z3, ..., Z4r 11},
et cetera. Then

[z1] | zagr1 | =[z1 |22 ] B+ B[ Tap—1 | Tan | ® Tagy1.

As in the proof of Lemma 6.11, we can show that for any pair of mates (z;, z;),
the last digit of the binary expansion of x; ® z; is 0. Now let = be the amount
of pairs of mates (z;, ;) such that the binary expansion of z; & z; ends in 00,
and y the amount such that the binary expansion ends in 10. Then there are z
pairs of mates (z;,2;) such that the binary expansion of [ ; | z; ] ends in 11,
and y pairs such that it ends in 01. Since there are 2k pairs of mates, we have
x4+ y = 2k, so x and y have the same parity.

Assume that z and y are both odd. Then the last two digits of the binary
expansion of [ 21 | 2 | @ -+ B[ x4p—1 | T4 ] are 10, and the last two digits of
the binary expansion of 21 @ - - - @ x4 are also 10. This implies that

[ | | @aggr | =21 |22 | D D[ Tap—1 | ag | D xapgr1 =0 mod 4
if and only if the binary expansion of z441 ends in 10, and
1D DBy Prggr1 =0 mod 4

if and only if the binary expansion of z441 ends in 10. So in this case, [ 21 |
| Z4p4+1 ] =0 mod 4 if and only if 21 & -+ & x4,11 =0 mod 4.

Now assume that x and y are both even. Then the last two digits of the binary
expansion of [ 1 | 22 | @ -+ B [ xag—1 | x4 | are 00, and the last two digits of
the binary expansion of x1 @ - - - @ x4y are also 00. This implies that

(21| [2appr | =[21 |22 | © - D [ 241 | Tap | © Tapy1 =0 mod 4
if and only if the binary expansion of z4+1 ends in 00, and
1D DTy P rgr+1 =0 mod 4

if and only if the binary expansion of z4511 ends in 00. So also in this case,
[z1| | Z4g+1 ] =0 mod 4 if and only if ©1 & -+ B x4x+1 =0 mod 4.

O
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The examples below show that the equivalence does not hold modulo 2™ for any
n > 3, when the amount of coins is 4k+1 for some k € N\ {0}. The first example
shows that 1 @ - - @ z4+1 =0 mod 2" does not imply [z1 | -+ | X441 ] =0
mod 2" when n > 3, while the second example shows that [y | -+« | Z4p+1 ] =0
mod 2" does not imply 1 @ -+ & x45+1 =0 mod 2" when n > 3.

Example 6.13. Let n > 3. We consider the position
(5,7,2,2" +1,2-2" +1,...,(dk — 2) - 2" + 1),

with £ € N\ {0}. Let #; and x2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{z3,...,Tak+1}, et cetera.

The numbers 2" +1,2-2" +1,...,(4k — 2) - 2™ + 1 are split into 2k — 1 pairs of
mates, all of which with a congruence modulo 2", and possibly modulo a higher
power of 2. That means that the last n digits of each of the binary expansions
of 11 ® xo,...,Tap_3 ® Tar_o are 0...0. Further, the numbers 5 and 7 form a
pair, so the last n digits of the binary expansion of x4p_1 @ x4 = 1 H 3 = 2
are 0...010. Finally, the last n digits of the binary expansion of z4;41 = 2 are
0...010. So the last n digits of the binary expansion of x1 @ -+ ® 4,41 are
0...0.

Since [ x1 | 2 ] = 1 @ x2 — 1 for all distinct 21,22 € N, the last n digits of each
of the binary expansions of [ 21 | 2 |,...,[ Zak—3 | Tak—2 ] are 1...1, and the
last n digits of the binary expansion of [ z45_1 | 4% | are 0...01. So the last n
digits of the binary expansion of

(21| | 2appr ] =21 |22 ] B B[ Tan—3 | Tan—2 | B[ Tan—1 | Tan | ® Tan41
are 1...100.
Sox1 @ Dxgpr1 =0 mod 2™ does not imply [z | -+ | Z4p+1 ] =0 mod 2"
when n > 3.

Example 6.14. Let n > 3. We consider the position
(5,7,2" —2,2" +1,2-2" +1,...,(4dk — 2) - 2" + 1),

with £ € N\ {0}. Let #; and x2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{z3,...,Tak+1}, et cetera.

The numbers 2" +1,2-2" +1,...,(4dk — 2) - 2™ + 1 are split into 2k — 1 pairs of
mates, all of which with a congruence modulo 2", and possibly modulo a higher
power of 2. That means that the last n digits of each of the binary expansions of
T1DTo, ..., T4p_3Dxgp_o are 0...0. Further, the numbers 5 and 7 form a pair,
so the last n digits of the binary expansion of z4x_1®x4; = 5B7 = 2 are 0...010.
Finally, the last n digits of the binary expansion of x454+1 =2" —2 are 1...10.
This means that the last n digits of the binary expansion of x1 @ -+ @ wgp 41
are 1...100.

Since [ x1 | 2 ] = 1 @ x2 — 1 for all distinct 21,22 € N, the last n digits of each
of the binary expansions of [ 1 | 2 |,...,[ Z4k—3 | Tax—2 ] are 1...1, and the
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last n digits of the binary expansion of [ X451 | x4 | are 0...01. So the last n
digits of the binary expansion of

[z1] | 2apr1 ] =[x1 | 22| D B[ Tak—s | Tak—2 ] D [ Tak—1 | Tak | D Tak+1
are 0...0.
We conclude that [ 21 | --+ | 411 | = 0 mod 2" does not imply z; &

co oy Tak+1 =0 mod 2™ when n > 3.

Note that both of the examples above need k to be at least 1. For any z; € N,
we have [ 21 | = x1, so the equivalence modulo 2" does hold when k = 0, for
any n € N.

4k + 2 coins Next, we discuss the case where there are 4k + 2 coins, for some
k € N. In this case, the equivalence modulo 2" does not hold for any n € N\ {0},
as the examples below show. The first example shows that 21 @ -+ - ® 24542 =0
mod 2" does not imply [ @1 | --+ | Zap+2 | = 0 mod 2", while the second
example shows that [ z1 | -+ | 442 ] = 0 mod 2" does not imply z; & - -- @
ZTap+2 =0 mod 2™,

Example 6.15. Let n € N\ {0}. We consider the position
(27,227, ..., (4k +2) - 2,

with k£ € N. Let 27 and x5 be the numbers congruent modulo the highest power
of 2, let x3 and x4 be the numbers congruent modulo the highest power of 2 out
of {z3,...,Z4k42}, et cetera.

The 4k 4 2 numbers are split into 2k + 1 pairs of mates, each with a congruence
modulo 2", and possibly modulo a higher power of 2. So the last n digits of each
of the binary expansions of 1 ® xa, ..., Tak+1 B Tak+2 are 0...0, which means
that the last n digits of the binary expansion of 1 @ - -+ @ x4p42 are 0...0.

Since [ 21 | 2 | = x1 @ x2 — 1 for all distinct z1, 22 € N, the last n digits of
each of the binary expansions of [ z1 | @2 |,...,[ Zak+1 | Zak+2 ] are 1...1. So
the last n digits of the binary expansion of

(21| | zapge =21 |22 ]| D B[ Tap—1 | Ta | B [ Takt1 | Tant2 ]

are 1...1.

It follows that 1@+ - -Bxgp+2 =0 mod 2™ does not imply [z | -+ | Zap42 ] =0
mod 2", for any n € N\ {0}.

Example 6.16. Let n € N\ {0}. We consider the position
(1,2%,2-2" ..., (4k + 1) - 2"),

with & € N. Let z; and z2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{x3,...,Tap12}, et cetera.

In this case, 4k of the numbers on positions 27, ..., (4k + 1) - 2" form 2k pairs
of mates, all with a congruence modulo 2", and possibly modulo a higher power
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of 2. The remaining pair consists of the number 1 and one number that is
congruent to 0 modulo 2”. This means that the last n digits of each of the
binary expansions of x1 ® xa, ..., Tqx—1 D T4k are 0...0, while the last n digits
of the binary expansion of x4x41 @ T4r+2 are 0...01. So the last n digits of the
binary expansion of 1 @ -+ - ® x442 are 0...01.

Since [ 21 | 9 | = 1 @ xo — 1 for all distinct 21,22 € N, the last n digits of each
of the binary expansions of [ 21 | 22 |,...,[ ak—1 | Tar | are 1...1, while the
last n digits of the binary expansion of [ Z4xt1 | Zakt2 | are 0...0. This means
that the last n digits of the binary expansion of

(1] | Zapre ] =[x |22 ] D B[ @ap—1 | Tar | B | Takt1 | Takt2 ]

are 0...0.

So[z1| | Tag+2] =0 mod 2" does not imply z1 @+ B Tap42 =0 mod 27,
for any n € N\ {0}.

4k + 3 coins Finally, we discuss the case where there are 4k + 3 coins, for
some k € N. The examples below show that also in this case, the equivalence
modulo 2™ does not hold for any n € N\ {0}. The first example shows that
1@ D Taprs = 0 mod 2™ does not imply [ 21 | -+ | Zag+3 | = 0 mod 27,
and the second example shows that [ z1 | -+ | 2443 ] = 0 mod 2" does not
imply 1 ® - -- @ x41+3 =0 mod 27.

Example 6.17. Let n € N\ {0}. We consider the position
(27,227, ..., (4k + 3) - 2"),

with & € N. Let z; and z2 be the numbers congruent modulo the highest
power of 2, x3 and x4 the ones congruent modulo the highest power of 2 out of
{x3,...,Tap13}, et cetera.

In this case, all mates are congruent modulo 2", and possibly modulo a higher
power of 2. So the last n digits of each of the binary expansions of z; &
T2, ..., Takt1 D Tagt2 are 0...0. Since all of the 4k + 3 numbers are congruent
to 0 modulo 27, the last n digits of the binary expansion of x4x43 are also 0...0.

Since [ 1 | 2 | = z1 @ w9 — 1 for all distinct z1, 22 € N, the last n digits of
each of the binary expansions of [z | @2 |,...,[ Zap+1 | a2 ] are 1...1. So
the last n digits of the binary expansion of

(21| | 2apgs ] =21 |22 ] B B[ Tant1 | Tany2 | © Tapys

are 1...1.

So 1@ Bryrrs =0 mod 2™ does not imply [ 21 | -+ | 24543 ] =0 mod 27,
for any n € N\ {0}.

