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1 Introduction

A Honda group is a group in which every generator of every subgroup generated by a commutator
is itself also a commutator. In algebraic terms we say that a group G is Honda if for every integer
r and all z,u, z € G one has

[z,u]l =2, (z) =(z") = Iv,w e G: [v,w] =2".

Here we use the convention that [x,u] = zuz~lu~!. In 1953, K. Honda [4] proved that every finite
group is Honda (Proposition below). A natural question to ask is if every group is Honda.
However, in 1977 ([8], page 488, Result (C)) S.J. Pride gave a family of groups that he showed
were not Honda. On the other hand, B. Martin proved in [6] that many linear algebraic groups are
Honda.

We write ~ for “is conjugate to”. With the same proof that K. Honda used to show that every finite
group is Honda, one can also show that every finite group G has the following property: for every
integer r and all x,u, z € G one has

[z, u] =z, () =(2"), () = ") = Fw e G: [z",w] ~ 2".

We call such a group a quasi-Honda group. It is easy to see that every quasi-Honda torsion group
is Honda (Proposition [2.3)). The groups given by S.J. Pride are quasi-Honda (Proposition [2.6)), so in
general quasi-Honda does not imply Honda. One may now wonder if every group is quasi-Honda.

To prove that every finite group is Honda, K. Honda applied an argument that W. Burnside had
used in 1911 to prove that every finite group G has the following property: for every integer r and
all x,y,2z € G one has

zy=z (x)=(a"), y) =", (&)= (") = y,2 €eG: 2y =2 2" ~a", y ~y", 2/ ~ 2"
([1], Chapter XV, Theorem VII). We will call a group with this property a quasi-Burnside group.
Since it is easy to prove that every quasi-Burnside group is quasi-Honda (Proposition [2.4.(b))),
Honda’s theorem is a consequence of Burnside’s result. Just as in the case of the quasi-Honda
property one may wonder if every group is quasi-Burnside. The answer to both of these questions
is negative, but we were able to answer a more refined question, which we proceed to formulate.

If, in the definitions of quasi-Honda and quasi-Burnside, one has » = —1, then one can give explicit
formulas for w and for #/,y',2; e.g. w = zu and ' = 7!, v = 2y 'z, 2 = z~'. However,
for general r it is only meaningful to ask for such formulas if one guarantees that the conditions
(x) = (z"), (z) = (2", and (in the quasi-Burnside case) (y) = (y") are satisfied. If r ¢ {£1}, then
these conditions are equivalent to the existence of positive integers k, [, m that are coprime to r for
which one has z¥ = 1, (y' = 1,) and 2™ = 1. This leads to the following definitions. Given a ring R,
we write R* for its unit group. Let k,I,m > 2 be integers and let r € (Z/lem(k,1,m)Z)*. A group
G is (k,l, m,r)-quasi-Burnside if for all z,y,z € G one has

zy=z, 2t =yl =" =1= Y, €G:aly =2 ' ~a" Y ~y ~ 2
Now let r € (Z/lem(k,m)Z)*. A group G is (k,m,r)-quasi-Honda if for all z,u,z € G one has
[z,u] =2z, 2F =2"=1=3weqG: 2", w ~ 2"
Clearly, a group G is quasi-Burnside if and only if for all k,1,m and every r € (Z/lem(k,l, m)Z)*
the group G is (k,l, m,r)-quasi-Burnside. Analogously, a group G is quasi-Honda if and only if for
all k,m and every r € (Z/lem(k,m)Z)* the group G is (k, m,r)-quasi-Honda.



In this thesis we classify for which values of k, I, m,r respectively k,m,r every group is (k,l,m,r)-
quasi-Burnside respectively (k, m,r)-quasi-Honda. Our results are summarized in the two theorems
below. If ged(k,m) < 2, and we are given r € (Z/lem(k, m)Z)*, then we write r* for the unique
element in (Z/lem(k, m)Z)* with r* = r (mod k) and r* = —r (mod m). This element r* exists by
Lemma

Theorem 1.1. Let k,m > 2 be integers and let r € (Z/lcm(k,m)Z)*. Then the following are
equivalent.

(1) Every group is (k, m,r)-quasi-Honda.

(2) Every group is (k,k,m,r)-quasi-Burnside, or both gcd(k,m) < 2 holds and every group is
(k, k, m,r*)-quasi-Burnside.

(3) We have 24+ L >1, orr € {£1}, or both ged(k,m) < 2 and r* € {£1}.

The equivalence (1) < (2) of Theorem is proved at the end of §6| and the equivalence (2) <
(3) of Theorem is a direct consequence of Theorem E which we shall prove first. We write
PSLy(R) for the projective special linear group of degree 2 over the real numbers.

Theorem 1.2. Let k,l,m > 2 be integers and let r € (Z/lem(k,l,m)Z)*. Then the following are
equivalent.

(1) Every group is (k,l, m,r)-quasi-Burnside.
(2) The group PSLa(R) is (k,l, m,r)-quasi-Burnside.
(3) We have 1+ + 14+ L >1 orr e {£1}.

The implication (1) = (2) of Theorem [L.2]is trivial, the implication (2) = (3) is proved in §3] just
above Proposition and the implication (3) = (1) is proved at the end of

The proof of Theorem uses facts about products of triples of conjugacy classes in PSLa(R), and
the proof of Theorem uses a special notion of a reduced word in the free product of a group and
an infinite cyclic group.

For the entirety of this thesis we fix three integers k,I,m > 2.

In §2| we prove some basic facts about (k, 1, m,r)-quasi-Burnside and (k,m, r)-quasi-Honda groups.
We show that every group being (k,, m,r)-quasi-Burnside is equivalent to the existence of g,h €
Biim = (a,c | a* = (a7te)l = ¢™ = 1) such that a” - g(a~'c)"g~! = hc"h~! (Proposition
2.11.(a)), and we show that every group being (k, m,r)-quasi-Honda is equivalent to the existence
of d,e € Hym = (a,b,c | [a,b] = ¢, a* = ¢™ = 1) such that [a",d] = ec"e~! (Proposition .
Such elements g, h and d, e, if they exist, are essentially the formulas that we asked for. The group
By.1.m is known as a von Dyck group or a triangle group in the literature. The von Dyck groups are
usually studied via the group PSLy(R), so it is not surprising that PSLy(R) plays an important role
in this thesis.

As stated in Proposition one readily checks that the elements r in (Z/lcm(k, m)Z)* respectively
(Z/lem(k,1,m)Z)* for which a given group G is (k, m,r)-quasi-Honda respectively (k, [, m, r)-quasi-
Burnside form a subgroup. In the quasi-Burnside case, we denote that subgroup of (Z/lem(k, 1, m)Z)*
by Mg. In §3 we determine Mg for G = PSLy(R) (Proposition [3.1.(b)), allowing us to prove
the implication (2) = (3) of Theorem Then, in we examine the structure of the groups
Hyom, Bii,m and show that By xm may be viewed as a subgroup of Hy ., (Proposition [1.1.(c)),
which is the key to the proof of the equivalence (1) < (2) of Theorem In §5| we define the



special notion of a reduced word mentioned above, and prove some of its properties. In this
notion enables us to prove Proposition which we then use, together with the theory from §4] to
prove the equivalence (1) < (2) of Theorem

2 Quasi-Burnside and quasi-Honda groups

As mentioned in the introduction, we fix integers k, [, m > 2 for the entirety of this thesis.

