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1 Introduction

One of the most remarkable achievements in Gauss’s 1801 Disquisitiones Arithmeticae
[Gaul801] was his theory of binary quadratic forms

Qx,y) = ax’? +bxy+cy2 (1.1)

with integer coefficients®. Historically, the study of these forms and which integers they
represent was central to number theory. Early examples include Fermat’s theorem on the
sum of two squares and subsequent work on primes of the form 22 + ny? [Cox89, §1.2]. It
became clear that a general theory was needed to settle many open problems at the time.
This led Gauss to develop his theory of equivalence and composition of quadratic forms.

The primary goal of this thesis is to reframe the work of Gauss in the context of
algebraic geometry. More specifically, we detail a correspondence between integral binary
quadratic forms of discriminant A and the fppf-torsors of a certain group scheme RlA
over Spec(Z). Gauss composition then arises naturally as the group law on its first
cohomology group. This geometric viewpoint suggests a generalization, replacing RIA by
the norm 1 group scheme R%, / (Gpy) associated to a finite locally free morphism of
schemes Y — X. We interpret its first cohomology group as a certain norm class group,
recovering the narrow class group when ¥ — X = SpecZ is a quadratic extension. For
a quadratic extension of a global field of class number one, we determine the 4-torsion of
this norm class group using a spectral sequence.

1.1 The work of Gauss

The form (1.1) is primitive when ged(a, b, ¢) = 1 and its discriminant is b>—4ac. Denote by
Fa the set of primitive integral binary quadratic forms of discriminant A. Gauss defined
forms @1, Q2 € Fa to be equivalent when there exist integers p, q,r, s € Z satisfying

Qi(z,y) = Q2(pr +qy,rz +sy) and ps—qr=1

That is, the equivalence classes are exactly the orbits of Fa under the natural right action
of SLy(Z). Next, Gauss introduced the following composition law.

Definition 1.1. For Q1,Q2 € Fa, a form Q3 € Fa is called their composition if there
exist bilinear forms

Bi(z,y,z,w) = a;xz + bjxw + ¢;yz + diyw € Zlx,y,z,w] for i=1,2

satisfying
Q1(z,y)Q2(z,w) = Q3(B1(z,y, z,w), Ba(x,y, z,w)) (1.2)
and?
a162 - a2b1 = Ql(l,O) and aj1Cy — agC1 = Qg(l, 0) (13)

One example of this stems from antiquity: Brahmagupta’s identity

(2% — ny?) (22 — nw?) = (2 + nyw)? — n(zw + yz)?

shows that 2 — ny? is a composition of itself with itself. A form Qy € Fa with this
property exists for every discriminant A. Gauss proved the following theorem.

! Actually, Gauss only considered forms whose second coefficient b was even, but nowadays we prefer
not to make this restriction.
2Given (1.2), one always has a1b2 — a2bi = £Q1(1,0) and ai1c2 — azer = £Q2(1,0), see Lemma 2.2.



Theorem 1.2 (Gauss). Let A =0,1 mod 4 be a non-zero integer. Gauss composition is
a well-defined binary operation on Fa /SLa(Z) which makes it into a finite abelian group.

The class of )y is the identity element of this group. The definition of composi-
tion was made more constructive by Dirichlet [Dir1894, §146], though it long retained
some mystery. A new interpretation was given using Bhargava cubes [Bha04], which also
extends to new composition laws, including a composition law on the cubes themselves.

1.2 Interpretation in terms of torsors
Fix a discriminant A, i.e. A # 0 and A =0,1 mod 4. For Q € Fa we define the scheme
Zlz,y) >

Suppose that Q1,Q2, Qs € Fa and By, By € Z[z,y, z, w]| satisfy Definition 1.1. Then (1.2)
implies that we have a ring homomorphism

Z[bth] N Z[l’,y] Q7 Z[Z,’UJ]

(Q3(b1,b2) — 1) (Qi(z,y) = 1) 7 (Q2(z,w) — 1)
bi — Bi(z®1,y®1,1®2,1Q w)

Tg = Spec <

and therefore a morphism of schemes

TQ XTQ2 — TQg.

1

We will call such a morphism a Gauss composition. Together with its canonical section
over SpecZ, such a morphism T, x T, — T, makes Tg, into a group scheme, which
we denote by RlA.

Now, for every Q € Fa, there is a canonical Gauss composition T x R\ — T. We
prove that this makes Ty into an RlA—torsor, and that Q1, Q2 € Fa are SLa(Z)-equivalent
precisely when Tg, and Tg, are isomorphic as RlA—torsors. As the set of isomorphism
classes of G-torsors can be identified with H' (X f,,r, G) for a flat finite-type group scheme
G over X [Mil80, Prop. II1.4.6], this culminates in the following theorem.

Theorem A. For a discriminant A, associating to a form @QQ € Fa the RlA—torsar To
mduces an isomorphism

Fa/SLa(Z) == H'(SpecZjpps, RA)-

Chapter 2 presents a proof of Theorem A that is independent of the results of Gauss,
thereby providing an alternate proof of Theorem 1.2. We will forego explicit computations
by relying on algebro-geometric tools like torsors and faithfully flat descent.

1.3 The norm class group

The group scheme RlA is an instance of the more general construction of the norm 1
group scheme R%/ +(Gpy) associated to any finite locally free morphism of schemes
Y — X, defined in §3.1. Even in this generality, there is a concrete interpretation of
H(X, R%,/X(Gmy)). To an invertible Oy-module, one can associate an invertible O x-
module N (L), called its norm [EGAII, §6.5]. We introduce the norm class group, which
is the group NormCl (Y/X) of invertible Oy-modules £ of trivial norm, together with a
choice of isomorphism N(£) = Ox. Chapter 3 will prove the following theorem.



Theorem B. For a finite locally free morphism'Y — X, there is a canonical isomorphism

NormCl (Y/X) = H* (X tppt R%//X (Gm,y))-

The norm class group NormCl (O/Z) of an order O in a number field K is closely
related to the narrow class group CIT(O). If K has r < 2 real embeddings, we even have

CIt(0), if r=1,2

NormCl(O/Z) = {Cﬁ(o) @ {£1}, ifr=0.

despite the fact that NormCl(O/Z) is defined without separate treatment of the infinite
places. When O is quadratic of discriminant A over Z, we have R/, /Z(Gm,o) = R} and
Theorems A and B together recover the classical correspondence between binary quadratic
forms and the narrow class group.