Example 6.18. Let n € N\ {0}. We consider the position
(2" —1,27,2.97, ..., (4k +2) - 2"),

with & € N. Let 27 and x5 be the numbers congruent modulo the highest power
of 2, x3 and x4 the numbers congruent modulo the highest power of 2 out of
{z3,...,Tap13}, et cetera.
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The numbers 2,2 - 2" ..., (4k 4+ 2) - 2™ are split into 2k + 1 pairs of mates, all
with a congruence modulo 2", and possibly modulo a higher power of 2. So the
last n digits of each of the binary expansions of 1 @ x2, ..., ZT4x+1 D Tax12 are
0...0. The last n digits of the binary expansion of 4543 =2"—1arel...1. It
follows that the last n digits of the binary expansion of z1 ®- - & x442 P Tap+3
are 1...1.

Since [ 21 | 2 | = 21 @ x2 — 1 for all distinct 21, 22 € N, the last n digits of each
of the binary expansions of [z | 22 |,...,[ Zakt1 | Taky2 | are 1...1. It follows
that the last n digits of the binary expansion of

[z1] | Tagas | =21 |22 ] D B[ Bags1 | Takr2 | D Tapss

are 0...0.

So[x1 ]| | Zak+3 ] =0 mod 2" does not imply 21 ® -+ - B 43 =0 mod 27,
for any n € N\ {0}.

Finding a move to a P-position We will now describe a method which
uses Theorem 6.8 in order to find a move from an N-position to a P-position.
First we discuss the situation where the amount of coins is a multiple of 4, and
then the case where the amount of coins is not a multiple of 4. This is based
on Chapter 15 of [1].

Suppose we are given an N-position (x1,...,x,), where n is a multiple of 4,
and we want to find a move to a P-position. In order to do so, we will create
a list of moves consisting of taking a coin from an occupied square x; for some
i € {1,...,n}, and placing it on another square z;. Each of the moves in the
list must lead to a situation where the nim-sum is congruent to 0 modulo 16,
but not all moves need to be feasible moves in Welter’s game. We first calculate
the nim-sum k = z; @ - -+ @ z,, of the position. Because (x1,...,x,) is not a
P-position, k is not congruent to 0 modulo 16 by Theorem 6.8. We nim-add
k to each of the elements z; in the position. The result is a list of various
ways to move a coin z; to a different square x/ so that the nim-sum becomes 0.
By nim-adding multiples of 16 to the values z}, we can find all ways to make
the nim-sum congruent to 0 modulo 16. Since we are only interested in moves
to lower-numbered squares, we only nim-add a multiple of 16 to z; when the
resulting value is lower than the corresponding value x;. We also remove the
move from x; to z} from the list if 2} itself is larger than x;. The result is a list
of ways to make the nim-sum congruent to 0 modulo 16 by moving a coin to a
lower-numbered square.

Not all of the moves in the list are feasible in Welter’s game. We remove the
options where a coin would be placed on a square that is already occupied.
What remains is a set of all feasible moves to positions with nim-sum congruent
to 0 modulo 16. By Theorem 6.8, these positions also have Sprague-Grundy
value congruent to 0 modulo 16. Since (x1,...,x,) is an N-position, and so
must have a follower with Sprague-Grundy value equal to 0, at least one of
these positions must have Sprague-Grundy value equal to 0.

Example 6.19. Suppose we want to move to a P-position, starting from the
position (0,1, 3,4,8,12,16,23). The nim-sum of the position is 5, so we start
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by nim-adding 5 to each of the numbers. The results of this are below.

0 1 3 4 8 12 16 23

5 4 6 1 13 9 21 18

In the corresponding moves, only the coins on squares 4, 12 and 23 would move
to a lower-numbered square. We can make a larger list of moves by nim-adding
multiples of 16 to the numbers in the second row. Since we are only interested
in moves to lower-numbered squares, we only nim-add 16 to the numbers in the
last two columns. This, way, we find two more options: we can move the coin
on square 16 to square 5, or move the coin on square 23 to square 2. So in total,
there are five ways to make the nim-sum congruent to 0 modulo 16 by moving

a coin to a lower-numbered square.

We cannot move the coin on square 4 to square 1, as that square is already
occupied. So the feasible moves are to the following positions:

(0,1,3,4,8,9,16,23)
(0,1,3,4,8,12,5,23)
(0,1,3,4,8,12, 16, 18)
(0,1,3,4,8,12,16,2)

All of these have a nim-sum congruent to 0 modulo 16, so they must have a
Sprague-Grundy value congruent to 0 modulo 16 as well. To find a feasible move
to a P-position, we need to check which of these have Sprague-Grundy value 0.
Using the properties of the Mating candidate, we find that

[0]1]3]4(8]9]16]23]=[0]16]@[1]9]®[4|8]®[3]23]
=1507®11®19 = 16,
[0]1]3]4]8]12|5]|23]=[0|8]@[4]12]@[1|5]®[3]23]
—THTH3619 = 16,
[0[1]3]4]8[12]16|18]=[0]16]®[4]|12]®[8]18]®[1]3]
—1567G256 1 =16,
[0]1]3]4]8]12]16]|2]=[0|16]@[4]12]@[1|3]®[8]2]
15070109 =0.

So in this case, the only feasible way to move to a P-position is by moving the
coin on square 23 to square 2.

We can also use this method if the amount of coins is not a multiple of 4.
Suppose there are 4k + (4 — ) coins on the positions w1, ..., Z444—s), for some
i €{1,2,3}. We add squares numbered —1, ..., —i, and place a coin on each of
them. We then renumber so that —i becomes 0, —i + 1 becomes 1, et cetera.
The resulting position is (0,...,4 — 1,21 + 4,...,2, + ). This position has
4(k + 1) coins on squares numbered 0,1,2,..., so we can apply the method
described above to find a move to a P-position. Since none of the coins on
squares 0,...,7 — 1 can be moved to a lower-numbered unoccupied square, the
resulting position equals (0,...,i—1, 2144, ..., 2141, T)+1, Tj 41440, . . ., Tn+i)

for some j € {1,...,n} and 2, € N with 2} < x;. Now we simply renumber
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again so that 0 becomes —i, 1 becomes —i + 1, et cetera. Finally, we remove
the coins on the negative squares from the position. The resulting position is
(T1,.- s Tj—1, 25,41, ., Ty). The following lemma shows that this resulting
position is a P-position.

Lemma 6.20. Let x1,...,2, € N be distinct. Let i € N\ {0}. If (0,...,i —

L,x1 +14,...,2, + 1) is a P-position, then so is (x1,...,Z,).

Proof. By repeatedly applying the second property of Welter’s candidate, we
get

0=[0]|--]i—1|z1+i| | zn+i]
=[0]---]|i—=2|x14+i—1] - |axy+i—1]
=o=[z1| | zn].

O

Example 6.21. Suppose we want to find a move to a P-position, starting from
the position (1,3,7,8,11,19). In order to do so, we first add coins on squares —2
and —1 so that we have 8 coins. This leads to position (—2,—1,1,3,7,8,11,19).
Next, we relabel the squares so that —2 becomes 0, —1 becomes, 1, et cetera.
Our position then becomes (0,1, 3,5,9,10,13,21). Now we can apply the same
method as before. The nim-sum of this position is 28, so we nim-add 28 to each
of the numbers in the position. The results are below.

o 1 3 5 9 10 13 21
28 29 31 25 21 22 17 9

In the corresponding moves, only the coin on square 21 moves to a lower-
numbered position. By nim-adding 16 to some of the numbers in the second
row, we find three other options. We can move the coin on square 9 to square
5, the coin on square 10 to square 6 or the coin on square 13 to square 1. So
there are four ways to make the nim-sum congruent to 0 modulo 16 by moving
a coin to a lower-numbered square.

We cannot move the coin on square 21 to square 9, the coin on square 9 to
square 5 or the coin on square 13 to square 1, because these squares are already
occupied. So there is only one feasible move to a position with nim-sum con-
gruent to 0 modulo 16, namely the one where the coin on square 10 is moved to
square 6. So (0,1,3,5,9,6,13,21) must be a P-position. Then (1,3,7,4,11,19)
is a P-position by Lemma 6.20. So to move to a P-position, we need to move
the coin on square 8 to square 4.

6.3 4 or fewer coins

If there are at most 4 coins, Welter’s game is easy to play. If there is one coin at
position x1, we have [ 21 | = 21, so Welter’s game is just Nim. With two coins,
we get [z1 | 22 ] = 21 @ 22 — 1. It follows that the P-positions are those with
21 ® xo = 1, which are the positions [ 2k | 2k + 1 | for any k € N. Below, we
show that Welter’s game with 4 coins and with 3 coins also have easy solutions.
This is based on Chapter 15 of [1].
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Lemma 6.22. For all distinct a,b,c € N, the unique z such that (a,b,c,z) is a
P-position in Welter’s game is a ® b @ c.

Proof. By the Unique Prime Lemma, there is a unique z such that (a,b, ¢, z)
is a P-position. Assume without loss of generality that [a |b|c| z]=]a |
bl]®[c|z] Then

O0=lal|blc|z]=(a®db—1)B(cdz—1),

soa®b—1=c®z—1. This simplifiesto z=a Db P c.
O

By Lemma 6.22, the P-positions for Welter’s game with 4 coins are the same as
those for Nim, with the only exception being that positions of the form (a, a, b, b)
for any a,b € N are not feasible in Welter’s game. So the winning strategy for
Welter’s game with 4 coins is the same as that for Nim with 4 coins.

Lemma 6.23. For all distinct a,b € N, the unique z such that (a,b,z) is a
P-position in Welter’s game is (a+1) & (b+1) — 1.

Proof. By the second property of Welter’s candidate, we have [a |b] 2] =0 |
a+1]b+1]|z+1]. By Lemma 6.22, we have

O=[al|blz]=[0]la+1]|b+1]|z+1]

ifandonlyif z+1=0®(a+1)® (b+1). Thenz=(a+1)®d(b+1)—1.
O

Lemma 6.23 shows that we can use the strategy for Nim with 4 coins to solve
Welter’s game with 3 coins. If (a,b,¢) is an N-position in Welter’s game, then
(0,a+ 1,0+ 1,¢+ 1) is also an N-position. By Lemma 6.22, we can use the
winning strategy for Nim with 4 coins to move from (0,a+ 1,0+ 1,¢+ 1) to a
P-position. In this new position, only one coin will have moved to a different
position, and this is not the coin on 0. This means that the new position can be
converted to a position with 3 coins, and that position is a follower of (a, b, c).