In this section we prove some basic facts about (k, [, m, r)-quasi-Burnside and (k, m, r)-quasi-Honda
groups, and at the end we prove the implication (3) = (1) of Theorem (1.2

Let x,y be two elements of a group GG. The notation z ~ y means “x is conjugate to y”. We write
ord(z) for the order of z, and we write Yz for yzy~—'. Given an integer n, we have (yzy 1) = ya"y !,

hence the notation Y2™ is unambiguous.

Proposition 2.1. Let G be a group, let x,y,z,u € G, and let r be an integer.

(a) Suppose ord(x) = oo or ord(z) = oo. If [x,u] = 2z, (z) = (z"), (z) = (2"), then there exists
w € G such that [z",w] = z".

(b) Suppose ord(x) = oo or ord(y) = oo or ord(z) = co. If zy = z, () = (&"), {y) = "),
(z) = (2"), then there exist «', y', 2 € G such that 'y =2/, &' ~a", y' ~y", 2/ ~ 2".

Proof. The proofs are analogous, so we only prove (a). Suppose [z,u] = z, (x) = (z), (z) = (z").
If ord(x) = oo, then r € {£1} since (z) = (z"). Analogously we have r € {1} if ord(z) = co. As
shown in the introduction, if r € {£1}, then we can give an explicit formula for w as above. O

Lemma 2.2. Let r and n be coprime integers, and let S be a finite set of prime numbers. Then
there exists a positive integer v with v’ = r (mod n), that is not divisible by any element of S.

Proof. Define T':= {p € S:p{r} and ¢ :=[[,crp. Then r’ =7+ ng will do. O
Proposition 2.3. If a group is quasi-Honda and torsion, then it is Honda.

Proof. Let G be a group that is quasi-Honda and torsion. Let r be an integer, x,u,z € G with
[x,u] = z, (2) = (2"). Let S be the set of prime numbers that divide ord(xz)ord(z). We have
ged(r,ord(z)) = 1, so by Lemma [2.2] there exists a positive integer 7 with 7’ = 7 (mod ord(z)), that
is coprime to ord(z)ord(z). Choose such an 7. Then (z) = (z") and (z) = (z"), so there exists
w € G such that [z",w] ~ 2" = 2", Thus 2" is a commutator. O

Proposition 2.4. (a) Let r € (Z/lem(k,m)Z)*. If a group is (k, k,m,r)-quasi-Burnside, then it
is (k,m,r)-quasi-Honda.
(b) If a group is quasi-Burnside, then it is quasi-Honda.

Proof. Tt suffices to only prove (a), since a group is quasi-Burnside respectively quasi-Honda if and
only if it is (k, k, m, r)-quasi-Burnside respectively (k, m,r)-quasi-Honda for all k,m,r. Let G be a



group. Given z, z € G, we have

JweG:[zhw]~z2z'IJweG:a" YT~ 2"

& Ja,byw e G: %" Wy =02

sdy,deG: 2y =2 2 ~a", y ~27", 2~ 2
Thus G is (k,m,r)-quasi-Honda if and only if for all z,u,z € G we have that if [z,u] = 2, 2% =
2™ = 1, then there exist z’,y’,2’ € G such that 2’y = 2/, 2/ ~ 2", ¢y ~ x™", 2/ ~ 2z7". This is
the definition of a (k, k, m,r)-quasi-Burnside group restricted to the case where y = “2~! for some
u € G. O

Proposition 2.5. Every finite group is quasi-Burnside, quasi-Honda and Honda.

Proof. Given a conjugacy class C of a group, and an integer s, we write C® for the conjugacy class
{c¢® : ¢ € C'}. We write # for the cardinality of a set. Theorem VII from Chapter XV of [1] by
Burnside states the following. Let G be a finite group and let s be an integer that is coprime to the
exponent of G. Let C, D, E be conjugacy classes of G. Then for all z € E and all 2’ € E* one has

#{(z,y) eC x D:ay =z} =#{(2',y) € C° x D* : 2’y = 2'}.

Now let G be a finite group, r an integer. Let x,y,z € G such that xy = z, (x) = ("), (y) = ¥"),
(z) = (2") and let n := ord(x)ord(u)ord(z). Notice that ged(r,n) = 1. Let S be the set of prime
numbers that divide the exponent of G. By Lemma there exists a positive integer 7’ that
is coprime to the exponent of G and that satisfies ' = r (mod n). Choose such r’. Applying
Burnside’s Theorem VII with C, D, E equal to the conjugacy classes of respe/ctively x,Y, 2, ar/ld with

s = r/, we find that there exist z’,9’,2’ € G such that 2’y = 2/, 2’ ~ 2" =z2", ¢y ~y" = y",
Zz' ~ 2" = z". Thus every group is quasi-Burnside. By Proposition every finite group is
quasi-Honda, and then by Proposition [2.3] every finite group is Honda. O

Given two groups G, H, we denote by G x H the free product of G and H. Result (C) on page 488
of [§] states that given an integer n > 2, the group P, := (a,b,c | [a,b] = ¢, ¢" = 1) is not Honda.
It turns out that P, is quasi-Burnside and quasi-Honda.

Proposition 2.6. Let n > 2 be an integer. Then P, is quasi-Burnside and quasi-Honda.

Proof. Let x,y,z € P, and let r be an integer such that zy = z, (x) = (z"), (y) = (y"), (z) = (z").
We will show that there exist z’,y’,2’ € P, with 2’y = 2/, 2/ ~ 2", ¢y ~ 9", 2/ ~ 2". By
Proposition we may assume that z,y,z have finite order. Let (a), (b) be infinite cyclic
groups, let A, = (c; (i € Z) | ¢ = 1(i € Z)) % (b), and define A,, x (a) by ac;a™! = ¢;1; for all
i and aba~! = cob. One readily shows that there is an isomorphism A4, x (a) = P, : a — a,
b b, ¢; — a‘ca™t. Any element of finite order in A,, x (a) belongs to the kernel of the canonical
quotient map A, x {(a) = (4, % (a))/A, = Z, so to A,,. Note that A,, is the free product of (b)
and a countably infinite number of cyclic groups of order n, generated by the ¢;’s. Corollary 1 of
Proposition 2 in Section I1.1.3 of [9] states that every element of finite order in a free product is
conjugate to an element of one of the groups in the free product. Thus any element of finite order
in A, % (a) is conjugate in A,, to a power of ¢; for some i. View z,y, z as elements of 4,, x (a) and
let s,t,u be integers such that z,y, z are conjugate in A,, to respectively ¢;,, cf, ¢y for some integers
h,i,j. Let (B), (v) be cyclic groups of respective orders co,n, and let o : A, — (8) x (y) be the
homomorphism that sends b to 8 and sends ¢; to « for all ¢. Since () x (v) is abelian, we have



Y= U(z) = 0’(1’) ( ) 5+t Thus u = s+t (mod n), so ¢ - ¢t" = 5" = ¥ In P, we have
"~ ~y", ~ 2" so P, is quasi-Burnside.