Chapter 4 features an application of the norm class group to describing the 4-torsion of
class groups of global fields. The 2-torsion part of the narrow class group of a quadratic
number field is determined by Gauss’s genus theory. The 4-torsion was described in
[Réd34] as the rank of the Rédei matrix, which has as entries the local Artin symbols of
primes at ramified places. This has been generalized to quadratic extensions of F,(t) with
g odd [Wit09, Thm 1.1] and to quadratic extensions of number fields of odd class number
[Qin09]. We will see that for a quadratic extension of global fields, such a theory arises
naturally for norm class groups from the Hochschild—Serre spectral sequence. Denoting
the 2- and 4-rank of the norm class group of a quadratic extension of rings B/A by

ro(B/A) = dimp, NormCl (B/A)[2]
r4(B/A) = dimp, NormCl (B/A)[4]/NormCl (B/A)|2]

we prove the following theorem.

Theorem C. Let L/K be a quadratic extension of global fields with char(K) # 2. Let
A C K be a PID with field of fractions K and B C L the integral closure of A in L. Write

A= A[p%’ cee p%] where p1,...,pr € A are generators of the prime ideals of A at which
B/A is ramified. Suppose vi,...,vs _are the places of K mnot corresponding to a point in

Spec A and €1, ...,¢€s is a basis for AX/(EX)Q. Define the matriz
Ry = (00,(€5))ij
where 0, is the local Artin symbol of L/K at v;. Then we have
r4(B/A) = ro(B/A) — rk Ry.

The Galois cohomological argument for genus theory in [Lan80, Lem. 13.4.1] can be
applied in this case to find the 2-rank:

T'Q(B/A) —5— dimFQ (BNormzl/(BNormzl)Q) )

The information about the norm class group can be related back to the wide class group
via the short exact sequence

0 —— A*/Np/x (B*) —— NormCl(B/A) —— CI(B) —— 0

which holds whenever A is a PID. We will end with an example of this.



2 Torsors from quadratic forms

Fix a non-zero integer A = 0,1 mod 4. This chapter establishes the connection between
quadratic forms and RlA—torsors. The goal is to construct the isomorphism

Fa/SLa(Z) = H'(SpecZpps, RA) (2.1)
of Theorem A, thus providing a geometric proof of Theorem 1.2 on Gauss composition.

The proof can be broken down into three steps. The first step introduces the con-
cept of SLy(U)-equivalences (Tg,)uv — (T,)u and shows that equivalence of forms,
composition and the group scheme structure of RIA can be phrased in terms of such iso-
morphisms. This is done in §2.1 and will be the only step that requires direct calculations
with quadratic forms. Next, the proof that (2.1) is well-defined, injective and a homo-
morphism follows from the geometric theory of torsors. This is discussed in §2.2. The
final step is to prove surjectivity, which will be done with faithfully flat descent in §2.3.

The last two steps resemble results in [CF15, §4.1] about other group schemes. It can
be viewed as an instance of a more general method [Gir71, Thm. 2.5.1], recently referred
to as the “yoga of forms” [Gil24, Rmk. 3.2]. However, the theory presented here will be
self-contained, relying only on standard algebraic geometry, for example as in [Mil80)].

2.1 Geometric Gauss composition

To speak about the theory of Gauss in geometric parlance, we establish the following
dictionary.

For a form @ € Fa, we define the scheme

Ty = Spec ((Qé[ﬂ;)y]_l)) .

It represents the functor Sch®® — Sets given by
U+ {(z,y) € Oy(U)*: Q(z,y) =1}.

Using the fact that @ is primitive and [Mil80, 1.2.5 and 1.2.7], we see that Ty is faithfully
flat over SpecZ. For a scheme U over Z, we denote the base change of T to U by (Tg)uv.

Definition 2.1. Let Q1,Q2, Q3 € Fa. A morphism of schemes T, x T, — Tp, is called
a Gauss composition if the corresponding ring homomorphism

Z[blabﬂ N Z[$,y, Z,w]
(Q3(b1,b2) — 1) (Qi(z,y) — 1,Q2(z,w) — 1)
sends b; to a bilinear form B;(z,y,z,w) = a;xz + bjzw + ¢yz + diyw € Zx,y, z, w| for

i = 1,2 satisfying (1.2) and (1.3). For an affine scheme U = Spec A, an isomorphism
(To,)u = (Tg,)u is called an SLy(U)-equivalence if the corresponding ring isomorphism

A[wv y] ~ A[%,y]
@ y) =1 (@i(w,y)— 1)

is given by (z,y) — ~(x,y) for some matrix v € SLy(A).



Clearly, Q3 € F3 is a composition of Q1,2 € Fa if and only if there exists a Gauss
composition T, x Tg, — T, and two forms Qq,Q2 € Fa are SLy(Z)-equivalent if
and only if there exists an SLg(Z)-equivalence T, — T,. For an affine scheme U, the
composition of two SLy(U)-equivalences is again an SLy(U)-equivalence and for any affine
U’ — U, the base change of an SLy(U)-equivalence to U’ is an SLo(U’)-equivalence.

The concept of SLo(U)-equivalences will be central to our discussion. An important
example of this is the following characterization of Gauss compositions in terms of such
isomorphisms, which also provides context for condition (1.3).

Lemma 2.2. For Q1,Q2,Q3 € Fa, a morphism Tg, xTg, — Tg, is a Gauss composition
if and only if the induced morphisms

(TQ2)TQ1 — (TQB)TQ1 and (TQl)TQ2 — (TQ3)TQ2

are respectively an SLa(Tg,)-equivalence and an SLa(Tq,)-equivalence.

Proof. First, we claim that for bilinear forms B;(z,y, z,w) = a;xz + bjzw + ¢;yz + diyw
satisfying (1.2) we have

a1z +bw ¢z +djw

a1x + c1y bixr + diy
et
asz + baw coz + dow

=+
agx + coy  box + d2y> Ql(-’L', y) and det (

> = £Q2(z,w)

and both signs are + if and only if (1.3) holds. Indeed, for the matrix

a1x +c1y bix+ diy
M —
asx + coy  box + day

> € Matgxg(Z[ai, y])

we have Q3(M(z,w)) = Q1(z,y)Q2(z,w) and the discriminant of the left hand side is
(det M)?A while the discriminant of the right hand side is Q1(x,y)?A. Therefore, we
must have det M = £Q(z,y) and evaluating in (z,y) = (1,0) tells us that the sign is +
if and only if a;by — asby = Q1(1,0). The other half of the claim follows symmetrically.