Example 6.24. Suppose we want to move to a P-position starting from position
(1,5,7). We note that (1,5,7) is a P-position in Welter’s game if and only if
(0,2,6,8) is a P-position in Welter’s game, which is true if and only if (0, 2, 6, 8)
is a P-position in Nim. By Theorem 2.21, (0,2,6,8) is an N-position in Nim.
To move to a P-position, we need to move the coin on square 8 to square 4. So
(0,2,6,4) is a P-position in Nim and in Welter’s game, which means that (1,5, 3)
is a P-position in Welter’s game. So to move to a P-position from (1,5,7), we
need to move the coin on square 7 to square 3.

6.4 5 coins on {0,...,15}

If Welter’s game is played with 5 coins, and all the coins are on squares in
{0,...,15}, then Welter’s game is easy to play. This special case was originally
solved by Sprague in [8]. Although Sprague did not use nim-addition, the result
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can be expressed in terms of nim-addition. The result was also discussed in
Chapter 9 of [6]. The proof we give below is very similar to Sprague’s proof.

For this variant of Welter’s game, we renumber the squares so that 1 becomes
15, 2 becomes 14, et cetera. So we play on the squares {0,15,14,...,1}. For
any distinct 2,y € {0,15,4,...,1}, we write z < y if x > y or = 0. Then, a
coin on square y may be moved to square z if and only if z is unoccupied and
r =<y

Definition 6.25. Let k € {15,14,...,1}. The numbers corresponding to k are
all z € {0,15,14,...,1} such that z ® k < z.

We first prove a few lemmas concerning corresponding numbers.

Lemma 6.26. Let k € {15,14,...,1}. The numbers corresponding to k satisfy
the following properties:

1. The numbers corresponding to k are k and the 7 numbers in {15,...,1}\ {k}
which have a 0 in their binary expansion at the first location from the left where
the binary expansion of k has a 1. The numbers not corresponding to k are 0
and the 7 numbers in {15,...,1}\ {k} which have a 1 in their binary expansion
at the first location where the binary expansion of k has a 1.

2. The nim-sum of all numbers not corresponding to k equals k.

3. If x1,x2,x3 are distinct numbers not corresponding to k, then x1®xoPx3 # 0.

Proof. 1. For each position in the binary expansion, there are 8 numbers out of
{0,15,14,...,1} which have a 0 in this position and 8 which have a 1. If k has
a 1 in the position, then there are 7 numbers remaining in {15,14,...,1}\ {k}
with a 1 in this position, and 7 with a 0.

We have k@ k =0, and 0 < k. So k corresponds to k. Note that 0@k =k £ 0,
so 0 does not correspond to k. Now let z € {15,14,...,1} \ {k}. Then 2 @ k €
{15,...,1}, s0o z ® k < k if and only if x @ k > x. Note that the first position
from the left at which the binary expansions of x @ k and x differ is the first
position where the binary expansion of k£ has a 1. It follows that x & k > z if
and only if the binary expansion of x has a 0 at the first position from the left
at which the binary expansion of k has a 1. This proves the first statement.
The second statement follows immediately.

2. The nim-sum of all 8 numbers in {15,...,1} with a 1 in a specific position of
their binary expansion is 0. Using Lemma 6.26.1, it follows that the nim-sum
of the 8 numbers not corresponding to k is k.

3. Let x1, 9,3 be distinct numbers not corresponding to k, and assume that
1 ®xyBag = 0. If xy =0, then x5 = x3, which gives a contradiction. So
x1 # 0. By Lemma 6.26.1, it follows that the binary expansion of x; has a
1 at the first position from the left where the binary expansion of k£ has a 1.
Similarly, the binary expansions xo and x3 have a 1 in that position. Then the
binary expansion of x7 @ z2 @ x3 also has a 1 in this position, so it does not
equal 0. This gives a contradiction, so x; @ zo ® x3 # 0.

O
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Lemma 6.27. Let (x1,29,x3) be a position of Welter’s game played on the
squares {0,15,14,...,1}, such that 1 @ x2 ® x5 = 0. Then for each k €
{1,...,15} there is a follower of (x1,x2,x3) with nim-sum k.

Proof. Let k € {1,...,15}. If ;1 = 0, then o = x3, which gives a contradiction.
So x1 # 0, and, similarly, zo, x3 # 0.

First assume that z; = k for some i € {1,2,3}. Without loss of generality,
assume that ¢ = 1. Then x5 @ x5 = k. We can move the coin on square x; = k
to square 0, as square 0 is unoccupied and 0 < z for all z € {15,...,1}. The
resulting position has nim-sum k. Now assume that z; # k for all ¢ € {1,2,3}.
By Lemma 6.26.3, there exists ¢ such that z; corresponds to k, so z; & k <
x;. Suppose that z; & k = z; for some j € {1,2,3}\ {¢}. Without loss of
generality, assume that ¢ = 1 and j = 2. Then k = x1 & x5 = x3, which gives a
contradiction. So the square x; ® k is unoccupied. Moving the coin on square
x; to x; ® k nim-adds k to the nim-sum, so it leads to a position with nim-sum
equal to k.

O

Now we can solve this special case of Welter’s game.

Theorem 6.28. Let x1,...,x5 € {0,...,15} be distinct. Renumber so that 1
becomes 15, 2 becomes 14, et cetera. (x1,...,x5) is a P-position if and only if
its nim-sum after renumbering is 0.

Proof. We check the conditions of Corollary 2.7.

e The only terminal position in Welter’s game with 5 coins is (0,1, 2,3,4). After
renumbering, this becomes (0, 15,14, 13,12). The nim-sum is 0P 15d 14D 13 P
12 =0.

e Suppose a position has nim-sum unequal to 0 after the renumbering, and that
the position after renumbering is (z1, z2, x3, T4, 25). Let

k=x1Daxs®rs®ry® xs.

Note that k € {15,14,...,1}. We need to show that there is a feasible move to
a position with nim-sum equal to 0. Moving a coin from square x; to square z}
nim-adds z; @ «} to the nim-sum. This means that the only way to move to a
position with nim-sum equal to 0 is by moving a coin from from square z; to
square x; @ k for some i. So we need to find ¢ € {1,...,5} such that square
x; @ k is unoccupied and x; ® k < x;. The second requirement is satisfied if and
only if x; corresponds to k.

Assume that z1,...,25 all do not correspond to k. Then by Lemma 6.26.1,
there exist 3 other numbers that do not correspond to k. By Lemma 6.26.2, the
nim-sum of these three equals 0, but this contradicts Lemma 6.26.3.

So at least one of z1, . .., x5 corresponds to k. Without loss of generality, assume
that x; corresponds to k. If z1 @k is unoccupied, we are done. Otherwise, there
is a j # 1 such that x; @ k = x;. Without loss of generality, assume that
1 ® k = x3. Then k = x1 ® x2, which implies that x3 & z4 & x5 = 0. By
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Lemma 6.27, there is a follower of (z3, x4, x5) with nim-sum k. Without loss of
generality, assume that =5 @ x4 ® x5 = k, for some x5 with x4 < 3, such that
af # x4, 5. Then x5 = 23 @ k. Suppose that square x3 @ k is occupied. Then
there is a j € {1,2} such that 3 ® k = z;. Assume without loss of generality
that x3 & kK = 1. Then

T Qa3 =k =121 D T2,

so xo = x3. This contradicts the fact that (z1,ze,zs,z4,x5) is a feasible posi-
tion. So x4 = x5 @ k is not occupied.

So in all cases, there is an i € {x1,z2, 23, 24,25} such that x; corresponds to
k and z; @ k is unoccupied, so that moving the coin on square z; to square
leads to a position with nim-sum equal to 0.

e Suppose a position has nim-sum equal to 0 after the renumbering, and that
the position after renumbering is (21, z2, T3, 24, 25). We need to show that all
feasible moves are to positions with nim-sum unequal to O.

Every move changes exactly one of x1, . .., x5. Without loss of generality, assume
that xp is replaced by some z} # x1. Then

Ty DT D3 DT Drs # 11 D2 dr3Brydas =0,

so the resulting position has nim-sum unequal to 0.

O

The proof of the above theorem states that if (z1, x2, 23, x4, x5) is an N-position,
then there is an ¢ € {1,...,5} such that z; ® k < x; and z; ® k is unoccupied,
and that moving the coin on square x; to square x; @ k leads to a P-position.
The examples below clarify this.

Example 6.29. Consider the position (1,3,6,8,14). After renumbering the
squares, this becomes (15,13,10,8,2). We have

15013010082 =2.

Since the nim-sum equals 2, this is not a P-position by Theorem 6.28. We can
get to a P-position by moving the coin in square 2 to square 2 @ 2 = 0. This
leads to the position (15, 13,10, 8,0). After renumbering the squares again, we
find that this equals position (1, 3,6,8,0) in the usual notation.

Example 6.30. Consider the position (2,3,6,8,14). After renumbering the
squares, we get (14,13,10,8,2). We find the nim-sum of the five occupied
squares using column addition:

1110
1101
1010
1000
0010 +
0011
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The nim-sum k equals 3, so by Theorem 6.28 this is not a P-position. We need
to find an occupied square x; such that x; ® k < x;. Because square 3 is not
occupied, we need an occupied square whose binary expansion has a 0 at the
first location where the binary expansion of 3 has a 1. The options are square
13 and square 8. We have 13 & 3 = 14. Because square 14 is occupied, we
cannot move the coin on square 13 to square 14. So we move the coin on square
8 to square 8 @ 3 = 11. This leads to the P-position (14,13,10,11,2). After
renumbering the squares again, we find that this is position (2, 3,6, 5,14) in the
usual notation.
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7 Understanding Welter’s third property

While the first two properties of Welter’s candidate are easy to understand, the
third is not so intuitive. In this chapter, we try to get a better grip on this
property. In order to do so, we first prove that the property holds for Welter’s
game with 2 coins, directly from the rules of Welter’s game, in Section 7.1. In
Section 7.2, we discuss some interesting patterns that occur in tables filled with
Sprague-Grundy values for Welter’s game with 3 coins, and that are related to
Welter’s third property.

7.1 2 coins

In this section, we prove directly from the definition of Welter’s game, so without
assuming knowledge of the relation between the Sprague-Grundy function and
Welter’s candidate, the Mating candidate, the Animating candidate and the
Triangle candidate, that Welter’s third property holds when n = 2.