Now Proposition [2.4.(b)| gives that P, is quasi-Honda. O

Proposition 2.7. Let G be a group. Then {r € (Z/lem(k,m)Z)* | G is (k,m,r)-quasi-Honda}
and {r € (Z/lem(k,l,m)Z)* | G is (k,l,m,r)-quasi-Burnside} are subgroups of (Z/lcm(k, m)Z)*
respectively (Z/lem(k,l,m)Z)* containing —1. O
Recall that k,I,m > 2 are still fixed integers.

Let G be a group and let n be an integer. We write G[n] for {g € G : g" = 1} and G[n]° for
G[n] \ {1}. We write G/~ for the set of conjugacy classes of G. Given C,D,E € G/~, we write
CDE for {cde:ce C,de€ D,e € E} C G and write C™ for {¢" : ¢c € C} € G/~. Define

Be :={(C,D,E) € (G/~)*:1€ CDE, C C G[k]°, D C G[I]°, E C G[m]°}.

Note that given a representative [r] € Z of some r € (Z/lcm(k,l, m)Z)* and C' C G[k], the conjugacy
class C" := CI"l is well-defined because Cl"l = Clrl+lem(kLm) -~ Given D C G[i] and E C G[m], the
same is true for D" and E". Finally we define

Mg = {r € (Z/lem(k,1,m)Z)* | ¥(C,D,E) € Bg : (C",D",E") € Bg}.

In Lemma we use the following equivalent definition of a (k,, m,r)-quasi-Burnside group. Let
r € (Z/lem(k,l,m)Z)*. A group G is (k,l, m,r)-quasi-Burnside if for all ¢,d, e € G one has

cde=cf=d=e"=1=3,d,d eG:dde =1, ~c",d ~d,e ~e".

Lemma 2.8. Let G be a group and let r € (Z/lcm(k,l,m)Z)*. Then G is (k,l,m,r)-quasi-Burnside
if and only if r € M. Moreover, Mg is a subgroup of (Z/lem(k,l,m)Z)* containing —1.

Proof. The group G is (k,l,m,r) quasi-Burnside if and only if for all ¢, d, e € G with ¢* = d' = e™ =
cde = 1, there exist ¢/, d’, e’ € G such that d/d'e’ =1, ~c", d ~d", e’ ~e", so if and only if for all
(C,D,E) € (G/~)® with C C G[k], D C G[l], E C G[m], 1 € CDE we have 1 € C"D"E". Clearly,
if (C,D,E) € (G/~)3 with C C G[k], D C G[l], E C G[m], 1 € CDE and at least one of C, D, E is
equal to {1}, then 1 € C"D"E". Thus every group is (k,l, m,r) quasi-Burnside if and only if for all
(C,D,E) € (G/~)? with C C G[k]°, D C G[I]°, E C G[m]°, 1 € CDE we have 1 € C"D"E", which
is equivalent to r € M¢. The second statement then follows from Proposition 2.7} O

Lemma 2.9. The map (Z/lem(k,m)Z)* — (Z/kZ)* x (Z/mZ)*, a — (a (mod k),a (mod m)) is
an isomorphism of groups if and only if ged(k,m) < 2.

Proof. Denote by f the map from the lemma and by ¢ the Euler totient function. Clearly f is an
injective group homomorphism. Since p(lem(k, m)) - o(ged(k, m)) = (k) - ¢(m), we have that f is
surjective if and only if ¢(ged(k,m)) = 1, which is equivalent to ged(k, m) < 2. O

If gcd( ,m) <2 and r € (Z/lem(k,m)Z)*, then write r* for the unique element of (Z/lcm(k, m)Z)*
with 7* = 7 (mod k) and r* = —r (mod m). Clearly r* = 1* - r and (r*)* = r. Also note that
(=r)* = —(r*), so the notation —r* is unambiguous.



Proposition 2.10. Let r € {£1} C (Z/lem(k,m)Z)*. Then every group is (k,m,r)-quasi-Honda.
Moreover, if ged(k,m) < 2, then every group is (k,m,r*)-quasi-Honda.

Proof. The first statement was explicitly proved in the introduction. Suppose ged(k, m) < 2. If for

elements z,u, z of some group G we have [z,u] = z, ¥ = 2™ = 1, then [z ,u™!] = [z,u"!] =
C e Propositionthen gives that G is (k, m, —1*)-quasi-Honda. O

Define By ;.m = (a,c | a* = (a7te)l = ¢™ = 1) and Hy.,, = {(a,b,c| [a,b] = ¢, a* = ¢™ = 1). These
groups have certain universal properties, which are described in Proposition In §4] we will
determine the structure of these groups, and prove some of their properties.

Proposition 2.11. Let r € (Z/lem(k,l,m)Z)*.

(a) Every group is (k,l,m,r)-quasi-Burnside if and only if there exist g,h € By m such that a” -
I(a=te)r ="ner.

€ T

(b) Ewery group is (k, m,r)-quasi-Honda if and only if there exist d,e € Hy, »,, such that [a”,d] = °c".

Proof. The proofs are similar, so we only prove (a). “=" Trivial. “«<” Let g,h € Bj.m such that
a”-9(a"te)" = "¢ If z,y, 2 are elements of a group G with 2y = 2z, ¥ = y! = 2™ = 1, then there
exists a homomorphism f : By, — G : a > , ¢ — 2. Applying f to a” - 9(a"te)" = c" gives
F) zr = gr  J@) (p=12)r = g . @)y, 0

Proof of the implication (3) = (1) of Theorem , As shown in the introduction, if r € {1}, then
every group is (k,l, m,r)-quasi-Burnside. If % + 7+ % = 1, then up to permutation we have that
(k,1,m) €{(2,3,6),(2,4,4),(3,3,3)}, thus (Z/lem(k,l,m)Z)* = {£1}, so every group is (k,l,m,r)-
quasi-Burnside.

Suppose %Jr % + % > 1. Then it is a well-known fact that the von Dyck group B ;.. is finite. (See for
example §15 of [5].) By Proposition every finite group is (k, [, m, r)-quasi-Burnside, so there exist
f,9,h € By 1msuchthat fa™9(a"tc™1)""¢" = 1. For such f, g, h we have a™f 9 (q ey T e =
1, so Proposition gives that every group is (k, [, m,r)-quasi-Burnside. O

3 Projective special linear group

The special linear group of degree 2 over the real numbers SLo(R) is the group of real 2 by 2 matrices
with determinant 1. Denote by I the identity element of SLo(R). The projective special linear group
of degree 2 over the real numbers PSLy(R) is the quotient group SLa(R)/(—T).

In this section, we describe Bg and Mg, as defined just before Lemma for G = PSLy(R).
This allows us to prove the implication (2) = (3) of Theorem (just above Proposition [3.8), and
Proposition which we use in §4] towards the proof of the equivalence (1) < (2) of Theorem [I.1

Let H = (+Z/7) ® (+Z/Z) & (= Z/Z) and regard it as a subgroup of (R/Z)>. If r € Z/lem(k,l,m)Z
and (%, %, <) € H, then we define r - (%,%,%) = (%,%b, ¢), making H into a Z/lem(k,l,m)Z-
module. Let S = {(z,y,2) € R3: 2 >0,y >0, 2>0,r+y+ 2z < 1} and view it as a subset of
(R/Z)3 via the canonical quotient map R?* — (R/Z)3. Define

M ={r € (Z/lem(k,l,m)Z)" :r- (HN(SU-=8))=HN(SU-5)}.