Now, for a Gauss composition Ty, x T, — T, it is immediate from the claim that
the induced morphisms (1g,)r,, — (TQs)1y, and (Tg,)1, — (1Qs)1y, are SLa(Tgy,)-
and SLo(T(g,)-equivalences respectively. Conversely, any morphism Ty, x Tg, — Tg,
satisfying the latter condition must clearly be given by bilinear forms By, By € Z[x,y, z, w]
satisfying (1.2) and it follows from the claim that they must also satisfy (1.3). O

Let € € {0,1} such that A =¢ mod 4. The principal form Qo € Fa is defined as

A—EQ
1 Yy

Qo(w,y) = 2* + exy —
and we set RlA = Tg,- This has two crucial properties. First, there is a section
e:SpecZ — R

corresponding to the solution (z,y) = (1,0) of Qo(x,y) = 1. Second, any form in Fx is a
composition of itself with ()y. In fact, in Lemma 2.4 we will see that for every Q) € Fa
there is a canonical choice (with respect to €) of Gauss composition Ty x R\ — Tg,
namely the unique Gauss composition for which the composite

idTQXG 1
TQ e TQ X RA — TQ



is the identity. It is not hard to find explicitly: for Q(z,y) = ax? + bxy + cy? we have

b— b
Q (ﬂ:z - Sz — cyw, aw + ayz + ;gyw> = Qo(z,y)Q(2,w) (2.2)

where b = ¢ mod 2 follows from b> = A = ¢ mod 4. It is readily verified that this defines
a Gauss composition Ty x RlA — T with the desired property.

In particular, for Q = Qq, the expression (2.2) yields a Gauss composition
R\ x R\ — R\. (2.3)

A —
(@) (ew)) — (2 + 27 Sy, v +ys 2o

Together with the section e and the inversion morphism Ry — RY, (z,y) — (z+ey, —y),
it makes RlA into a commutative group scheme. The group scheme axioms are readily
verified, but they will also follow from §3.3. From either (2.3) or Lemma 2.2, we see that
multiplication by g € R4 (U) is an SLy(U)-equivalence (RY )y — (RL)u for every affine
scheme U. When U is flat over SpecZ, the converse holds as well.

Lemma 2.3. For U affine and flat over Z, a morphism of U-schemes (R)u — (RA\)v

Ju
is an SLa(U)-equivalence if and only if it is multiplication by some g € R\ (U).

Proof. We have to show that an SLa(U)-equivalence (R )y — (R} )y is multiplication by
some g € RL(U). The desired g € R4 (U) must be the image of 1 under this isomorphism.
By multiplying by ¢!, we reduce to proving that an SLa(U)-equivalence (R} )y — (RX)v
that fixes 1 is the identity. Such a matrix must be of the form (}7) for some r € Oy (U)
satisfying Qo(z + ry,y) = Qo(x,y). But the coefficient of zy in Qo(x + ry,y) is 2r + ¢
while in Qo(z,y) it is e. We obtain 2r = 0, which implies » = 0 since U is flat. O

This lemma will be the key to proving Theorem A, since it connects equivalence
and Gauss composition to the group scheme structure of RlA. This allows us to rea-
son abstractly about the theory of binary quadratic forms without the need for explicit
computations. This is best illustrated by an example, in the form of the following proof.

Lemma 2.4. For every Q € Fa, there is a unique Gauss composition Ty X RlA — Tg
for which the composite
idxe

To =% Tg x Ry — Tg
is the identity on Tg.

Proof. The desired morphism is given by (2.2). If there are two such Gauss compo-
sitions Ty X RlA — T they are uniquely determined by the induced isomorphisms
o, B : (Ry)1, — (IQ)1,- These are SLy(Tq)-equivalences by Lemma 2.2 and hence
atopf: (Ry)r, — (RA)1, is also an SLy(Tg)-equivalence. It fixes e by assumption,
which means that a~! o 3 is the identity on (RlA)TQ by Lemma 2.3. Thus, a = S. O

The proofs in the next section will all be of this nature.



2.2 Torsors

Before we proceed to the proof of Theorem A, we briefly summarize the information on
torsors that we will be using. It is a slight adaptation of [Mil80, §III.4].

Throughout, we work in the fppf topology, i.e. a cover is a jointly surjective family
of flat morphisms that are locally of finite type. Let G be a flat group scheme over X.
A G-torsor is an X-scheme T that is faithfully flat and locally of finite type over X,
together with a G-action T' x x G — T such that the map

TxxG— TxxT, (s,9) — (s,59)

is an isomorphism. Equivalently, 7" is a scheme over X with a G-action T'x x G — T and
there exists a cover (U;); of X such that Ty, is isomorphic with its Gy,-action to Gy, for
every i. A morphism of G-torsors is a morphism of schemes respecting the G-action, and
this is automatically an isomorphism.

A G-torsor T defines a class in the Cech cohomology group H (X, Q) as follows. Let
(U;)i be a cover of X that trivializes T, so that we may choose a section s; € T'(U;) for
every . For all 7, j, there is a unique g;; € G(U; x Uj) such that s;|u,xv,9i; = sjlv;xv;
and this gives a 1-cocycle (gi;)i; in C((U;);/X,G). A different choice of the s; yields
a cohomologous cocycle, hence T' defines a class in H Y(X,G). This gives a bijection
between the set of isomorphism classes of G-torsors and H'(X,G). We also have a
canonical isomorphism H'(X,G) = H'(X,G) by [Mil80, Cor. I11.2.10]. From now on,
we will identify the set of isomorphism classes of G-torsors with H'(X,G). Under this
identification, G-torsors T, Th and Tj satisfy [T1] + [T] = [T3] in H'(X, G) if and only if
there exists a morphism of schemes m : 17 x x T5 — T3 such that for every U — X and
s1 € T1(U) and s9 € To(U) and g € G(U) we have

m(s1,s29) = m(s1g,s2) = m(s1,$2)g. (2.4)

We can now give a more precise formulation of Theorem A.

Theorem 2.5. Let A = 0,1 mod 4 be a non-zero integer. For QQ € Fa, the canonical
Gauss composition Ty x RlA — T makes Ty into an RlA—torsor. This gives a bijection

Fa/SLa(Z) =+ H'(SpecZ, RY). (2.5)
Q] — [T0)]

For Q1,Q2,Q3 € Fa we have [Tg,] + [Tg,] = [Tg,] if and only if Q3 is a composition of
Q1 and Q2.

It is clear that Theorem 1.2 on Gauss composition will follow from this theorem,
except for finiteness, which we will get back to. For now, we will prove that (2.5) is
well-defined and injective and that Q1,Q2, Q3 € Fa satisty [Tg,| + [Tg,] = [Tg,] if and
only if Q3 is a composition of ()1 and (2. This is the content of the following lemma.



Lemma 2.6. Let QQ,Q1,Q2,Q3 € FA.

a) The canonical Gauss composition Tp x R\ — To makes Tp into an RX -torsor.
Q A Q Q A

(b) For U affine and flat over SpecZ, an isomorphism of U-schemes (Tg,)u — (Tg,)u

is an isomorphism of (RX)u-torsors if and only if it is an SLo(U)-equivalence.

(¢c) We have [Tg,] + [Tg,] = [Tg,) in H'(SpecZ, R}) if and only if there exists a Gauss

composition Tg, X Tg, — Tg,.

Proof. (a) We already noted that T is faithfully flat, and it is clearly of finite type.