As usual, we write [ 21 | -+ | @, ] for the Sprague-Grundy value of position
(z1,...,2y). First, we note that when there are 2 coins, Welter’s game is similar
to Nim. Because of this fact, it is easy to find an explicit expression for the
Sprague-Grundy function for Welter’s game played with 2 coins.

Lemma 7.1. [z |y]=2®y — 1 for all distinct z,y € N.

Proof. We prove this by induction. By Welter’s second and first properties, we
have

[0]1]=[0]=0=0®1-1.
Because Welter’s game is symmetric, we also have [1|0]=[0]|1]=160-1.

Now let z,y € N be distinct, and assume that [2’ |y ] =a'@y—1forall 2’ < x
with 2/ # y, and that [z |y | =2z @y’ — 1 for all ¥ <y with ¢’ # x. Then we
have

[z |y]=mex({[2" |y]:a' <@, 2’ £y U{[z |y ]y <y, y #1})
=mex({z' ®y—1:2" <z, 2’ #y}u{zdy —1:y <y,y #z}).

By Lemma 2.21, the Sprague-Grundy value of any position in Nim is its nim-
sum. So
r@y=mex({z' dy: 2 <z}u{zay vy <y}).

Because x # y, we have =z @ y # 0, so
r@y—l=mex({z' dy: 2 <z}U{zdy vy <y})—1#-1

Note that 2’ @y —1 = —1if and only if 2’ =y, and x @y’ —1 = —1 if and only
if x =4/, It follows that

mex({z' @y:2' <z}u{zdy :y <y}) -1
=mex({z' ®y—1:2 <z, 2’ £ytu{zdy —1:y <y,y #z}).
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So

[z]y]=mex({a’@y—1:2" <wa'#£ytU{zay —1:y <yy #2})
=mex({z' ®y:2' <zju{zay v <y}) -1
=xzdy— 1

By Lemma 7.1, we have
[z1Dz|2o®z]=(21D2)D (22D x)—1=01Dara—1=[z1 ]| 22]

for all distinct z1, x5 € N, so Welter’s second property holds when n = 2.

Since the above proof relies on the fact that Welter played with 2 coins is similar
to Nim, and there is no such similarity for Welter played with 3 or more coins,
we cannot apply a similar argument to the situation with more coins. So this
proof does not help in understanding Welter’s third property in general.

We provide a second proof of Welter’s third property. For this proof, we look
at the followers of each position and use induction. We first need the following
lemma.

Lemma 7.2. Let z,y € N with < y, and let k € N. Suppose that y ® 2% =
y— 2% and that x © 2F = 2 +2F >y — 28, Then z @ (y — 2F) < 2%.

Proof. Let m = z @ (y — 2¥). We need to show that m < 2*. If the binary
expansions of z and y — 2* only differ on the last k digits, then m < 2*. So
suppose the binary expansions of 2 and y — 2* differ at an earlier position. Let
£ > k be such that the ¢th last digit is the first position from the left at which
the binary expansions of z and y — 2* differ.

Since y — 2% = y @ 2*, the binary expansion of y — 2¥ only differs from that of
y on the kth last digit. It follows that the first position from the left where the
binary expansions of x and y differ is the ¢th last position. Since z < y, the
binary expansion of z must have a 0 at the ¢th last position, while that of y has
al.

The binary expansion of 4+ 2% = x @ 2% only differs from that of = on the kth
last digit. So the first position where the binary expansions of = 4 2¥ and y — 2*
differ is also on the /th last digit, where the binary expansion of 2 4+ 2* has a 0
and the binary expansion of y — 2* has a 1. This implies that x 4 2% < y — 2F,
which gives a contradiction.

O
Now, we again prove Welter’s third property for n = 2.
Lemma 7.3. [a®z|bdx]=[a]|b] for all a,b,z € N with a #b.

Proof. Note that it is enough to show that [a@® z |b@x ] =[a | b] for all
distinct a,b € N whenever z is a power of 2. We will show this by induction.
First note that [ 0 | 1] =[1]0],s0[0]|1]=[0®2° | 1®2°] and
[1]0]=[1®2°]0®2°].
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Now let a,b,k € N with a # b. Assume that [z © 2! |y®2' ] =[x | y] for
all distinct 2,y € N and i < k, and that [a' ®2F |0’ ®2F | =[d' | b ] for all
distinct o/, b € N with @’ < a, ¥’ < b and (a’,b’) # (a,b). We will prove that
[a@2F | b2k =[alb].

Note that if [z ®2° |y® 2! ] = [z | y ] for all distinct z,y € N and i < k, we
also have [a @z | b 2] =[a|b] for all z < 2F.

Suppose that (a @ 2%, b@®2F) = (a —2F,b—2F). Let ’ = a—2* and b/ = b— 2.
Then, by the induction hypothesis, we have [ a’ ©2% | 0’ 2% | = [a’ | b’ ], which
implies that
[alb]=[(e@2) 02" |pa2) 02 ]=[d 02" |V e2"]
=[d|V]=[a®2" | bp2"].

So if (a ®2F,b® 2%) = (a — 2%, b — 2F), we are done.
Recall that Welter’s game is symmetric by definition. This means that there are
two distinct cases we still need to consider: either (a®2%, b®2F) = (a+2F, b+2F),
or (a ® 2, b@® 2F) = (a +2F,b— 2%). In both cases, we look at each follower
of (a,b) and show that there is a follower of (a @ 2%, b @ 2%) with the same
Sprague-Grundy value. Then, we show that for each follower of (a @ 2%, b @ 2F),
there is either a follower of (a,b) which has the same Sprague-Grundy value,
or a position that has (a,b) as a follower which has the same Sprague-Grundy
value. In the latter case, the Sprague-Grundy value is certainly not equal to
that of (a,b). We then have

Hld |b]:d <a,a #b}U{[a|b ]:b <bb #a}}

C{{ld|bve2*]:d <a® 2 d #£bD 2"}

Uffa@2" [V ]: 0 <ba2" b £as2"}}

and

[a|b] ¢{{[d |bD2"]:d <a®2" d #ba® 2"}
U{[a@2" |V ]:0 <b@ 2" b #ad2"}}.

Then we can conclude that

[a|b]=mex({[a |b]:d <a,a #b}U{[a|b ]:b <bV #a})
=mex({[d [bD2"]:d <a® 2" d # b2k}
U{[a@2" |V ]:0 <b@ 2" b #£ad2"))
=[a@2" | b2~
o First, we assume that a @ 2* = a4+ 2% and b @ 2F = b+ 2*. We will first show

that for each follower of (a,b), there is a follower of (a @ 2*,b @ 2F) with the
same Sprague-Grundy value.

Let @' < a be such that a’ # b, so that (a’,b) is a follower of (a,b). Then
a ©2F £b® 2k so (o ©2F,bD2%) is also a feasible position. Also,

ad ®2F <d +2F <a+ 2k
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This means that (o’ ©2F, b 2F) = (o’ ©2F, b+2F) is a follower of (a+2F,b+2F).
By the induction hypothesis, [a’ ©2F | b@ 2 ] =[a’ | b]. So for each follower
of (a,b) of the type (a’,b), the position (a + 2% b+ 2*) has a follower with the
same Sprague-Grundy value. The same holds for followers of the type (a,b’).

Next, we show that for each follower of (a @ 2F,b@ 2%), there is either a follower
of (a,b) with the same Sprague-Grundy value, or a position which has (a,b) as
a follower.

Let a’ < a + 2% be such that a’ # b+ 2*, so that (a’,b+ 2%) is a follower of
(a+2F,b+2F). Note that a’ ®2F # b, as otherwise we would have a’ = b 2F =
b+ 2k,

If o’ ® 2% < a, then (a’ ® 2¥,b) is a follower of (a,b), and by the induction
hypothesis it has the same Sprague-Grundy value as (a’, b+ 2¥). We certainly
have a’ ® 2% < @ when o’ @ 2F = o’ — 2%, because then

d®2k=q -2 <a42F—2F=4q.

If o’ ®2% = o/ +2F we may have o’ ©2% > a. In this case, let z = o’ ®a. We have
a <a+2% (a+2¥)@2% = (a+2F) —2F and o’ ® 2F = @/ + 2% > (a +2F) — 2F.
So by Lemma 7.2, z = a’ ® (a + 2F — 2F) < 2.

By the induction hypothesis, (a’, b+ 2¥) has the same Sprague-Grundy value as
(' @z, (b+2%) @)= (a,(b+2F) @ x). Note that

b+2"Ypa > (b+2F) -z >0

This means that the position (a, (b + 2¥) @ x) has (a,b) as a follower unless
a = (b+2%) @ x, but in that case we would have a’ = b+ 2*, which gives a
contradiction.

We can conclude that each follower of (a + 2%, b + 2¥) of the type (a’,b + 2F)
corresponds to either a follower of (a, b) or a position that has (a, b) as a follower.
The same holds for followers of the type (a + 2¥,¢'). So if a @ 2¥ = a + 2* and
b@2F =b4+2F then [a|b]=[a® 2" b 2F].

e Now, we assume that a ® 2 = a + 2 and b @ 2¥ = b — 2*. We will show that
each follower of (a,b) corresponds to a follower of (a @ 2*,b® 2F) with the same
Sprague-Grundy value, and that each follower of (a @ 2%, b @ 2*) corresponds to
a follower of (a,b) with the same Sprague-Grundy value.

Similarly to what we proved in the previous case, a follower of (a,b) of the
type (a’,b) corresponds to the position (a’ @ 2%, b — 2%), which is a follower of
(a+ 2% b—2F).

Now let b < b be such that b" # a, so that (a, ') is a follower of (a,b). Suppose
that ' @ 2F < b—2* and a + 2F # VY @ 2*. Then, by the induction hypothesis,
the position (a,b’) has the same Sprague-Grundy value as (a + 2%, 0" @ 2F),
which is a follower of (a + 2%,b — 2%). If a + 2% = ¥ @ 2%, then a = ¥, which
gives a contradiction. The inequality b’ @ 2¥ < b — 2* certainly holds when
b @2k =1 — 2k,

If b ®2% = b’ + 2% we may have b’ 2% > b—2%. In this case, let z = b’ @ (b—2F).
We have b’ < b, b&2F =b—2F and b/ ®2F = b’ +2F > b—2%. So by Lemma 7.2,
r=ba(b-2F) <2k
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By the induction hypothesis, (a, b’) has the same Sprague-Grundy value as (a &®
2,0 @ x) = (a ®x,b—2F). Note that

a@m§a+x<a+2k.