See below a picture of S and —S inside (R/Z)3.



(0,0,0)

Proposition 3.1. (a) We have Mpgr,r) = M.
(b) If% + % + % < 1, then MPSLg(]R) = {x1}.

We prove Proposition [3.1.(a)|just below Lemma[3.4] and prove Proposition [3.1.(b)| just below Lemma
B17

Given a € R/Z, we write o, for (COSMW — sinfajm

sinfalr  cosla]m
representative of a, and we write C, for the conjugacy class of g,. One readily shows that the
definitions of o, and C, do not depend on the choice of representative. Write PSLQ(]R)TO’r for the
set of elements of finite order in PSL2(R), and given a subset F© C PSLy(R) that is stable under
conjugation in PSLy(R), denote by F/~ the quotient set of F' by conjugation in PSLy(R). There is
a (Z/lem(k,l,m)Z)*-action on the set X = (PSLa(R)[k]/~) x (PSL2(R)[{]/~) x (PSL2(R)[m]/~),
defined by mapping (7, (Cy, Ch, C.)) € (Z/lem(k,l,m)Z)* x X to (C,C},CL) € X. Write * for
this action, and note that for such r and (C,, Cy, C.) we have r x (C,, Gy, C.) = (C},C},CL) =
(Crtu Crbv Crc)~

Lemma 3.2. (a) The map Q/Z — PSLy(R)™ /~ sending a to C, is a bijection. Moreover, if n
is an integer and a € Q/Z, then n-a =0 if and only if C* = {1}.

(b) The map v : H — PSLa(R)[k]/~ x PSLa(R)[I]/~ x PSLy(R)[m]/~ that sends (a,b,c) to
(Ca, Cp, C.) is a bijection that respects the (Z/lem(k,l, m)Z)*-actions, i.e., for all (a,b,c) € H
and all v € (Z/lem(k,l, m)Z)* we have r * (a,b,c) = ¥(r(a,b, c)).

> - (=I) € PSLy(R), where [a] € R is some

Proof. We first prove statement (a). Write ¢ for the map from statement (a), and note that im(¢) C
PSLy(R)™r /~, so it is well-defined. Given ¢ € R, we define s, := (Cf)s or o el CW). It is a well-
siner  cosem

known fact that if A € SLy(R) is of finite order, then for some ¢ € Q we have A ~ s.. The
pre-image under the canonical map SLy(R) — PSLa(R) of a torsion element is a torsion element, so
the elements of finite order in PSLy(R) are conjugate to some o, with a € Q/Z. Thus the map from
the lemma is surjective.

To show that ¢ is injective, suppose C, = Cp with a,b € Q/Z. If a = 0 or b = 0, then a = 0 = b,
so we may assume a,b to be nonzero. Let [a], [b] € (0,1) N Q be representatives of respectively a, b.
Then s(q) ~ spp) OF S[q) ~ —8p) = S_14[- 1t is a well-known fact that if for an element A € SLy(IR)
we have |tr(A)| < 2, then A is conjugate to a unique matrix of the form s. with ¢ € (—=1,1) \ {0}.
(See for example Theorem 3.1 of [2].) For all ¢ € ((—1,1)\{0})NQ we have |tr(s.)| < 2, 50 5[4] = S[3]
or 8jq) = S_14p)- Clearly sj,) = s_14p) is not possible, so sjq = s}, and thus a = b. This proves
the first part of statement (a). One easily shows that the second part follows from the first.

Now we prove statement (b). By statement (a), we have that ¢ restricted to %Z /Z bijectively maps
to PSLa(R)[k]/~. The same is true when we replace k by [ or m, so 9 is a bijection. This bijection



respects the (Z/lcm(k, 1, m)Z)*-actions, since for all (a,b,c) € H and r € (Z/lcm(k,1,m)Z)* we have
(C;ngcg) = (Craacrbvcrc)- O

Lemma 3.3. Let a,b,c € (R/Z)\ {0} and let [al,[b],[c] € (0,1) be their respective representatives.
Then 1 € C,CyC. if and only if [a] + [b] + [] ¢ (1,2).

Proof. This is a reformulation of a part of Corollary 3.3 (b) of [7]. O

In §8 of [3], Lemmawas deduced from a correspondence between solutions (x, u, z) € Cy x Cy, X C,.
to zuz = 1 and hyperbolic triangles with angles [a|r, [b]7, [c]7, where [a], [0], [¢] € (0,1) are respective
representatives of a, b, ¢, and the well-known fact that there exists a hyperbolic triangle with angles
[a]7, [b]m, [¢]7 if and only if [a] + [b] + [¢] < 1.

Lemma 3.4. We have Bpgr,r) = {(Ca,Ch, Cc) € (PSLy(R)T"/~)3 | 1 € C,CoC,, CF = C} =
Cm = {1}, a,b,c € (Q/Z) \ {0}}. Moreover, let T = {(a,b,c) € ((Q/Z)\ {0})® | a+ b+ c = 0}.
Then there is a bijection Bpgr,r) — H N (SU—-SUT) sending (Cq, Cy, C.) to (a,b,c).

Proof. Let G = PSL3(R). By Lemma [3.2.(a)| we have that the group Bg consists of the elements
(Ca, Gy, Cc) with 1 € C,CyC, C*¥ = CT = C = {1}, a,b,c € (Q/Z) \ {0}. By Lemma [3.3] these
elements of Bg are exactly the elements (Cy, Cy, C.) € (GT*/~)3 with (a,b,c) € HN(SU-SUT).
Hence, the map from the lemma exists and is a bijection. ]

Proof of Proposition . By definition of Mpgy,, &) we have that r € Mpgy,(r) is equivalent to
7% Bpgr,(r) € BpsL,r)- By Lemmas and this is equivalent to r- (HN(SU—-SUT)) C
HnN(SU-=SUT). If (a,b,c) € H, then clearly a + b+ ¢ = 0 if and only if r(a + b+ ¢) = 0, so
multiplication by r is a permutation of HNT. Sor- (HN(SU-SUT)) C HN(SU-SUT) is
equivalent to r(H N (SU—S5)) € HN (SU-S), which is equivalent to » € M since multiplication
by r on H N (SU—2S5) is injective and hence bijective. O

We will now prove some lemmas so we can find Mpgy,®) in Proposition Recall that we
defined S = {(z,y,2) €ER3: 2 >0,y >0, 2> 0,z +y+ 2 < 1}, and that we view it as a subset of
(R/Z)°.

Lemma 3.5. Let r € (Z/lem(k,l,m)Z)* and let a,b be integers such that 0 < a < k, 0 < b < [,
e+ 2 <1 Then #{z € ~Z/Z|(4,5,2) € S} =[m— 942 — 2] — 1.

Proof. Given z € L7/Z such that (%,%,2) € S, its representative [2] € (0,1) satisfies 0 < [2] <

1—2- %, and there is a unique integer 0 < ¢ <m — 4* — bTm with [z] = . Given such c, the class
z of £ in L7Z/Z satisfies (¢,%,2) € S. Thus #{z € 2Z/Z | (%£,%,2) € S} is equal to the number
of integers strictly between 0 and m — %% — Y which is [m — 4% — 227 — 1, O

Recall that M = {r € (Z/lem(k,l,m)Z)* :r- (HN(SU=S8))=HN(SU-S5)}.