Denote the Gauss composition Tg x Ry — Tp from Lemma 2.4 by (s, g) +— s-g. Recall
that —-e : Ty — Ty is the identity morphism. Write U = Tyy x R and let s € T(U)
and g € RL(U) be the natural sections. Then the morphisms s - —: (R\)v — (Tg)v
and —-g: (Tg)v — (Tq)u are SLa(U)-equivalences by Lemma 2.2. The isomorphism
(RY)v = (RX)v fitting into the diagram

(Ry)y ——— (Rp)v

(To)v —2— (Tg)u

must send e to g and is an SLy(U)-equivalence, since all other morphisms in the
diagram are. Hence, by Lemma 2.3, it is multiplication by g. This shows that the
morphism T x RlA — T defines an RlA—action on Tg. It makes T into an RlA—torsor,
as the map Ty x Ry — Ty x Tg is an isomorphism by Lemma 2.2.

Write U’ = T, x U and let s € T, (U’) be the obvious section. Suppose we have
an isomorphism of U-schemes ¢ : (T, )v — (Tg,)v and consider the isomorphism
(R\)ur = (RJ )y making the following diagram commute:

(RN —— (RA)vr

S'J J&OU’(S)'—

oy
(TQ1)U’ — (TQQ)U’

Note that ¢ is an isomorphism of (R} )y-torsors if and only if (RX)y — (RY)y- is
the identity. But since it fixes e, it is by Lemma 2.3 the identity if and only if it is an
SLy(U'’)-equivalence, which is equivalent to ¢ being so. Since ¢ : (T, )v — (Tg,)u
is an isomorphism over U, this happens exactly when ¢ is an SLy(U)-equivalence.

We have [Tg,] + [Tg,] = [Tg,) in H(X, RY) if and only there exists a morphism
To, x Tg, — To, compatible with the R)-action in the sense of (2.4). But this
is equivalent to the induced maps (Tg,)r,, — (Tgs)1y, and (Tg,)r,, — (Tqs)1o,
being morphisms of (RIA)TQI—torsors and (RIA)TQ2 -torsors respectively, which are then
automatically isomorphisms. By (b), this happens exactly when they are SLy(Tg, )-
and SLa(Tg,)-equivalences respectively. The result now follows from Lemma 2.2. [



It remains to show that (2.5) is surjective, i.e. that every RA-torsor is of the form Tg
for some @ € Fa. But for an R)-torsor T this is at least true after a faithfully flat base
change, as we have T = (RlA)T. The last part of this chapter will employ faithfully flat
descent to show that this indeed implies that T = T for some Q € Fa.

Remark 2.7. If one already knows that a quadratic order O of discriminant A satisfies

{01+(0), if A >0

Fa/SLa(Z) = CIH(O) @ {£1}, ifA<0

then there is a shortcut to surjectivity. Namely, we will see in Chapter 3 that RlA fits into
a short exact sequence

0 > Rly/x(Gm,Y) — Ry/)x(Gmy) —— Gpx —— 0

for the fppf topology, whose long exact sequence of cohomology groups gives rise to a
short exact sequence

0 —— {£1}/Np,z(0*) —— H'(SpecZ, R}) — CLl(O) — 0.

Since the canonical surjection from the narrow class group C1*(0O) to the wide class group
Cl(O) has kernel of order 2 if O has an element of norm —1 and of order 1 otherwise,
the order of H'(SpecZ, R}) exactly matches the cardinality of Fa/SLa(Z). This order
is finite, as Cl(O) is finite, and surjectivity follows. In any case, the short exact sequence
does show that H'(SpecZ, R}) is finite, which was needed to make Theorem 1.2 follow
from Theorem 2.5.

Still, we opt to prove directly that every RlA—torsor is of the form T{, as this keeps
closer to Gauss’s theory of quadratic forms and includes the case that A is square. We
will derive the correspondence between Fa /SLo(Z) and the narrow class group ourselves
in §3.4.

2.3 Faithfully flat descent of quadratic forms

Our references for descent are [Mil80, Rmk. 1.2.21] and [Mur67, Chapter 7]. Before
we discuss descent of quadratic forms, we briefly recall descent of modules. Let A be a
faithfully flat Z-algebra. Let M be a Z-module and write N = A ®z M. There is an
isomorphism of A ®7z A-modules

Q: Nz A =5 Ay N (2.6)
(a@m)®@d — a® (a @m)
and M can be recovered from the pair (N, ¢) as
M={neN:pn®l)=12n}.
Faithfully flat descent tells us exactly which pairs (IV, ¢) arise in this way.

Let N be an A-module and ¢ : N®7A = A®z N an isomorphism of A®z A-modules.
Define

01 AR N®z A — A®z A®z N
0y NRz ARz A =5 ARz AQz N
p3 N®zA®z A — A®z N ®z A

10



by tensoring ¢ with id4 in the first, second and third position respectively. Then the pair
(N, @) arises from a Z-module M as above if and only if ¢ satisfies the cocycle condition

P2 = ¥10$3.

That is to say, there exists a Z-module M and an isomorphism v : A ®z M = N such

that the diagram

(A@ZM)®ZA 1®ida N®ZA

/| l#

id
A®gz (Aoy M) —A%7  Ag, N
commutes, where ¢’ is the isomorphism in (2.6). Specifically, M is the kernel of the
morphism d' — pod?: N - A®z N, where

d':N — A®z N
d?>: N — N®z A

are obtained by tensoring with Z — A in the first and second position respectively. The
isomorphism v : A ®z M = N is induced by the injection M — N, i.e. it is given by
a@mi— am.

If N is a finitely generated torsion-free A-module, then M is a finitely generated
torsion-free Z-module, which must be free. It follows that if N is free of rank n, then so
is M.

We are interested in descent of binary quadratic forms Q' = ax? +bxy+cy? € Alx,y],
which we now view as maps Q' : A2 — A. We identify 42 ®7 A and A ®7 A? both with
(A ®z A)? via the isomorphisms

A2 ®ZA AN (A X7, A)2 and A®Z A2 AN (A ®7, A)2
(a,d) @b — (a®b,d’ @Db) a® (b)) — (a®@baxl)

so that (2.6) becomes the identity on (A ®z A)2. In this case, a descent datum is a pair
(Q', ), where @)’ is a binary quadratic form over A and ¢ is a matrix in SLy(A®z A) that
satisfies the cocycle condition ps = @193 and preserves @', in the sense that it satisfies
Q' (p(z,y)) = Q'(x,y) over A ®z A. The following result says that every such descent
datum comes from a binary quadratic form over Z.

Proposition 2.8. Let A be a faithfully flat Z-algebra and let Q' € Alx,y] be a binary
quadratic form over A. Suppose that there exists a matriz ¢ € SLa(A®yz A) that preserves
Q' and satisfies the cocycle condition py = @3p1. Then there exists a binary quadratic
form Q € Z[z,y] and a matriz v € SLa(A) such that

Q'(v(z,y) = Qz,y)  and  (ida®7y) = po(y®ida).