This means that the position (a @z, b—2%) is a follower of (a+ 2%, b— 2*) unless
a®x=>b—2% Butifa®z=>b—2" then a =, which gives a contradiction.
So we find that each follower of (a, b) corresponds to a follower of (a+2F,b—2F).

Similarly, all followers of (a + 2* b — 2¥) correspond to followers of (a,b). It
follows that [a |b] =[a®2F | b 2F ]| ifa®2F =a+2F and b 2~ = b — 2k,

O

In short, the idea of the argument above is as follows. Let a,b, k € N. Then each
follower (a’, b) of (a,b) has the same Sprague-Grundy value as (a’ ®2*, b@2F) by
the induction hypothesis, and the same Sprague-Grundy value as (' ® x,b® x)
for all z < 2%. Either one of these is a follower of (a @® 2%, b @ 2¥), or one of the
positions of the second type has (a @ 2%, b @ 2¥) as a follower. For the proof, it
is relevant that a position (x1 @z, z2 @ ) is not feasible in Welter’s game if and
only if (21, 2z3) is not a feasible position.

A similar argument might help to understand Welter’s third property for the
situation with more than 2 coins. However, the argument above is not enough
by itself. If we try to apply it to the situation with more coins, we run into a
problem, as the example below shows.

Example 7.4. We look at the positions (2,4,6,8) and (261,4$1,641,891) =
(3,5,7,9). The followers of both positions are listed below.

Position | (2, 4, 6, 8) (3,5,7,9)
Followers | (1,4, 6,8) | (2,3,6,8) | (25,7, 9) | (3,47, 09)
(0.4,6,8) | (2,1,6,8) | (1,5,7,9) | (3,2,7,9)
(2,0,6,8) | (0,5,7,9) | (3,1,7,9)
(3,0,7,9)
24,538 | (2467 (35069 (3,579
(2,4,3,8) | (2,4,6,5) | (3,5,4,9) | (3,57, 6)
(2.4,1,8) | (2,4,6,3) | (3,5,2,9) | (3,5,7,4)
(2,4,0,8) | (2,4,6,1) | (3,5, 1,9) | (3,57, 2)
(2,4,6,0) | (3,5,0,9) | (3,57, 1)
(3, 5,7, 0)
Assume that [a’ @1 |V @1 |dd1|d @l =[d |V | |d]foralla <2,

b <4, ¢ <6,d <8with (a/,b,c,d") #(2,4,6,8).

Then the position (1, 4, 6,8) has the same Sprague-Grundy value as (0,5,7,9) =
021,4@1,6®1,8@® 1). Similarly, we can pair up each of the other followers
of (2,4,6,8) with a follower of (3,5,7,9), as in the proof of Lemma 7.3. This
leaves four followers of (3, 5, 7,9) without a paired element: (2,5,7,9), (3,4,7,9),
(3,5,6,9) and (3,5,7,8).

Ideally, we would show that each of these has the same Sprague-Grundy value
as a position which has (2,4,6,8) as a follower. However, we cannot use the
induction hypothesis to show for example that [2|5|7]9]=[2®1|5&1|
Te1]|901]=[3]4]6]8].
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For Welter’s game with 3 coins, we run into yet another problem. Here, Welter’s
third property states that [a®x | bPx |c®ax]=[a|b|c]®x for all distinct
a,b,c € N, and all x € N. So in this case, the property cannot be used to show
that two followers have the same Sprague-Grundy value.

Lemma 7.3 does not necessarily hold for other games that are similar to Welter’s
game. We discuss the games Antonim and Antimatter, which are described in
Section 5.2. In the game Antonim, the position (0,0) is feasible, but all other
positions of the type (a,a) are not feasible. This can lead to a situation where
a feasible follower of one of the positions corresponds to a position that is not
feasible, as in the following example.

Example 7.5. We look at the game Antonim with 2 coins. Let a =1, b = 2
and k = 0. Then (a @ 2¥,b @® 2*) = (0,3). The followers of both positions are
listed below.

Position | (1, 2) (0, 3)

Followers | (0, 2) | (1, 0) (0, 2)
(0, 1)
(0, 0)

The position (0,2) corresponds to (0,2). These positions have Sprague-Grundy
value 2. The position (1,0) corresponds to (0,1). These two positions have
Sprague-Grundy value 1. However, the position (0,3) has a third follower,
(0,0), with Sprague-Grundy value 0. This corresponds to (1,1), but that is
not a feasible position in Antonim. So (1,2) has Sprague-Grundy value 0 while
(0,3) has Sprague-Grundy value 3.

The lemma does hold for the game Antimatter played with 1 positron and 1
electron, because here all positions of the type (a|a) are feasible. It also holds
for Antimatter played with 2 positrons or with 2 electrons, because that is
equivalent to Welter’s game with 2 coins.

There is no property similar to Welter’s third property that holds for Antimatter
or Antonim played with more than 2 particles or coins. We checked whether
there exists a function f, such that

[p@a|-[pn@z|le]-[em]=fpr]-[palle] - [em])

for all positions (p1,...,pnle1,...,emn) of Antimatter with no annihilated parti-
cles, and all z € N. Here, we checked functions f of the type f(z) = (z+a)®b or
f(@) = (x®b)+a, with a € {c1,c1+x, c1—x, 1@z} for some ¢y € {—5,—4,...,5}
and b € {co,c0 + x,c0 — x,c0 B x} for some ¢y € {—5,—4,...,5}. We found
that no such property holds for Antimatter. This also implies that there is no
similar property of the type

[(moz| - |ppoz|la®r] -|lemn@x]=f([pr]--|pnller] - en])

We also checked whether there exists a function f, such that

[T1 D] |2y @] =][T1,...,20]
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for all positions (z1,...,2,) of Antonim and all z € N. Again, we checked
functions f of the type f(z) = (z+a)®bor f(z) = (xDb)+a, with a € {c1,c1+
x,c1—x,c1®a} for some ¢; € {—5,—4,...,5} and b € {ca,ca+x,c0—x,co D2}
for some ¢ € {—5,—4,...,5}. This also did not lead to a property of this type.

Note that Antonim and Antimatter do satisfy Welter’s first property, and each
have a property that is similar to Welter’s second property. For Antonim this
is

[Of@y [ fan]=[ar]| - |an]

for all distinct 1, ...,z, € N\ {0}, and for Antimatter this is
[Ofpu|---TpnllOfer|--[em]=[pi]--[puller]---]em]

whenever (0,p1,...,p,|0,€1,...,en) is a feasible position for Antimatter.

7.2 3 coins

In order to better understand Welter’s game with 3 coins, we made some tables.
In each table, the upper left element is x1, the first column gives x3, the first
row gives x3, and the corresponding element in the table is [ 1 | z2 | 3 ]. These
tables turn out to show some interesting patterns. In this section, we describe
these patterns, and prove that some of them hold more generally.

00 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
o
1 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33
2 o 2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18 17 20 19 22 21 24 23 26 25 28 27 30 29 32 31 34
3 12 0 5 6 3 4 9 10 7 8 13 14 11 12 17 18 15 16 21 22 19 20 25 26 23 24 29 30 27 28 33 34 31
4 2 1 0 6 5 4 310 9 8 7 14 13 12 11 18 17 16 15 22 21 20 19 26 25 24 23 30 29 28 27 34 33 32
5 3 4 5 6 0 1 211 12 13 14 7 8 9 10 19 20 21 22 15 16 17 18 27 28 29 30 23 24 25 26 35 36 37
6 4 3 6 5 0 2 112 11 14 13 8 7 10 9 20 19 22 21 16 15 18 17 28 27 30 29 24 23 26 25 36 35 38
7 5 6 3 4 1 2 0 13 14 11 12 9 10 7 8 21 22 19 20 17 18 15 16 29 30 27 28 25 26 23 24 37 38 35
8 6 5 4 3 2 1 0 14 13 12 11 10 9 8 7 22 21 20 19 18 17 16 15 30 29 28 27 26 25 24 23 38 37 36
9 7 8 9 10 11 12 13 14 0 1 2 3 4 5 6 23 24 25 26 27 28 29 30 15 16 17 18 19 20 21 22 39 40 41
10 8 7 10 9 12 11 14 13 0 2 1 4 3 6 5 2423 26 25 28 27 30 29 16 15 18 17 20 19 22 21 40 39 42
1 9 10 7 8 13 14 11 12 1 2 0O 5 6 3 4 2526 23 24 29 30 27 28 17 18 15 16 21 22 19 20 41 42 39
12 10 9 8 7 14 13 12 11 2 1 O 6 5 4 3 26 25 24 23 30 29 28 27 18 17 16 15 22 21 20 19 42 41 40
13 1 12 13 14 7 8 9 10 3 4 5 6 0 1 227 28 29 30 23 24 25 26 19 20 21 22 15 16 17 18 43 44 45
14 12 11 14 13 8 7 10 9 4 3 6 5 0 2 1 28 27 30 29 24 23 26 25 20 19 22 21 16 15 18 17 44 43 46
15 13 14 11 12 9 10 7 8 5 6 3 4 1 2 0 29 30 27 28 25 26 23 24 21 22 19 20 17 18 15 16 45 46 43
16 14 13 12 11 10 9 8 7 6 5 4 3 2 1 0 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 46 45 44
17 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 47 48 49
18 16 15 18 17 20 19 22 21 24 23 26 25 28 27 30 29 O 2 1 4 3 6 5 8 7 10 9 12 11 14 13 48 47 50
19 17 18 15 16 21 22 19 20 25 26 23 24 29 30 27 28 1 2 0 5 6 3 4 9 10 7 8 13 14 11 12 49 50 47
20 18 17 16 15 22 21 20 19 26 25 24 23 30 29 28 27 2 1 O 6 5 4 3 10 9 8 7 14 13 12 11 50 49 48
21 19 20 21 22 15 16 17 18 27 28 29 30 23 24 25 26 3 4 5 6 0 1 2 11 12 13 14 7 8 9 10 51 52 53
22 20 19 22 21 16 15 18 17 28 27 30 29 24 23 26 25 4 3 6 5 0 2 112 11 14 13 8 7 10 9 52 51 54
23 21 22 19 20 17 18 15 16 29 30 27 28 25 26 23 24 5 6 3 4 1 2 0 13 14 11 12 9 10 7 8 53 54 51
24 22 21 20 19 18 17 16 15 30 29 28 27 26 25 24 23 6 5 4 3 2 1 O 14 13 12 11 10 9 8 7 54 53 52
25 23 24 25 26 27 28 29 30 15 16 17 18 19 20 21 22 7 8 9 10 11 12 13 14 0 1 2 3 4 5 6 5 5 57
26 24 23 26 25 28 27 30 29 16 15 18 17 20 19 22 21 8 7 10 9 12 11 14 13 O 2 1 4 3 6 5 5 55 58
27 25 26 23 24 29 30 27 28 17 18 15 16 21 22 19 20 9 10 7 8 13 14 11 12 1 2 0 5 6 3 4 57 58 55
28 26 25 24 23 30 29 28 27 18 17 16 15 22 21 20 19 10 9 8 7 14 13 12 11 2 1 O 6 5 4 3 58 57 56
29 27 28 29 30 23 24 25 26 19 20 21 22 15 16 17 18 11 12 13 14 7 8 9 10 3 4 5 6 0 1 2 59 60 61
30 28 27 30 29 24 23 26 25 20 19 22 21 16 15 18 17 12 11 14 13 8 7 10 9 4 3 6 5 O 2 1 60 59 62
31 29 30 27 28 25 26 23 24 21 22 19 20 17 18 15 16 13 14 11 12 9 10 7 8 5 6 3 4 1 2 0 61 62 59
32 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 O 62 61 60
3 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 0 1
34 32 31 34 33 36 35 38 37 40 39 42 41 44 43 46 45 48 47 50 49 52 51 54 53 56 55 58 57 60 59 62 61 O 2
35 33 34 31 32 37 38 35 36 41 42 39 40 45 46 43 44 49 50 47 48 53 54 51 52 57 58 55 56 61 62 59 60 1 2