Lemma 3.6. Let r € M be such that for all elements in H NS of the form (%7%,2) we have
(%, 7,r2) € HNS. Write vy, respectively r for the smallest positive representative of v modulo k
respectively . Then {m -2 - %W = (m — T — %] Moreover, if m > max{k,l}, then r = 1
(mod lem(k,1)).



Proof. Clearly, f e %1 > (m — "’“km e -| As for all elements i 1n HANS of the form (%
Wehave(k, t,rz) € HNS,themap {z € LZ/Z| (1,},2) € S} = {2 € LZ/Z| (£, %,2) € S},
rz is well-defined. Since multiplication by risa leeCthIl on H, this map is injective, so

1 11 1 T T
—Z]7 | (—, ~ < —Z]Z | (+, = .
#{zem/ |(k,l,z)€S}_#{z€m/ |(k,l,z)65}
Lemmathen gives [m — 7t — Zt] < [m — T — TR

Now suppose m > max{k,l}. If rp =r = 1 we are done S0 suppose 1, 7; are not both 1. Without

loss of generality we assume g, > 2. Let t =m — 70 — 5t u =m — % — " Then [t] = [u], so
1 1 re T r,—1 r—1 m
s m( k l> mUT R T m( KT )T w T
Contradiction. So rp =r; = 1. O

In the lemma below, given two sets of integers A, B, we write A = B (mod m) if for all a € A, there
is some b € B such that a = b (mod m), and vice versa.

Lemma 3.7. Suppose m > 3, let r € (Z/mZ)* and let ¢ be an integer such that 1 < ¢ <m —2. If
{1,2,...,c¢} ={r,2r,...;cr} (mod m), thenr =1.

Proof. Suppose {1,...,c} = {r,2r,...,cr} (mod m). Note that ¢ < % or m — (c+1) < % Choose
c € {e,m —(c+1)} so that ¢ < . Claim: {1,2,...,c'} = {r,2r,...,c/r} (mod m) Proof claim:
we already know this is true for ¢ = ¢, so it remains to be shown that {1,2,....m—(c+ 1)} =
{r,2r,....,(m — (¢ + 1))r} (mod m). Since {1,...,¢} = {r,2r,...,cr} (mod m), we also have {c +
1,..om—=1}={(c+ Dr,...,(m —1)r} (mod m), thus

{1,2,...m—(c+ 1)} ={-(m—-1),—(m—2),...,—(c+ 1)}
={-(m—1r,—(m—2)r,....—(c+ 1)r}
= {r,2r,...,(m — (c+1))r} (mod m),

proving the claim. Suppose r # 1 and assume without loss of generality that r is an integer and
0 < r < m. Define d := L%J We will get a contradiction with {1,2,...,¢'} = {r,2r,...,cr} by
Showingthat d+1<cdandd < (d—l—l)r < m. Since r # 1 we have d = L%/J < % <d,s0d+1<c.
Since d > £ — 1, we also have dr > (f —r=¢—r,so (d—|— 1)r = dr +r > ¢. Finally, since
{1,2,...,c } ={r,2r,...,cdr}, we have r < ¢, so (d+ 1)r = L;Jr +r<2d <m. O

Proof of Proposition|3.1.(b). Proposition gives that M = Mpgr, ), so it suffices to show
that if + + + + L < 1, then M = {£1}. By Lemma and Proposition |3.1.(a)| we have that
{£1} C M.

Suppose %—i— % + % < 1. Clearly M does not change if we permute k, [, m, so we may assume without
loss of generality that m > max{k,l}. Then m > 4. Let » € M. Claim: at least one of the sets
T:={(§%2:2€L12/2}nS and T* := {(},%,2) : z € LZ/Z} N =S is empty. Proof claim:
define 7 : (R/Z)3 — (R/Z)?, (z,y,2) — (x,y). Notice that 7(T) N 7(T*) C «(S) Nw(=S) = 0, so
(%, 7) ¢ ©(T)Nw(T*), proving the claim.

So since 7 € M, either for all elements in H N S of the form (4, 1,2) we have (§,%,72) € HN S or

for all such elements we have (¢, 7,7z) € —(H N.S). Choose v’ € {r, —r} so that for all elements



T ,rz) € HNS. Note that ' € M by Lemmaand
Proposition [3.1.(a)] Now Lemma [3.6] gives that ' =1 (mod lem(k, ).

If(]€7 T )GHﬂS then(k, l,r 'z) = (:, ll, z) € HNS. This, combined with the fact that multi-

plication by r’ is a leeCthIl on —Z/ Z, glves that multlphcatlon by 7’ permutes the set of elements in
H NS of the form (+,%,2). Thus {ZE LZ)2) (3.1, 2) €S} ={2€ LZ/Z| (4, },2) € S}.
Let c:=[m(l1— 4+ —1)] —1 and let ¢ : (Z/lcm(k, I,m)Z)* — (Z/mZ) be the homomorphism that
sends = to x (mod m). We want to apply Lemma to m, q(r’) and c. Lemma gives

1 2 c 1 1
i S ~7)Z| (-
{mzimit={reszmig
1

k

in HNS of the form (4, 1,2) we have (=, r

. 1,1 1 1 11
SlnceE+7+E<1wehaveE<l—E—

l,sol<m—?—m. Thu52<fm—ﬂ—%1 and

: £

hence 1 < ¢. Since m > max{k,[}, we have + 5 —|— > 57 so1l— E — 1 <1— . = ™= Therefore
c < mﬂ,%,%) < m—1. For all integers d we have Wl = %, S0 we may apply Lemmaato m,c

and ¢(r’). This gives us ¢(r') =1 (mod m), so 7/ =1 (mod m), and thus r € {+r'} = {£1}. O

Proof of the implication (2) = (3) of Theorem[1.4 Suppose + + 1 + = < 1 and r ¢ {£1}. Then
r ¢ Mpsr,(r) by Proposition[3.1.(b)| so PSLa(R) is not (k, [, m, r)-quasi-Burnside by Lemma O

The proposition below will be used in

Proposition 3.8. Suppose k = | and let v € (Z/lem(k,m)Z)*. If £ + L < 1, then there are
z,y, 2 € PSLa(R) with zy = z, ¥ = y* = 2™ = 1 such that there do not exist z', 2",z € PSLy(R)
with 'z =2, 2/ ~a™ ", 2" ~a", 2/ ~ 2".