Proof. By the descent of modules described above, the pair (A2, ) descends to a Z-
module. As noted, since A? is free of rank 2, this Z-module must be a free of rank 2 and
therefore isomorphic to Z2. That is, there is an exact sequence

1_pod2
0 — 22 — A2 1720 (4@, A)2

11



and the map v : Z?®7 A = A2 — A? induced by the injection Z? — A? is an isomorphism
satisfying idy ® v = ¢ o (y ® id4). This last condition together with det(p) = 1 implies
1 ® det(y) = det(y) ® 1 and therefore det(y) € Z*. By possibly changing coordinates of
72, we may assume det(y) = 1. Since ¢ preserves Q’, we have a commutative diagram

A2 M (A®z A)?

ol J

d'—d?
A——— ARz A

and Q' therefore restricts to a quadratic form @ : Z2 — Z between the kernels. That is,
we have a commutative diagram

d'—pod?

0 VA y A? y (A®gz A)?
°| | Jo
0 sy Z A—T= Ay A

Since v : Z?® A = A? = A? is the map induced by the injection Z? — A in this diagram,
we obtain a commutative diagram

72 @y A —1 5 A2

Qi i@’

7oy A—94 44

which shows Q'(v(z,y)) = Q(x,y). O

To prove surjectivity of the map (2.5) in Theorem 2.5, we have to show that every
RX-torsor is of the form Ty for some Q € Fa. We will do this by associating a descent
datum on the principal form Qg to T and applying Proposition 2.8.

Proof of Theorem 2.5. After Lemma 2.6, it remains only to prove that (2.5) is surjective,
i.e. that every RlA—torsor is isomorphic to Ty for some Q € Fa.

Let T be an R\-torsor. Since T is faithfully flat and R} is affine, it follows from
Tr = (RL)r that T is affine, say T = Spec A. Recall that, for a cover (U;); of Spec Z with
sections s; € T(U;) for every 4, the element in H*((U;);/SpecZ, R} ) associated to T is the
class of the cocycle (g;j): ;, where g;; € R\ (U; x Uj) is defined by silu;xv, 9i5 = sjluixu;-
Now, T' — SpecZ is also an fppf cover and we have the canonical section in T(T'). The
element of H'(T/X, RY) associated to the Ri-torsor T is then the class of the 1-cocycle
g € R\(T x T) making the diagram

(RA)TXT —> RA TxT

T

Trxr

commute, where s1, so € T(T x T) are the canonical sections. By Lemma 2.3, g is given by
a matrix ¢ € SLy(A ®z A) and it must preserve (Qg. Since g is a 1-cocycle, ¢ satisfies the

12



cocycle condition g = @s3¢1. Hence, by Proposition 2.8, there exists a binary quadratic
form @ € Z[z,y] and a matrix v € SLa(A) such that

Qo(v(z,y)) =Q(z,y) and  (ida®7y) =¢po(y®ida).

It is easy to see that @ being SLa(A)-equivalent to @ implies that it is primitive of
discriminant A, i.e. Q € Fa. Moreover, the matrices (id4 ® )~ and (y ® id4)~! define
isomorphisms (RlA)TxT = (TQ)rxT and therefore sections s1,s2 € T(T x T'). From
(ida ®v)top = (y®ida)~! we see that they satisfy s1g = sa. Thus, T and Ty define
the same element in H'(7/SpecZ, R} ) and hence in H'(SpecZ, R} ). We conclude that
T and Ty are isomorphic as RA-torsors. This proves that (2.5) is surjective and hence an
isomorphism. O

13



3 The norm class group

The group scheme R} is a special case of the norm 1 group scheme R%, +(Gpy), defined
for any finite locally free morphism f : Y — X to be the kernel of the norm morphism
Norm : Ry/x(Gpmy) — Gmx

where Ry x(Gpm,y) is the Weil restriction of G,y along f. The goal of this chapter is to
prove Theorem B, by constructing for any finite locally free f : Y — X an isomorphism

NormCl(Y/X) — H'(X, Ry, x(Gmy))

where NormCl(Y/X) is the group of isomorphism classes of invertible Oy-modules £
together with a choice of isomorphism N(£) = Ox. This is similar in nature to the
description of H'(X, fn,x ) in [Mil80, p. 125]. We will first discuss the norm morphism
and its properties in §3.1 before proving Theorem B in §3.2.

When Y is the spectrum of a quadratic ring of discriminant A over Z, we will show
that R%/ / +(Gpy) is equal to RIA. In this case, Theorem B provides another perspective

on the correspondence between binary quadratic forms and RlA—torsors. While Chapter 2
kept close to the work of Gauss, this new perspective is more akin to the theory of ideal
classes that Dedekind introduced. This is the content of §3.3.

In §3.4, we will relate NormCl (B/Z) to the narrow class group C1*(B) in the case that
B is an order in a number field. Specifically, we will prove that the canonical surjection
CIT(B) — CI(B) to the wide class group factors through NormCl (B/Z).

3.1 The norm morphism

Recall that a morphism of schemes f : Y — X is finite locally free (of rank n) if it is affine
and f.QOy is a finite locally free Ox-module (of rank n). A morphism is finite locally free
if and only if it is finite, flat and locally of finite presentation. We start with the norm
morphism as described by Grothendieck.

Proposition 3.1. Let f: Y — X be a finite locally free morphism of schemes.
(a) There is a unique morphism of sheaves of sets

norm : f,Oy — Ox

such that for every open U C X with f.Oy|y = OF and s € f,Oy(U), the determi-
nant of the endomorphism of the free Ox (U)-module f.Oy (U) given by multiplication
by s is normy(s) € Ox(U).

(b) For global sections s,s" € Oy(Y) = (f.Oy)(X) we have
normy (ss’) = normy (s)normy (s)

and we have s € Oy (Y)* if and only if normx(s) € Ox(X)*.
(¢) The norm is compatible with base change, i.e. for a cartesian diagram of schemes

y! Iy

f’l lf

X 44X
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the following diagram commutes:

£,0y —Dorm_ 0y

f*h”J lg“

gxnorm
g*inY’ > 9+Ox

Proof. See [EGAII, §6.5]. O

Fix a finite locally free morphism of schemes f : Y — X. By Proposition 3.1, we
have for every X-scheme T' a group homomorphism

nOI'mT|OTXXY(T><Xy)>< : OTXXY(T XX Y)X — OT(T)X (31)
and this is natural in 7. For any smooth affine scheme V over Y, the presheaf of sets
f+V = Homy (— xx Y,V): (Sch/X)* — Sets

is representable by a smooth affine scheme Ry x (V) over X, its Weil restriction [Sch94,
Prop. 4.1]. The Weil restriction of a group scheme is itself naturally a group scheme. In
particular, the functor

O—XXY(_ Xx Y)X : (SCh/X)Op — Ab

is represented by a smooth affine commutative group scheme Ry x (G y). Hence, (3.1)
defines a morphism of group schemes

Norm : Ry/x(Gmy) — G, x
which we call the norm morphism. Its kernel is the norm 1 group scheme R%,/X(Gm,y).