Table 11: Sprague-Grundy values for Welter’s game with 3 coins, with one coin
on square 0.

First, we discuss the situation where x; = 0. From Table 11, we can see that
[0|z]y]=(x—1)®(y—1)—1 when z,y € {1,...,35}. The fact that this
holds in general follows from Welter’s properties. So Table 11 has a pattern
that is very similar to that found in the table for the Sprague-Grundy values of
Nim with 2 coins. The difference is that the pattern is shifted one place to the
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right and one place down, and each number is decreased by 1. The pattern is
as follows.

Each 2 x 2 block of the form

20 -1 20
2k —1
2k
with k,¢ € N\ {0} is filled as follows:
20 -1 20
2k—11]2m—1 2m
2k 2m 2m—1

for some m € N. If m = 0, then the fields with 2m — 1 are empty, and the
corresponding positions are not feasible in Welter’s game. This happens if and
only if k = /£.

So for each 4 x 4 block

4 —-3 -2 4-1 40

4k — 3 a b
4k — 2
4k —1 c d
4k

with k,¢ € N\ {0}, it is sufficient to know the elements a, b, ¢ and d. These
are, respectively, m, m + 2, m 4+ 2 and m, for some m € N, where m is odd. In
general, we find that for every n € N\ {0}, the 2™ x 2™ blocks are determined by
the elements in the top-left corners of the four 27! x 21 blocks that we get if
the block is split into four parts of equal size. These elements are m, m + 271,
m + 2" 1 and m, for some m € N, where m is odd.

Next, we discuss the situation where one coin is on square 1. This corresponds
to Table 12. Here, we used colours to signify some changes when comparing this
table to Table 11. Let k,£ € N. Then the 2 x 2 block

20 2041

2k
2k +1

is filled with the values [0 | 2k [ 2¢], [0 | 2k |20+ 1],[0|2k+ 1| 2¢] and
[0]2k+4+1]|2¢0+1]in Table 11 and the values [1 |2k | 2¢], [1 |2k |20+ 1],
[1|2k+1]2¢])and [1]|2k+1]2¢+1]in Table 12. Depending on these
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values, we assign a colour. These are as follows.

Table 11 Table 12 Colour
20 2041 20 20+1
2k 2m+1 2m 2k 2n 2n+1 Red
2k +1 2n 2n +1 2k+1 | 2m+1 2m
for some m,n € N
20 2041 2/ 2041
2k 2m+1 2n 2k 2n 2m +1 Blue
2k +1 2m 2n +1 2k+1 | 2n+1 2m
for some m,n € N
2/ 2041 2/ 2041
2k 2m +1 2n 2k 2m 2n+1 Green
2k +1 2n 2m +1 2k+1 | 2n+1 2m
for some m,n € N

Here, the fields with 2m and 2m+1 may be empty, if the corresponding positions
are not feasible in Welter’s game.

For example, the block

2 3
41415
51110

in Table 12 is coloured red because the corresponding block in Table 11 is

2 3
41110
51415

These 2 x 2 blocks are related to Welter’s third property. It states that if a
block in Table 11 is

20 20+ 1
2k a b
2k +1 c d

then the corresponding block in Table 12 is

20 20+ 1
2k ddl | chpl
2k+1 | bpl | a1

Here, a, b, ¢, and d may be empty if the corresponding positions are not feasible
in Welter’s game.

There is an interesting pattern in Table 12. For each n € N\ {0}, the block con-
sisting of the first 2" 4+ 1 rows and 2™ 41 columns of 2 x 2 blocks can be coloured
as follows. The block in the first row and the first column is not coloured. The
rest of the first row is coloured red, while the rest of the first column is coloured
blue. The block in the bottom row and the rightmost column is green. The
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01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

20|
21
22|
23|
24
25|
26
27|
28
29|
30|
31
32
33
34
35

Table 12: Sprague-Grundy values for Welter’s game with 3 coins, with one coin
on square 1.

rest of the bottom row is coloured red, while the rest of the rightmost column
is coloured blue. The middle block in the remaining uncoloured area is green,
the rest of the middle row is coloured red and the rest of the middle column is
coloured blue. This separates the area into 4 uncoloured areas of the same size.
The middle rows and columns of each of these areas are coloured in the same
way: the middle block is coloured green, the rest of the middle row is coloured
red, and the rest of the middle column is coloured blue. This process is repeated
until the entire area is coloured. Note that this pattern follows from the pattern
in Table 11 combined with Welter’s third property.

The table for the situation where one coin is on square 3 can be coloured in
a similar way. This time the colour signifies the change when comparing to
the situation where one coin is on square 2. Doing this leads to Table 13.
Interestingly, this has the same pattern as that in Table 12, but shifted one row
of 2 x 2 blocks down and one column of 2 x 2 blocks to the right. The second
row of 2 x 2 blocks is now red, while the second column is blue. The colouring
to the left of the blue line is the mirror image of the colouring on the right of it,
and the colouring above the red line is the mirror image of the colouring below
it.

If we colour the table for the situation with one coin on square 5 in the same
way, we get Table 14. We find that the pattern is again shifted one row of 2 x 2
blocks down and one column of 2 x 2 blocks to the right. Again, the colouring
to the left of the blue line is the mirror image of the colouring on the right of it,
and the colouring above the red line is the mirror image of the colouring below
it.

In general, we can show that this pattern repeats in all tables corresponding
to the situation where one coin is on a specific odd-numbered square, assuming
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5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

Table 13: Sprague-Grundy values for Welter’s game with 3 coins, with one coin
on square 3.

1 2 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

o

BREBRREBBNBRRRNBRR BN bbb b vovonswnron

Table 14: Sprague-Grundy values for Welter’s game with 3 coins, with one coin
on square 5.
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that Welter’s third property holds and that [0 |z |y]=(z—-1)® (y—1) -1
for all z,y € N.

Theorem 7.6. The colour patterns in all the tables corresponding to a situation
where one coin is on a specific odd-numbered square are as described above.

Proof. We call the table corresponding to the situation where one coin is on
square x the z-table, for all x € N.

The pattern of the O-table follows from the fact that
[O]z|yl=(z-Da(y—1)—-1

for all x,y € N, and directly leads to the colouring of the 1-table.
Now let n € N\ {0}. Let k,¢ € N. Then if the O-table has the 2 x 2 block

20 20+ 1
2k a b
2k +1 c d

then the 2™-table has the 2 x 2 block

(20) ® (2™) 20+1)® (2™)
(2k) @ (2™) a® (2™) b (2™)
2k + 1) (2) c® (27) de (27)

This means that the (2™ + 1)-table has the 2 x 2 block

(20) @ (2™) (20+1) @ (2)
(2k) @ (27) de2) el | co@) ol
Ck+D) oY) [ boE) ol EICRER

The numbers in the 2 x 2 blocks of the 2™-table and (2" 4 1)-table relate to
each other in the same way as those in the 2 x 2 blocks of the 0-table and the
1-table. So the 2 x 2 block

(20) @ (27) 2t+1)®(27)

(2k) & (27)
(2k +1) @ (2)

of the (2™ + 1)-table has the same colour as the 2 x 2 block

20 20+1

2k
2k +1

of the 1-table.

Now we know that each coloured block in the (2™ 4 1)-table corresponds to a
block

20 2041

2k
2k+1
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in the 1-table with the same colour, for some k, ¢ € N. The block in the (2" +1)-
table is 2"~ ! 2x 2 blocks to the right of the one in the 1-table if 2/ =i mod 2"t}
for some i € {0,...,2"—1}, and 2" ! 2x 2 blocks to the left if 2/ =i mod 27!
for some i € {27,...,2"*1 —1}. Similarly, the block is 2" =% 2 x 2 blocks down
from the one in the 1-table if 2k = i mod 2"*! for some i € {0,...,2" — 1},
and 2"~! blocks up from the one in the 1-table if 2k = ¢ mod 2"*! for some
ie{2n,...,2n+ 1},

This means that we can divide the area into larger blocks consisting of 2"
by 2™ coloured blocks in the 1-table, each starting at a position (2k,2¢) with
2k,2¢ = 0 mod 2™, Such a block can be divided into 4 blocks of equal size,
each consisting of 2"~! by 2"~! coloured blocks. We call these A, B, C' and D,
as follows.

A| B
C|D

Then the (2" + 1)-table has these same coloured blocks, but in a different order,
namely

D|C
Bl A

These blocks have another interesting property. Each of these 2™ x 2" blocks is
symmetric in the 27 ~2nd row of 2 x 2 blocks, so that the second row is equal to
the last row, the third row is equal to the second last row, et cetera. Similarly,
the second column is equal to the last column, the third column is equal to the
second last column, et cetera.