Proof. Given a group G, recall that Bg := {(C,D,E) € (G/~)* : 1 € CDE,C C G[k]°, D C
G[k]°, E C G[m]°}. Analogous to the definition of Mg in §2| we define

Ng :={r € (Z/lecm(k,m)Z)* |V(C,D,E) € Bg : (C”",C",E") € Bg}.
Given a group G, one can show analogous to Lemma[2:8] that r € N if and only if for all z,y,z € G
we have

! " / /Wi ! / — " /
zy=z a8 =y =" =1= 2" 7 eG:add =2 & ~a", 2 ~a", 2~ 2T

So it suffices to show that if % + % <1, then r ¢ Npgsr,(r)-

Note that since k = I, we have H = (+Z/Z) ® (+Z/Z) ® (- Z/Z). By definition of Npgr,, &) we have
that r € NPSLQ(R) if and Ol’lly if for all (Ca,Cb7CC> S BPSLZ(R we have (C;T,Cg,cg) S BPSLQ(R)'
Since (C, 7, Cr,CT) = (C—rqy Cra, Cre), Lemmas and give that this is equivalent to the
statement that for all (a,b,¢) € HN(SU—-SUT) we have (—ra,ra,rc) € HN(SU-SUT). Given
s € Q/Z, we write [s] for the smallest non-negative representative of s modulo 1. Note that given
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(a,b,c) e HN(SU—-SUT) we have

(—ra,ra,rc) e HN(SU—-SUT) & [—ra] + [ra] + [rc] < 1 or [—ra] + [ra] + [rc] > 2
< 1—[ra]+[ra]+ [r¢] <1or 1—[ra] + [ra] + [rc] > 2
S regg<0orfre >1erce=0<c¢=0,

but such ¢ is never equal to 0. Thus r € Npgr, k) if and only if HN(SU-SUT) =0. If £ + L <1,
then (+,7, L) € HN(SU—-SUT), so then r ¢ Npsr,®)- O

Proposition 3.9. The group PSLy(R) is Honda and quasi-Honda.

Proof. Theorem 3 of [10] states that if K is a field with more than 3 elements, then every element of
PSL, (K) is a commutator. Thus PSL,,(K) is Honda for such K, so in particular PSLy(R) is Honda.

Let r be an integer, z,y, z € PSLy(R) and suppose that [z, y] = z, (z) = (z"), (z) = (2"). We will
show that there exists w € PSLy(R) with [z, w] = 2". By Proposition [2.1.(a)] we may assume that «
and z have finite order. By Lemma the non-identity elements in PSLy(R)T°T are exactly the
elements conjugate to some o, where a € (Q/Z)\ {0}. Suppose z # 1. Then z # 1,80 x = 90,, z =
ho. with g,h € PSLy(R) and a,c € (Q/Z) \ {0}. We have 1 = z(Vz~1)27! = (90,)(Yo1_a)(Po1_0),
so if we write [a], [1—a],[1—¢] € (0, 1) for the respective representatives of a,1—a, 1 —¢, then Lemma
3.3\ gives 2 — [c] = [a] + [1 —a] +[1 — ¢] ¢ (1,2). Contradiction, so z =1. Thus [z,y] =2z=2". O

4 Universal groups

Recall that By, = (a,c| a* = (a71c)! = ¢™ = 1) and Hy,, = (a,b,c | [a,b] = ¢, a* = ™ = 1).

We will now determine the structure of Hy, ,,, and B g . Define
Grm = (i €Z/KZ) | c* =1(i € Z/kZ), cx—1---c1c0 = 1).

One easily checks that there exists a unique o € Aut(Gg,y,) such that for all i € Z/kZ one has
o(c;) = ¢i41. This o defines a semidirect product G, % (a) where a has order k, and the inner
action of a on Gy, is given by o. Given this o, one readily shows that there exists a unique
7 € Aut(Gy,m * (b)), where b has infinite order, with 7|¢, ,, = o, 7(b) = cob. Notice that 7%(b) =
Cr—1--c1cob = b, thus 7% = id. So 7 defines a semidirect product (G, m * (b)) x (a) where a has
order k, and the inner action of @ on Gy, * (b) is given by 7. We deliberately use the same letter
a as in By, and Hy ., and the same letter b as in Hy ,,,. Proposition justiﬁes this. In this
proposition, Hy, ,, and By i are written in terms of free and semidirect products, allowing us to
easily embed By, j.m in Hy .

Proposition 4.1. Let {a), (b) be cyclic groups of orders k, co respectively.

3

(a) There exists an isomorphism of groups Gi.m X (a) = B g.m : @+ a, ¢; — a‘ca™".

(b) There ezists an isomorphism of groups (G m * (b)) x (a) = Hy.m :a > a, b b, ¢; — alca™.
Moreover, (G m * (b)) x (a) = (a,b,c; (i € Z/kZ) | ™ =1(i € Z/KkZ), a* = 1, *b = cob, “¢; =
Cit1 (’L S Z/kZ)>

(¢) There exists an embedding By jm < Him : a— a, ¢ c.

11



Proof. The proof of (a) is similar to the proof of the first statement of (b), so we omit it. It is not hard
to see that (G m * (b)) x (a) = Hgm : a > a, b b, ¢; — alca™ and Hy  — (G * (b)) % (a) :
a+ a, b — b, ¢ — ¢y extend to inverse homomorphisms, which proves the first statement of
(b). One easily checks that the relations a* = 1, b = cob and %c; = c¢;;1 (for all i € Z/k7Z)
imply that cx_1 - - - c1co = 1, proving the second statement of (b). Since H . = (Gi,m * (b)) % (a),
By k.m = G m % {(a) and the action of (a) on G, is identical in both groups, we may view By, i m
as a subgroup of Hy, . O

Note that given s € Z/kZ, the automorphisms o and 7° are well-defined, as 0% = id and 7% = id.
If r € (Z/1em(k,m)Z)* and [r] is the smallest positive representative of r modulo lem(k, m), then
we define ¢, _1 -+ - c1¢o 1= ¢y -+ c100.

Lemma 4.2. In Gy, % {a) we have ¢,—1 -+ c1co = a” - (a"le)".

Proof. For all s € Z/kZ we have a®copa™® = 0%(co) = ¢s, S0

(a_lco)r =a"a" tega " Va2 -a 2acoa teg = a " Tepy - 100 O
The following proposition and lemma will be used in to prove the equivalence (1) < (2) of
Theorem Recall that if ged(k,m) < 2, then given r € (Z/lem(k, m)Z)* there exists a unique

element r* € (Z/lem(k,m)Z)* with r* =r (mod k) and r* = —r (mod m) (Lemma [2.9).
Proposition 4.3. Let r € (Z/lem(k, m)Z)*.

(a) Every group is (k,k, m,r)-quasi-Burnside if and only if there exist x,y € Gim and i € Z/KkZ
such that 0" (z)c,—q1 -+ crcox™ = Yel.

(b) Suppose ged(k,m) < 2. Then every group is (k,k, m,r*)-quasi-Burnside if and only if there
exist v,y € Gym and i € Z/kZ such that (c,—1---cico) to"(x)x™ =Yl

(c) Every group is (k,m,r)-quasi-Honda if and only if there exist v,w € Gy * (b) and i € Z/kZ

such that 7" (v)v~1 = ¢l
Proof. The proofs of (a) and (c) are similar, so we omit the proof of (¢). Suppose every group
is (k, k, m,r)-quasi-Burnside. Then by Proposition there exist g,h € By ,m such that
a” - 9(a"te)" = "¢, so by there exist g,h € Ggm % (a) such that a” - 9(a"teg)” = "cfy.
Choose such g, h, and write g = o’ - © with € G}, and j € Z/kZ. Then a” - ¥ % (a"tcy)" = "cf.
By conjugating both sides by a7, and writing a7 - h = y - ' with y € Gy, and i € Z/kZ, we
find a” - *(a"lcy)" = “ﬂhcg = y“lcg. By Lemma m we have a” - F(a™"¢p1 - C100) = yalcg, SO

3 . . . .
o (x)ep_1 -+ crcor™t =Y ¢ = Ycl. The entire argument is reversible, proving statement (a).