If X = SpecR and Y = Spec S are affine with S free of rank n as an R-module, we
have an explicit description of the norm morphism. Let by,...,b, € S be an R-basis for
S and let Qo € R[x1,...,x,] be the image of byxy + - - - + b,x, under the map

NOrMp(y, . o1 ST, ..., Tn] — Rlw1,..., 20].
Then for every R-algebra A, the map normpg : A ®pr S — A is given by
normy(a; @by + -+ ap, ®@by,) = Qolai,...,an) (3.2)

for all a1,...,a, € A by Proposition 3.1(c). Hence, by 3.1(b), the norm morphism
Norm : Ry x(Gpm,y) — G x corresponds with the ring homomorphism

Rt,t71] — R[t,t Y[z1, ..., 2,)/(Qo(z1,. .. ,20) — 1) (3.3)

and its kernel is

Proposition 3.2. The norm morphism Norm : Ry x (Gmy) — Gy x is faithfully flat.
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Proof. Since f : Y — X is finite locally free, X is covered by open affine U subschemes
such that U = Spec R and Y xx U = Spec S with S free of finite rank as an R-module.
The result therefore follows from the observation that (3.3) is a faithfully flat ring homo-
morphism, as Qg represents 1 over R. O

Corollary 3.3. Both Ry/x(Gp,y) and Ry/X(Gm’y) are flat group schemes over X and
the following is a short exact sequence of sheaves in the fppf topology on X :
0 — Ry/X(Gm,y) — Ry/x(Gn,y) _Norm , Gm,x — 0.
The long exact sequence of cohomology induced by this short exact sequence is

Norm

1l — 5 Op)Nom=l ____  Op(Y)*

Ox(X)* j

& H'(X, R} (Cmy)) — H'(X, Ry;x(Cmy)) "B HY(X,Gp x) — -

We know that H!(X,G,, x) is the Picard group Pic(X), but the following proposition
shows that we also have H'(X, Ry, x(Gpm,y)) = Pic(Y).

Proposition 3.4. For every invertible Oy -module L, there exists a Zariski open cover
(Us)i of X such that Lly,x vy = Ou,x v for every i.

Proof. See [EGAII, Lem. 6.1.12.1]. O

Specifically, the proposition implies that the natural injection of Cech cohomology
groups H'(X, Ry x(Gm,y)) — H'(Y,Gpy) is surjective, which gives a canonical iso-
morphism H'(X, Ry, x(Gy,y)) = Pic(Y). Thus, the long exact sequence becomes

1 Oy(y)Norm:l SN OY(Y)X % (’)X(X)X U
(3.4)

LHlXR

We will now define the norm class group NormCl(Y/X) and prove that it is isomorphic
to HY(X, R%//X(G v)), by showing that it fits into the same exact sequence.

V/x(Gmy)) —— Pic(Y) —N Pie(X) — -

3.2 The norm class group

Let £ be an invertible Oy-module. In [EGAII, §6.5], Grothendieck defines the norm of
N(L) of £, which is an invertible Ox-module. We will summarize the construction here.

By Proposition 3.4, there exists a Zariski open cover (U;); of X with for every i an iso-
morphism 7; : L|y,x v = Ou,xxv- For all 7 and j, one obtains an automorphism 7; onj_l
of Op,;x xy, which corresponds to an element w;; € Gy y (Uij XxxY) = Ry x (Gm,y)(Usj).
The images Norm (w;;) € Gy, x(Uj;) of these elements under the norm morphism de-
fine a 1-cocycle and hence an invertible Ox-module N(£). Explicitly, N(£) is obtained
by gluing the trivial Op,-module Oy, along the isomorphisms Oy, = Ou,; given by
multiplication by Norm (w;;). This is independent of the choice of trivialization of L.
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It is clear from this construction that the map Norm : Pic(Y) — Pic(X) in (3.4) is
given by [£] — [N(L)]. In particular, we have canonical isomorphisms

N(L®L) 2 NL)®NL) and  N(Oy) = Ox.

Furthermore, a morphism of Oy-modules ¢ : £ — £’ induces a morphism of O x-modules
N(p) : N(L) — N(L') in the obvious way, and this is functorial and compatible with the
tensor product. For an automorphism ¢ : Oy — Oy, the following diagram commutes:

[0y /2 Ox

f*sol lN(go) (3.5)

[0y 2 Ox.

For details, see [EGAII, §6.5]. This allows us to define the norm class group as follows.

Definition 3.5. Consider pairs (£, ), where L is an invertible Oy-module satisfying
N(L) = Ox, and ¢ is a specific choice of isomorphism ¢ : N(£) = Ox. We define
an isomorphism v : (L,¢) = (L', ¢") between such pairs to be an isomorphism of Oy-
modules ¢ : £ — L' satisfying ¢’ o N(¢p) = . The norm class group is the group
NormCl (Y/X) of isomorphism classes of such pairs, with the tensor product as the group
operation.

There are two homomorphisms

Ox(X)* — NormCl(Y/X) and NormCl(Y/X) — Pic(Y).
u— [(Oy, s = us)] [(£,0)] — [£]

associated to NormCl (Y/X). It is easy to see that they fit into an exact sequence
Oy (Y)* o 0 (X)X —— NormCl(Y/X) — Pic(Y) N2 Pic(X). (3.6)
We will now prove Theorem B by comparing this sequence with (3.4).
Theorem 3.6. For a finite locally free morphism f :Y — X, there is an isomorphism
NormCl(Y/X) = H'(X, Ry /x(Gpm,y))
making the following diagram commute:

Ox(X)* ——— NormCl(Y/X) » Pic(Y)

| i P e

Ox(X)* ——— HYX, Ry, x(Gny)) —— H'(X, Ry;x(Gm.x))

Proof. Tt is enough to construct a map NormCl(Y/X) — H(X, R%,/X(Gmy)) making
the diagram commute, as (3.4) and (3.6) imply that it is an isomorphism by the Five

Lemma. We will construct this map using Cech cohomology.

Since Norm : Ry/X(Gm,Y) — Gy, x is surjective, there exists for every u € Ox (X)*

an fppf cover (U;); of X and elements v; € Ry, x(Gy,y)(U;) satisfying Norm (v;) = uly,.

17



The connecting morphism Ox (X)* — H'(X, R%,/ (G, y)) in the long exact sequence
for Cech cohomology sends u to the class of the 1-cocycle ;v e RL / Gy ) (Usj).