Looking at the 1-table, we see that the blocks A, B, C, D can differ only on the
colour of the block in the upper-left. This is always red for B, blue for C and
green for D. For A, it can be red, blue, green or empty if none of the positions
in that 2 x 2 block are feasible. We now call a 2"~! x 2"~! block of coloured
blocks B, R or GG, depending on whether the upper-left 2 x 2 block is blue, red
or green, respectively. Then the 1-table has the pattern

B G| B G| B G
Yo R | Y R |Yaz R
B G| B G| B G
Yai.. R| Y R |Yss R
B G| B G| B G

for some colours Y; ;, 4,57 € N\ {0}. So the (2" + 1)-table has the following
pattern:
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G| B G| B G| B
G| B G| B G| B
R |Yyy R|Ye R| Yo
G| B G| B G| B
R |Ysy R|Yss R| Rz

For all 4,7 € N\ {0}, the Y;; block is moved 2"~! blocks to the right and 2"~!
blocks down. To the right of the Y;; block, we get an R block. Below it we get
a B block, and to the bottom right a G block. This means that the pattern
of the 1-table is moved 27! blocks to the right and 2"~! blocks down. Note
that Y3, = R for all ¢ > 2, and Y;; = B for all ¢ > 2. In the 1-table, both
the 2nd and 4th rows of 2"~ ! x 2"~1 coloured blocks consist of alternating B
blocks and G blocks, starting with a B block. So in the (2™ 4 1)-table, both the
1st and 3rd rows of 2771 x 2"~1 coloured blocks consist of alternating G blocks
and B blocks, starting with a G block. Recall that each 2"~! x 27! block is
symmetric in its 2"~ 2nd line, and the blocks only differ on the colour of the
upper-left 2 x 2 block. this means that the colouring above the red line is the
mirror image of the colouring below it. Similarly, the colouring to the left of
the blue line is the mirror image of the colouring to the right of it.

So for each n, the (2" + 1)-table has the colouring as described. Now let m <
n. Then the (2" + 1)-table has the correct colouring. We will show that the
(2™ 4+ 2™ + 1)-table also has the correct colouring.

This time, we compare the (2" 4 1)-table to the (2™ 4 2™ + 1)-table. As before,
the area is divided into 21 x 2™~! blocks. Coloured 2! x 2™~ blocks that
appear in the (2™ + 1)-table also appear in the (2" 4+ 2™ + 1)-table, but in a
different position. In the (2" + 1)-table, the empty 2 x 2 block at the start of
the shifted pattern is in the (27! + 1)th row and the (2"~! + 1)th column of
2 x 2 blocks. Because 2™ is a divisor of 277!, this block is at the top left of a
group of four 271 x 2™~1 blocks. This means that the 2™~! x 2™~ blocks
in the (2" + 1)-table follow the same pattern as before, where for each group
of four blocks, the one on the top right is coloured R, the one on the bottom
left is coloured B and the one on the bottom right is coloured G. Because
the colouring above the red line is the mirror image of the colouring below it,
the rows above the red line also follow this pattern. Similarly, the columns to
the left of the blue line follow this pattern. So the 21 x 2™~ blocks in the
(2™ + 1)-table have the following pattern:
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Y3 R|Yss R| B R|Ys R|Yss R
B G| B G|B G| B G| B G
Yo R|Ys R| B R|Ys R|Ys R
B G| B G|B G| B G| B &
R R| R R R| R R| R R
B G| B G|B G| B G| B G
Yos3 R| Yy R|B R|Yyn R|Ys R
B G| B G|B G| B G| B @&
Y3 R|Yss R| B R|Yys R|Yss R
B G| B G|B G| B G| B @&

So in the (2™ 4+ 2™ + 1)-table, we find the following pattern:

G| B G| B G|B G| B G| B G
R Yss R|Yss R|B R| Y R|Ys R
G| B G| B G|B G| B G| B G
R|Yss R|Ye R|B R|Yy R|Ys R
G| B G| B G|B G| B G| B G
R| R R| R R R| R R| R R
G| B G| B G|B G| B G| B G
R|Yys R|Yese R|B R|Yy R|Ys R
G| B G|B G|B G| B G| B G
R Yss R|Yss R|B R|Yes R | Vs R
G| B G| B G|B G| B G| B G

Then, as before, we find that the (2" + 2™ + 1)-table contains the colouring of
the (2" + 1)-table, shifted 2~! 2 x 2 blocks to the right and 2™~ 2 x 2 blocks
down. Further, because all even rows of 2™~ x 2™~ coloured blocks in the
(2™ + 1)-table consist of alternating B blocks and G blocks, starting with a B
block, and the 2™~ x 2™~! blocks are symmetric in their 2™~ 2nd lines, the
colouring above the red line in the (2™ + 2™ + 1)-table is still the mirror image
of the colouring below it. Similarly, the colouring to the left of the blue line is
the mirror image of the colouring to the right of it.

By repeatedly adding smaller powers of 2, we find that all z-tables for odd x
have the colouring as described.

O

While the tables give some insight into the effect of Welter’s third property,
they do not seem to help in proving that this property holds. However, we did
notice a few more things in these tables.

The tables corresponding to the situation where one coin is on an even-numbered
square also have some interesting patterns, though it is not so easy to see why
they have these patterns. As an example, we describe the pattern in the table
corresponding to the situation where one coin is on square 2. For this table, we
colour the 2 x 2 blocks
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2k—1
2k

20 -1

20

for k,¢ € N\ {0}. We use the following colours.

for some m € Ny;n € N\ {0

Table 12 Table 15 Colour
20 —1 20 20— 1 2/
2k — 1 2m 2m —1 2k—1 1| 2n—1 2n Red
2k 2n—1 2n 2k 2m 2m —1
for some m,n € N\ {0}
20— 1 2/ 20 —1 20
2k — 1 2m 2n—1 2k—1 1| 2m—1 2n Red
2k 2m —1 2n 2k 2m 2n—1
for some m,n € N\ {0}
20— 1 2/ 20— 1 20
2k — 1 2m 2n—1 2k—1 1| 2n—1 2m Blue
2k 2m — 1 2n 2k 2n 2m —1
for some m,n € N\ {0}
20 —1 2/ 20— 1 20
2k — 1 2m 2m —1 2k—1 1| 2m—1 2m Blue
2k 2n—1 2n 2k 2n 2n—1
for some m,n € N\ {0}
20— 1 2/ 20 — 1 20
2k —1 2m 2n—1 2k—1 | 2m—1 2n Green
2k 2n —1 2m 2k 2n 2m —1
for some m,n € N\ {0}
20— 1 20 20— 1 2/
2k —1 2m 2n—1 2k—1 | 2n—1 2m Purple
2k 2n —1 2m 2k 2m 2n — 1

Here, the fields with 2m and 2m—1 may be empty, if the corresponding positions

are not feasible in Welter’s game.

While the coloured 2 x 2 blocks for the situation where one coin is on a specific
odd-numbered square are clearly related to Welter’s third property, this is not
so obvious when a coin is on an even-numbered square. For example, Welter’s

third property states that if a block in Table 12 is

4k —1

4k

40 —1 44
a b
c d

for some k,¢ € N\ {0}, a,b,c,d € N, then Table 15 has

96




A6—1) 40—3 A0—-2 40—1 40 40+1 4042 40+3

4k—-1)| a3

b®3

4k -3

4k — 2

4k —1

4k

4k +1

4k + 2

4k + 3 c®3

d®3

But that does not indicate a relation between a 2 x 2 block

20 -1 2¢

2k —1
2k

in Table 12 and the corresponding block

20 -1 2¢

2k—1
2k

in Table 15. Even so, the coloured blocks form interesting patterns.

BRERREBRBN BN NBRR BN EhEEREBva~vonaswnron

Table 15: Sprague-Grundy values for Welter’s game with 3 coins, with one coin

on square 2.

The table corresponding to the situation with one coin on square 2 is Table 15.
For each n € N'\ {0}, the block with the first 2" rows and 2" columns of 2 x 2
blocks is coloured as follows. The first row is red, while the first column is blue.
The block in the last row and the last column is green. The rest of the bottom
row is blue, while the rest of the rightmost column is red. The four middle
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blocks in the remaining uncoloured area are coloured as follows: the top left of
these four is green, the top right is purple, the bottom left is purple and the
bottom right is green. Of the middle two rows, the rest of the bottom row is
coloured red, while that of the top row is coloured blue. The rest of left middle
column is coloured red and the rest of the right one is coloured blue. The area
is now separated into 4 uncoloured areas of the same size. The middle rows and
columns of each of these areas are coloured in the same way as before. This
process is repeated until the entire area is coloured.

In the tables for the situation where one coin is on an even-numbered square as
well as the ones for the situation where one coin is on an odd-numbered square,
we noticed the following. In all the tables, the elements in the 2 x 2 blocks

2/ 2041
2k
2k +1
for all k,¢ € N and
20— 1 2/
2k —1
2k

for all k,¢ € N\ {0} seem to have one of the five possible forms. These are

z|y| |xz+1 T Jz+1 Y ) T z+1 |
ylz 'y Jy+1 7 =z Jy+1 7 y+1] y |

x y+1
rz+1 Y

for some x,y € N. However, we have not been able to prove this.

By looking at the three possible 2 x 2 patterns for the tables corresponding to
the situation where one coin is on an odd-numbered square, we see that for all
x,y,z € N, the Sprague-Grundy value [z | y | z ] is even if and only if © +y + 2
is odd. We can also prove this using Welter’s properties.

Lemma 7.7. For any distinct x,y,z € N, [x | y | z ] is even if and only if
T+ y+ 2z is odd.

Proof. Let x,y, z € N be distinct. Assume that = 0. Then we have
[0ylz]=[y—1lz=1]=[0l@w-D&E-1)]|=@F-Da(z-1) -1

This is even if and only if (y — 1) ® (z — 1) is odd, which is true if and only if the
parity of y — 1 is unequal to that of z — 1. This occurs if and only if 0 4+ y + 2
is odd.

Now assume that z > 0. Then [z |y | 2] =[0|yP x| 2® 2z ]|®x. Thisis
even if and only if [0 |y@ x| z®x]isevenand x isevenor [0 |y® x| 2Dz ]
is odd and z is odd. Because of what we proved already, this is equivalent to:
y®@x+2zPxisodd and x is even, or y ® x + 2z @ x is even and z is odd.
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Note that y @ x has the same parity as z & z if and only if y has the same parity
as z. It follows that y @ x + z @ « has the same parity as y + 2. So [z |y | 2]
is even if and only if either y + z is odd and z is even, or y + z is even and x is
odd. So [z |y | #z]is even if and only if z + y + z is odd.