Suppose ged(k,m) < 2. By (a), every group being (k, k, m,r*)-quasi-Burnside is equivalent to the
existence of z,y € Gy, and i € Z/kZ such that 0" (z)c,—1 -+ c1cox™ = Y¢; " Choose such z,y,i.
Inverting both sides of the equation, and then conjugating by x=! gives (¢,_1---c1co) o™ (z 7 )a =
= er so for 2’ = 21,y = 27y we have (¢,_1---c1co) " to"(2) (') "L = ¥'¢7. This proves one
implication of (b). By reading the argument backwards, one proves the other implication. O

Lemma 4.4. Letr € (Z/lem(k,m)Z)* and suppose %—i— % < 1. Then there do not exist x,y € G m

and i € Z/k7Z such that 0" (x)x=t =Ycl or (c,—1-+-c1co) to" (z)ep_1 -+ creor™t = Yel.
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Proof. Analogously to Proposition [2.11] one can show that every group G has the property that for
all z,y,z € G we have

! 1" !/ i ! ! - " !
py=z, 28 =yF=2"=1= W 2" 7 eG: 22 =2 '~z 2" ~a", 2~

if and only if there exist g,h € By k. such that a=" - 9a” = "¢". By Proposition the group
PSLy(R) does not have the property above, so such g, h do not exist. If x,y € Gy, and ¢ € Z/kZ

satisfy o (z)z~1 = L= yaic. Conjugating both sides by 2 'a™" then gives

—1 -

a T lgr = la Ty“icg. Then by Proposition there exist g, h as above, giving a contradiction
and proving the first statement of the lemma.

Yer, then a"za "2~

Let 2,y € Ggm, i € Z/kZ such that (c,—1 - c1co) Lo (x)er—1 -+ - c1coz™! = Ycl. By Lemma we
have Ycl = (c,—1---c1c0) Lo (z)cr—1 -+ crcox™t = ((a7teg)"a"")a"xa " (a" (a L))zt Thus
valer = Vel = (a7 tco)""w(a" ep)"w L. By Proposition [4.1.(a)| there now exist v,w € By g, such
that (a=t¢)™" - Y(ate)” = “¢". Define a : Bigm — Brkm, a — a"te, ¢ = a"tca. One easily
shows that « is a homomorphism and that o2 is the identity, so a is an automorphism of order 2
that sends a~'c to a. Applying « to our formula gives a=" - *(V)q" = "‘(“’)‘flcr, but in the beginning
of the proof we showed that such elements g := a(v), h := a(w)a~! do not exist. O

5 Reduced words

In this section we define a special notion of a reduced word in a free product of a group and an
infinite cyclic group. This special notion has the advantage that under certain automorphisms of
this free product, the “lengths” of these reduced words are preserved. (Proposition [6.1}) We will
use this special notion to prove a combinatorial group theoretic result (Proposition with which
we can prove the equivalence (1) < (2) of Theorem

Throughout this section, G will be a group and (b) will be an infinite cyclic group.

Definition 5.1. Let s be a non-negative integer. A reduced word of length s in G x (b) is a sequence
(ug, ut, ..., uss) with ug; € G for 0 < i < s and u2l+1 € {b,b1} for 0 < i < s such that there does
not exist i with 0 < i < s, ug; = 1 and ug;_1 = “2z+1

Note that the length of a reduced word is the number of its letters that are equal to b or b1,

Proposition 5.2. For each non-negative integer s, let Ys be the set of reduced words of length
s in Gx (b). Then for every g € G* (b) there is a unique non-negative integer s and a unique
(g, ..., uas) € Yy such that g = uguy - - - uas. O

We say that (ug, ..., u2s) is the reduced word of g.

Proof. We follow a method that J.-P. Serre used in the proof of Theorem 1 in section 1.2 of [9],
originally invented by B.L. van der Waerden [11].

Let C'=Gx (b) and let Y = |, Y be the disjoint union of all Y’s. We will let C act on Y by
letting G and (b) act on Y separately. For every non-negative integer s, we define the action of G

on Y by the maps
s : G XY, =Y (v, (ug, ..., us)) — (VUg, ..., Ung)-
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For all e € {£1} we define the map

(ug, ..., Uzs ), ifs>1,ug=1, u =b"¢,

Y =Y (ugy ..., Uss) >
b (o 2) {(17176,“07...,”25), else.

One easily checks that f_16; = $16-1 = id, thus f; is a permutation of Y. Hence we may define
the action of (b) by the group homomorphism (b) — Sym(Y") sending b to 5.

We finish the proof by showing that the map 0 : Y — C sending (ug, ..., u2s) t0 ug---uss is a
bijection. For all w € Y and all h € G U {b,b=1} we have §(hw) = hf(w), so 0(gw) = gf(w) for all
g € C. Thus for all g € C we have g = g-0((1)) = 0(g- (1)), where (1) € Y is the word consisting of
only 1 € G, so 6 is surjective. One can show, by induction on the length of w, that for all w € Y one
has f(w) - (1) = w. So if f(w) = O(w’), then w = H(w) - (1) = O(w') - (1) = w’, so § is injective. [

Lemma 5.3. Let (u;)?%,, (vi)fi/o be reduced words in G * (b) with s,s’ non-negative integers. If
(Ug)y -y Ugs—1, U5V, VL, -.vy Vagr ) 18 MOt a reduced word in G * (b), then s > 1, s’ > 1, ugs_1 = vl_l,
and ussvg = 1. ]

Proof. Suppose that w := (ug, ..., U2s—1, U25V0, V1, ..., V2s ) is N0t a reduced word. Then there exists a
triplet (w1, ws,ws) of consecutive elements of w for which one has wy =1 and wy = w;l € {b,b71}.
Since (u;)?,, (vi)?i/o are reduced words, wy, wa, w3 are not all three elements of (u;)?%,, and not all
three elements of (vi)?io. Sos>1,s >1, w = ugs_1, wo = Ugsvy and w3 = vy. O

Definition 5.4. We define len : G x (b) — Z>o to be the function that sends an element of G * (b)
to the length of its unique reduced word given by Proposition[5.4

Proposition 5.5. For all u € G x (b) we have len(u) = len(u~1). More precisely, if (u;)%

720 1s the
reduced word of some u € G (b) with s a non-negative integer, then (u; '), is the reduced word of

u L. O

Lemma 5.6. Let u,v € G (b) and let (u;)?%,, (v;)2%, be their respective reduced words with s, s’
non-negative integers. Then there exists an integer 0 < n < min{s, s’} such that the sequence w,, :=
(UO,...,u2572n71,u2572nv27s}72n,7.)2751/72,”71,...,Ual) is a reduced word. Moreover, for the smallest

such integer n, we have that w,, is the reduced word of uv=", and len(uv=1) = s + s’ — 2n.

Note that 2n is the number of pairs of letters that cancel each other in wv=1.