Now, let £ be an invertible Oy-module with an isomorphism ¢ : N(£) = Ox. We
define a 1-cocycle for Ry, /X (Gy,y) as follows. By Proposition 3.4, there exists a Zariski

open cover (U;); of X with isomorphisms 7; : L]y, xyy — Ou,xyy for all i. As before,
define the element w;; € Ry,x(Gm,y)(Ui;) corresponding to 7; o 77;1 for all 7 and j.
1

Consider for every i the element u; € Ox(U;) such that N(n;) o o=t : Oy, = Oy, is

multiplication by u;. Note that this gives

-1

Norm (w;j) = wiu; .

Since Norm : Ry, x (G, y) — Gy, x is surjective, there exists for every i an fppf cover
of U; with RY / +(Gyp,y)-sections mapping to u;. By refining (U;);, we may assume that
each of these covers consists of a single fppf morphism V; — U; with v; € Ry x(Gy,y) (Vi)
satisfying Norm (v;) = u;|y;, for ease of notation. Then for all ¢ and j, the element

i)

(Vi
satisfies the cocycle condition and has norm 1. Hence, (w )ij defines an element of

H'(X, R%,/X(G v)). We define this to be the image of [(£,¢)] € NormCl(Y/X) under
the map

wij = v Tlujwg € Ry x(Gm,y)

NormCl (Y/X) = H'(X, Ry x (G, y))-

Clearly, different choices of covers yield cohomologous cocycles and this map is a ho-
momorphism. Since (v; 'v;);; is a coboundary for Ry/x(Gm,y), the class of (w];); in
HY(X, Ry/x(Gyy,y)) is the same as the class of (wj;); j, which corresponds to [£] in Plc(Y).
This means that the right square of (3.7) commutes. From our description of the map
Ox(X)* — H'(X, R%,/X (Gy,y)), it is also clear that the left square commutes. O

3.3 Relation with quadratic forms

We will now see how a class [(£,¢)] € NormCl (Y/X) can be associated to a quadratic
form up to equivalence. First in the generality of a finite locally free morphism Y — X
of rank 2, and then we will relate this to Chapter 2 in the case X = SpecZ.

Proposition 3.7. Let £ be an invertible Oy -module. There is a unique morpism of
sheaves of sets v : f L — N(L) such that for every open U C X and isomorphism
n: Lluxyy = Ou,x xv, the following diagram commutes:

(feL)ly ——— N(L)lv

1 Jo

( f*OY)|U __norm . Op.
Proof. Uniqueness is clear. The existence of such v is equivalent to the equality

-1

N(n;)) ' onormo f.n; = N(nj)”" onormo f,n;

holding for all 4, j, with (U;); and 7; : Ly, vy — Ou,x xy as in Proposition 3.4. But this
is equivalent to norm o f,(n; o 77;1) = N(n; o 77;1) o norm which follows from (3.5). O
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Remark 3.8. The morphism v : fo£ — N(L) is what is called the universal normic
polynomial law of £ in [GNR24, §3.1].

Assume that f : Y — X is finite locally free of rank 2. Suppose that, locally on an
open affine U C X, the Opy-module (f.Oy )|y has a basis by, by € (f.Oy)(U). Recall from
(3.2) that the norm is given by

norm(xby + yb2) = Qo(z,y)

for a quadratic form Qo € Ox(U)[z,y]. Now, if we associate to by, bs the dual basis
b, by € (f:Oy)V(U) of the dual Oy-module (f.Oy )|y, then Qo(by,by) is an element of
the symmetric algebra Sym? ((f.Oy)Y) |y. More is true: if (£, ¢) is a pair of an invertible
Oy-module and an isomorphism ¢ : N(£) = Ox and n: Ly — Oy v is a trivialization
of L on U, then we obtain an element

o N(n)~"oQo (b o fun,bs o fun) € Sym® ((f.L)Y) |u-

By Proposition 3.2, these glue to a global form

Qe € Sym? ((f£)Y) .

It is primitive, in the sense that it represents 1 locally everywhere. Hence, it is an example
of what is called a primitive binary quadratic form over X in [Wooll], i.e. a locally free
Ox-module V of rank 2 with a global section @ € Sym?(V). For two pairs (£, ) and
(L', ¢") and an isomorphism ¢ : £ = £, the induced isomorphism

Sym?* ((fe)") : Sym® ((£:.£)"Y) — Sym* ((f:.£)")

maps Q1) to Q) if and only if ¢ satisfies ¢ = ¢ o N(1)). Note that this does
not mean that (£, ) and (L', ¢’) are isomorphic when there exists an isomorphism of
Ox-modules 1 : f,£ = f.L' satisfying Sym? (4) (Qr,p)) = Q(rr,pry; over Z, this is the
difference between GLy(Z)-equivalence and SLa(Z)-equivalence.

Take X = SpecZ. Since any finite locally free Z-module is free, we have Y = Spec B
for a ring B that is free of degree 2 over Z. Such a ring is called a quadratic ring. For
every integer A = 0,1 mod 4 there is a quadratic ring

S(A) = Z[a]/ (o — ea — 27F)

with € € {0,1} such that A = ¢ mod 4. Every quadratic ring is isomorphic to S(A) for
exactly one A. See [Bha04, §3.1].

Fix a non-zero A = 0,1 mod 4 and let B = S(A). Note that, with respect to the
basis 1, a, we have

A—c¢ ,
4 Y

norm(z +ya) = (z +ya)(z +ey —ya) = 2° + ey —
A—c¢
(z+ya)(z+wa) = 2z — YW (zw + yz + eyw)a.
The group scheme Rle /Z(Gm B) is therefore exactly the group scheme RlA defined in §2.1.

Let (£, ¢) be a pair of an invertible B-module £ and an isomorphism ¢ : N(£) = Z.
As every finite locally free Z-module is free, we obtain from Q. ) € Sym? ((f.£)V) a
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form @ € Fa by pick a basis by, bs for £, but the class of [Q] in Fa/SL2(Z) depends on
the choice of basis. However, if By, By € Z[x,y, z, w] are the bilinear forms satisfying

(xb1 + ybo)(z + wa) = Bi(x,y, z,w)b1 + Ba(x,y, z,w)be

in f.L ®z Zlz,y, z,w], then we do get a unique form @ € Fa up to SLa(Z)-equivalence
if we impose that By, By define a Gauss composition T x Ry — Tg. By going through
the proof of Theorem 3.6, one finds that the class of the RlA—torsor Tg in H'(SpecZ, RIA)
coincides with the image of [(£, ¢)] under the isomorphism of Theorem 3.6.