O
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8 Misere Welter’s game

In this chapter, we describe the optimal strategy for the misére version of Wel-
ter’s game. This is a more detailed version of the proof in [1]. The solution for
misere Welter uses a strategy on the Abacus positions, which we define first.

Definition 8.1. A position (z1,...,2,) is called an Abacus position if z; €
{i—1,2n—i} foralli € {1,...,n}.

While we have previously used the Sprague-Grundy function to find the optimal
strategy for Welter’s game played with the normal play rule, we will now use
the same function in order to solve the misere version of Welter’s game. The
Sprague-Grundy values for all Abacus positions follow from the following lemma
and the Even Alteration Theorem.

Lemma 8.2. For alln € N, we have

0 1 2 n—-3|n—-2|n-11] 0
nm—1|{2n—2|2n—-3|... In+2|n+1|n L
Proof. Note that [0 |1 |---|n —1]is a terminal position, so it has Sprague-

Grundy value 0. By the Even Alteration Theorem, it is then enough to show
that

[2n—1]1]2|---|n—=1]=[0]|2n—=2|2]3]| -+ |n—1]
= =[0]1]--|n—2]|n]=1
We will use induction to show that
[o]1]2]---]i—=1]d]i+1|--|n—-1]=1

for alli € {0,...,n—1}, where ¢/ = 2n —1—7 for all i. We start with i =n —1.
The position (0,1,...,n — 2,n) only has one follower, (0,1,...,n —2,n — 1),
which has Sprague-Grundy value 0. So [0 |1]---|n—2|n]=1.

Now let « < n — 1 and assume that
[OJLf2]-[j=1]j"[j+1]--[n-1]=1

for all j > i. We will show that
[O0]1]2]---]i—1|d|i+1|-|n—-1]=1.

In the position (0,1,2,...,4 — 1,i',4+ 1,...,n — 1), the coins on the squares
0,1,2,...,7i—1 cannot be moved. The coin on square i’ can be moved to square
i, or to any square in {n,n+1,...,# —1} = {5/ : j > i}. The coins on squares
i+1,...,n—1 can only be moved to square i. So the followers of the position
(0,1,2,...,i—1,i;i+1,...,n—1) are

(0,1,2,...,i—1,4,i+1,...,n—1),
which has Sprague-Grundy value 0,

0,1,2,...,i— 1,5 i+1,....,n—1)
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for any j > 4, and
0,1,2,...;i— 1,7 i+1,...,5—Li,j+1,...,n—1)

for any j > i.
Let 57 > i. By the induction hypothesis, we have

[OJ1|2]--fi=1]i[itL]---]j=1]5]j+1]-[n-1]=L

Recall that, if one position is a follower of another, their Sprague-Grundy values
are not the same. Using Symmetry, we can conclude that

[oj1|2) - i=1]j[it1]-[n—1]
=[0f[1[2]-i=1]jlit1]--|j=1]jj+1]-[n—1]
ALO|L[2] - i=1]ilitL]--|j=1[j|j+1]-|n-1]=L

Similarly, we have

[OJLf2) - fi=1]d"[it1|--[j=1]ilj+1]-|n—1]
=[oft]2]---fj—1]d|j+1]-|n—1]
ALO[L[2] - j=1]5[j+1]-|n—-1]=1

So(0,1,2,...,i—1,#,i+1,...,n—1) has a follower with Sprague-Grundy value
0 and does not have a follower with Sprague-Grundy value 1, which means that

[0|1]2]---]i—1]d]i+1]---|n—-1]=1.

Next, we discuss a winning strategy on the Abacus positions.

Lemma 8.3. If the game is in a non-terminal Abacus position with Sprague-
Grundy value 0, and the opposing player makes a move, it is possible to move to
another Abacus position with Sprague-Grundy value 0. Also, if the game is in an
Abacus position with Sprague-Grundy value 1, and the opposing player makes
a move to a mon-terminal position, it is possible to move to another Abacus
position with Sprague-Grundy value 1.

Proof. Let (1,...,x,) be an Abacus position. Let a} = 2n — 1 — z; for all
i € {1,...,n}. Assume that the opponent moves the coin on square x; to
square x, for some i € {1,...,n} and z < z;. Without loss of generality,
assume that ¢« = 1. Because {z1,...,2n,21,...,2,} = {0,1,...,2n — 1}, we
have z € {zf,...,2),}.

Assume that [z | -+ | 2, ] = 0, and that (21, ..., z,) is not a terminal position.

By Lemma 8.2 we have

0 1 2 n—-3|n—-2|n-11] 0
2n—1{(2n—-2|2n—-3|... |n+2|n+1|n 1,
so an even number of z1,...,2, are in {n,n+1,...,2n —1}. It follows that an
even number of the inequalities x1 >}, ..., z, > z, are true.
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Suppose that = z{. Then x; > 2}, so an odd number of the inequalities

XTg > xhy...,x, > xi hold. So there is an ¢ € {2,...,n} such that the move
from square x; to z} is feasible. The resulting position is an Abacus position,
and by Lemma 8.2, we have

(21 (@2 |- [zt | @i [ 2ia | @p ] =21 |- [2a ] =0.

Now assume that  # x}. Then z € {z},...,z},}. Let i € {2,...,n} be such
that = . Then z; > z}, so x; > x}. Then we can move the coin in square
x; to square x} to get the position

/ !/ / /
($i7$27 sy Ti—1, T L1y - - - ,.’L'n) = (.’El,.’f27 s Ti—1, Ty T 1y - - - 7.27”)7

where we used Symmetry. This is an Abacus position, and by Lemma 8.2 we
have

[y o |- |z [ @) [2iga |- Jan ] =[21 ]| |20 ] =0.

So in both cases, we can move to an Abacus position with Sprague-Grundy
value 0.

Now suppose that [ 21 | -+ | 2, | = 1. Then by Lemma 8.2, an odd number
of £1,...,zy arein {n,n+1,...,2n — 1}, so an odd number of the inequalities
x1 >, ..,y > ), hold.

Suppose that z = 2. Then z; > ), so an even amount of the inequalities
Tg > Th,..., Ty, >, are true. If at least one of them is true, say x; > z}, then
we can move from z; to z}. By Lemma 8.2, we have

[zy [oo |- Jwia |2 |2 |- Jan =1 | - T2 ] =1,

so the resulting position is an Abacus position with Sprague-Grundy value 1. If
none of the inequalities xo > x5, ..., x, > x}, are true, then (2}, za,...,2,) =
(0,1,...,n —1). In this case, the opponent has made the final move.

Now suppose that  # 7. Let i € {2,...,n} be such that + = z}. Then
x1 > x}, so x; > x}. So we can move the coin on square x; to square x4, which
gives the position

(@), oy o i1, T i1y T) = (T, T2y T, T Ty - T
using Symmetry. This is an Abacus position, and by Lemma 8.2 we have
[@y Jao | @i |2 [z | Jan ] =[21 ] |2 ] =1
O

Note that each terminal position is an Abacus position, so the game will reach
an Abacus position with Sprague-Grundy value 0 at some point. By Lemma 8.3,
once the game has reached such a position, the winning strategy for Welter’s
game with the normal play rule is to return to an Abacus position with value
0 after every move the opponent makes. Then the player will be the one to
eventually move to a terminal position.
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In addition, Lemma 8.3 gives a result for the misere version of Welter’s game.
If the game has reached an Abacus position with Sprague-Grundy value 1, the
winning strategy is to return to an Abacus position with value 1 after every move
the opponent makes. Terminal positions do not have Sprague-Grundy value 1,
so this way the player will not be the one to move to a terminal position.

Lemma 8.4. If there is a move from a mon-Abacus position to an Abacus
position, then there is also a move to a different Abacus position with a different
Sprague-Grundy value.

Proof. Let (z,x29,...,z,) be a non-Abacus position which has a follower that
is an Abacus position. Without loss of generality, we assume that the move to
the Abacus position is made by moving the coin on square z. Let z; < z be

such that (x1,...,x,) is an Abacus position.
Let af =2n —1—ux; for all 4 € {1,...,n}. If z > 2|, then (2], zo,...,2,) is
also a follower of (x,xa,...,2,), and its Sprague-Grundy value is not the same
as that of (z1,z2,...,2,) by Lemma 8.2.
Assume that < 2. Note that = # x|, as (z],22,...,2,) is an Abacus
position. So z < z). Because {0,...,2n—1} = {z1,...,2,, 2, ..., 2, }, we have
x € {zh,...,x}}. Let i € {2,...,n} be such that z = 2. Then z} =z < 2/, so
r; > 1. SO

(.’E, T2yeoeyLj—1, xl,xiﬂ, v ,il'n) = (x;,x% e ,xi,l,thpﬂ, e ,l'n)

- (:L'la e axi—l,fE;’»fEHl, e azn)a
where we used Symmetry, is a follower of (z,xa,...,2,). This is an Abacus

position, and by Lemma 8.2, it has a different Sprague-Grundy value than
(T1,...,Zn)-

O

By the lemma above, whenever it is possible to move from a non-Abacus position
to an Abacus position with Sprague-Grundy value 0, it is also possible to move
to an Abacus position with Sprague-Grundy value 1, and vice versa.

Remember that under the normal play rule, the game will at some point reach
an Abacus position with Sprague-Grundy value 0. As we argued above, there is
a winning strategy for the player who makes the first move to such a position.
So under the normal play rule, the player who can move to an Abacus position
first will move to an Abacus position with Sprague-Grundy value 0, and then
keep moving to Abacus positions with Sprague-Grundy value 0 until the game
ends.

So the winning strategy under the misere play rule is to follow the winning
strategy for the normal play rule until the first time that would lead to an
Abacus position. Then, the player should move to an Abacus position with
Sprague-Grundy value 1 instead of to one with Sprague-Grundy value 0. After
that, the player should keep moving to Abacus positions with Sprague-Grundy
value 1 until the game ends.

We have now proved the following theorem.
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Theorem 8.5. In the misére version for Welter’s game, the positions which
have a winning strategy for the player whose turn it is are the Abacus positions
with Sprague-Grundy value 1, and the non-Abacus positions that are N-positions.
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