Proof. Let 0 < n < min{s,s’'} be an integer. Proposition gives that (v;)J, is a reduced
word, so if n = min{s, s’}, then Lemma gives that w, is a reduced word. Suppose n is the
smallest integer such that w, is a reduced word. Then for all ¢ with 0 < ¢ < n we have that
(ug, ...,uzs,gi,l,uzs,givg%_Qi,U;S%_2i_1, ...,val) is not a reduced word, so then Lemma H gives

—1 —1 — -1 _ -1 -1 -1
U25—2i—1U25—2iVogr_9;Vosr_o9; 1 = 1. Thus uv™" = ug - - Ugs—2n—1 - U2s—2nVogr _on " Vog/_9n_1°" Vg

so wy, is the reduced word of uv™!. Now len(uv=!) = s + s’ — 2n. O

6 Passing to a subgroup

In this section, we use the special notion of a reduced word from the last section to prove that there
exists a solution of a certain equation in the free product of some group G with an infinite cyclic
group (b) if and only if there exists a solution of at least one of four equations in G (Proposition

14



6.2)). These equations are very similar to those in the theory about when certain equations in Gy,
and Gy, * (b) have solutions (Proposition and Lemma [£.4)). This allows us to finish the proof
of Theorem by applying Proposition [6.2] to our group Gy, and then using the theory from §4}

Analogously to the existence of 7 just before Proposition [£.I] we have that given a group G, an
infinite cyclic group (b), ¢ € Aut(G), and p € G, there exists a unique 1 € Aut(G * (b)) with
Proposition 6.1. Let ¢ € Aut(G), p € G, and let ¢ be the unique automorphism of G * (b) with
Y|la = ¢, ¥(b) = pb. Then for all v € G % (b) we have len(v) = len(y(v)). More precisely, if
(v;)2%, is the reduced word of v with s a non-negative integer, define for all 0 < i < s the number
€2i+1 € {1} to be such that ve;y1 = b2+1, define

_Jp e=1,
Pe=N1 ife=—1,

and define
g = ¢(V0)Pe;
Ug; = (p,e%_l)*14,0(1)21-)]96%+1 if0<i<s,
Ugi41 = V2i41 if0<i<s,
Uns = (P—eyuy)H0(02).

Then (u;)%, is the reduced word of ¥ (v).
Proof. One straightforwardly checks that 1(v) = ug - - - ugs, and that (u;)2%, is a reduced word. [

Proposition 6.2. Let G be a group, (b) an infinite cyclic group, ¢ € Aut(G), p,q € G, and let ¢ be
the unique automorphism of G * (b) with ¥|g = ¢, ¥(b) = pb. Then there exist v,w € G * (b) such
that ¥ (v)v=t = “q if and only if there exist x,y € G such that

p(x)z™t =Yg, or p(x)pz~" =Yg, or p~tp(x)a™! =Yg, or p~p(x)pz =Yq.

Proof. To prove the implication <, choose v = z, w = y in the first case, v = zb, w = y in the
second case, v = b~ 'z, w = b~y in the third case and v = b~ 'zb, w = b~y in the fourth case.

As for the other implication: if ¢ = 1, then any y € G satisfies ¢(1)17! = Yg, so we may assume
that ¢ # 1. Let v,w € G * (b) be such that ¥(v)v~! = wqw™!. Note that len(y(v)) = len(v) by
Proposition Let (u3)2%,, (v)%,, (w;)?, be the reduced words of respectively 1(v), v, w. As
q # 1, we have ’IUth’lUQ_tl # 1. Clearly (wp, ..., wat—1, waq) is a reduced word, and by Proposition
the sequence (w; ")?_,, is a reduced word. Lemma then gives that (wp, ..., warquwy,', ..., wy ) is
the reduced word of wqw ™.

We want to apply Lemma [5.6/to 1 (v) and v to find the reduced word of ¥ (v)v~!. Since ¥ (v)v~! =
wqw™!, we have len(1(v)v~1) = len(wqw™') = 2¢. Thus n as in Lemmal5.6]is equal to s—¢. We have
Ugg_o(s—t) = Uzt and Vag_o(s_y) = Vag, SO Lemma gives that (ug, ..., Ugs_1, Ut Var , Voy- 1, ...,vo_l)
is the reduced word of 1 (v)v=1. As ¥ (v)v~! = wqw™?, the middle letters of their reduced words are
equal, so ugtvgtl = wgtqwil. Propositiongives ugy € {@(var), (v2e)p, D~ Lo(var), Lo (v2t)p}, SO

Warqwy," = uzvy," € {p(var)vy,, o(vae)pva,' p o (v2r) vyt p ™ p(vae)pu '} O
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Lemma 6.3. Let r € (Z/lcm(k, m)Z)*, let i € Z/KkZ, let (b) be an infinite cyclic group, and let

Gim, 0, T, Cr—1---C1Cq be defined as in . Suppose % + % <1.

(a) Then there exist v,w € G, m * (b) such that 7" (v)v™' = “cl if and only if there exist x,y € Gy m
such that 0" (z)c,—1 -+ crcor™ =Yel or (cp—1 - c1co) Lol (x)a™t =Yl

(b) If ged(k,m) > 2, then there exist v,w € Gy m * (b) such that 77 (v)v=! = “c if and only if
there exist x,y € G, such that o"(x)cy—1 -+ crcom™ = Ycl.

Proof. Applying Proposition [6.2] to G = Grm, ¢ = 0", p = ¢,_1---c1c0, ¢ = ¢}, Y = 7" gives
that there exist v,w € Gim * (b) such that 77(v)v™! = “cI if and only if there exist z,y €

(3

Grm such that o"(z)x™! = Ycl, or 0" (z)c,—1 - crcor™! = Yo, or (¢p_q---crcp) to"(z)x™! =
el or (cp_1---c1co) to"(x)ep—1 -+ crcoz™t = Yl By Lemma there do not exist =,y € G m
such that o"(x)z™1 =¥cl or (¢,—1---c1co) Lo (x)er—1 -+ crcoz™ ! = Ycl, proving (a).

Let (@) be a cyclic group of order ged(k, m), and define the group homomorphism x : Ggm — (@)
so that for all i € Z/kZ one has x(c¢;) = . Notice that x o 6" = x. Suppose ged(k, m) > 2. If there
are x,y € Gy, such that (¢,_1 -+~ cico) ~to"(z)z~! = ¥l then applying x would give a ™" = a”, so
then o = 1. This contradicts ged(k, m) > 2, proving (b). O

Proof of the equivalence (1) < (2) of Theorem[1.dl If Z + L > 1, then by Theorem 1.2/ every group
is (k, k, m, r)-quasi-Burnside, so by Proposition [2.4.(a)| every group is also (k,m,r)-quasi-Honda.

Suppose that % + % < 1. We prove the equivalence in the case where ged(k,m) > 2 and in the
case where ged(k,m) < 2. By Proposition [4.3.(c)| every group is (k, m,r)-quasi-Honda if and only
if there exist v, w € G and i € Z/kZ such that 7" (v)v~! = ¢,

7

If ged(k,m) > 2, then Lemma gives that the existence of such v, w,i is equivalent to the
existence of x,y € G, and i € Z/kZ such that o"(z)c,—1---crcoz™! = YcI. By Proposition
this is equivalent to every group being (k, k, m,r)-quasi-Burnside. If ged(k,m) < 2, then
Lemma gives the existence of v, w, ¢ as above is equivalent to the existence of z,y € Gy, and
i € Z/KZ such that o"(z)c,—1-+-crecor™! = Yl or (cp_1---cre0) Lo (z)z~t = Ycl. Propositions
[4.3.(a)l and |4.3.(b)| give that this is equivalent to every group being (k, k, m,r)-quasi-Burnside or
every group being (k, k, m, r*)-quasi-Burnside. O
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