3.4 Relation with the narrow class group

We restrict to the case that f: Y — X is the morphism Spec B — Spec A corresponding
to an extension of integral domains A C B. Let K C L be their fields of fractions. In this
case, the norm morphism is given by the field norm Ny i : L — K and every invertible
B-module is isomorphic to an invertible B-ideal I C L, whose norm N(I) is the invertible
A-module Ny /i (I). Anisomorphism N ([) = Ais simply a choice of generator x € K* of
N(I). Thus, the norm class group NormCl (B/A) can be described as follows. Let NZg be
the group of normed ideals of A under multiplication, i.e. pairs (I, z) with I an invertible
B-ideal and = € K* a generator of its norm. Let NPp = {((a), N x(a)) : o € L*} be
the subgroup of principal normed ideals. Then NormCl (B/A) is their quotient, i.e. there
is a short exact sequence

0 — NPg ——— NIp ———— NormCl (B/A) —— 0. (3.8)

Note that NPp itself fits into a short exact sequence

0 ——— pNorm=1 L NP — 0. (3.9)
This is the description of the norm class group that we will use in Chapter 4.

For now, take A = Z. Then for every invertible B-ideal I, the norm ideal N(I) has
two possible generators, a positive and a negative one. For a principal ideal I = (),
these are £ Ny, /i (), and the normed ideal (I, Ny i («)) is principal if and only if a can
be chosen such that Ny, x () is positive. In particular, when B is a quadratic ring, the
notion of normed ideals is equivalent to the notion of oriented ideals used in [Bha04].

We will now compare the norm class group with the narrow class group. Recall that
the narrow class group CIT(B) is the group of invertible B-ideals modulo the principal
B-ideals generated by a totally positive element, i.e. an element aw € L* such that o(«a)
is positive for every real embedding o : K’ — R. Since the field norm Ny q is given by

Npjgle) = [ oa)

o:L—C
and the complex embeddings come in conjugate pairs o, satisfying o(a)o(a) > 0, we
have

sign(Npjg(a)) = ][] sien(o(a)).

o:L—R
In particular, a B-ideal that is generated by a totally positive element, is generated by an
element of positive norm. The converse holds if K has at most two real embeddings, since
an ideal generated by a totally negative element is also generated by a totally positive
element. We obtain the following result.
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Theorem 3.9. Let B be an order in a number field L. Associating to an invertible B-ideal
I the pair (I,x) with x the positive generator of N(I) induces a homomorphism

CI*(B) — NormCl(B/Z) = H' (SpecZ, Ry ;7(G,5)) (3.10)
through which the canonical surjection C17(B) — C1(B) factors.
o If B has at least one real embedding, then it is surjective.
o If B has one or two real embeddings, then it is an isomorphism.
o If B has zero real embeddings, it is injective and we obtain an isomorphism
CIt(B) ® {1} — NormCl(B/Z)

by sending —1 to the class of (B, —1).

Proof. The fact that the homomorphism is well-defined follows from the observation that
a B-ideal generated by a totally positive element is generated by an element of positive
norm. The converse holds when L has at most two real embeddings, which makes it
injective in this case.

If L has at least one real embedding, then it contains an element « € L* of negative
norm, and a class [(I,z)] € NormCl(B/Z) is the image of [I] € CIf; if z > 0 and the
image of [aI] if < 0.

If L has no real embeddings, then a class [(,z)] € NormCl(B/Z) is the image of the
homomorphism if and only if z > 0, as all elements of L* have positive norm. The stated
isomorphism follows. O

When L is a quadratic number field of discriminant A, Theorems 2.5 and 3.9 to-
gether imply the classical result that Cl}g is naturally isomorphic to the group of forms
Fa/SLa(Z) under composition if A > 0, and the group of positive definite forms if A < 0.
Remark 3.10. Note that this means that the group H'!(SpecZ, R}?/Z(Gm:B)) gleans at
least some information about the narrow class group Cl(B)", without having to treat
the places at infinity separately. Or even all of the information if L has at most two
real embeddings. If L has more than two real embeddings, this information is relatively
minimal, as NormCl(B/Z) — Clg is at most a double cover.
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4 The 4-torsion of the norm class group

This chapter presents an application of the theory of the norm class group to the problem
of finding the 2- and 4-torsion of the class group for a quadratic extension of global fields.

The 2-torsion of the class group of a quadratic number field K of discriminant A is
described by genus theory. In §4.1, we will apply the Galois cohomological argument for
genus theory in [Lan80, Lem. 13.4.1] to find NormCl (B/A)[2] for a quadratic extension
of Dedekind domains B/A where A is a PID.

In §4.2, we move up to the 4-torsion. The 4-rank of the narrow class group of a
quadratic number field was described by Rédei [Réd34] as the difference between its 2-
rank and the rank of a certain square matrix over Fy. We will prove Theorem C, which
is a similar statement for norm class groups of quadratic extensions of global fields. The
proof of Rédei using genus fields has been generalized to quadratic extensions of F,(?)
with ¢ odd [Wit09] and quadratic extensions of a number field with odd class number
[Qin09]. In the spirit of this thesis, the proof of Theorem C is geometric in nature, relying
on the Hochschild—Serre spectral sequence.

4.1 Genus theory

For this entire chapter, we fix the following notation. Let A be a principal ideal domain
with field of fractions K. Let L/K be a quadratic field extension and B the integral
closure of A in L. Hence, B is a Dedekind domain with field of fractions L and, as A is
a PID, it is free of rank 2 as an A-module. Let py,...,p: € A be generators of the prime
ideals of A at which B/A is ramified. Write

_gprd 1 & _ 1_ nil 1
Note that Spec Ais the largest open subscheme of Spec A where the map Spec B — Spec A
is étale, as in [Mil80, Prop. 1.3.8]. By unique factorization, the unit group of A factors as

AX = A x pP x oo x pP.

As B/A is quadratic and ramified at p;, there is a unique prime ideal p; of B lying above
p;, for every i.

For a quadratic number field F', genus theory states that the 2-torsion part of the
narrow class group CIJFr is generated by the classes of the ramified primes modulo a
single relation. One proof uses Galois cohomology, exploiting the fact that the 2-torsion
elements of Cl}. are those classes fixed by Gal(F/Q) [Lan80, Lem. 13.4.1]. These are called
ambiguous classes. The use of the narrow class group ensures that every ambiguous class
contains an ambiguous ideal, i.e. an Op-ideal that is fixed by the action of Gal(F/Q).
The same is not true for the wide class group: for example, Cl@( V/37) has order 2 while all
ambiguous ideals are principal.

The following lemma shows that an analogue does hold for the norm class group
NormCl (B/A). If one defines ambiguous normed ideals to be pairs (I, z) € NZpg that are
fixed by Gal(L/K) and ambiguous classes to be classes in NormCl (B/A) = NZg/NPp
that are fixed by Gal(L/K), then every ambiguous class contains an ambiguous normed
ideal. This and more is proven in the following lemma, as normed ideals (I, z) with I a
product of the ramified primes p, ..., p; are ambiguous.
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Lemma 4.1. With notation as above, there is an isomorphism

A* /Ny ic(B*) = NormCl(B/A)[2].

)

Proof. First, we show that the map A% — NormCl(B/A) is surjective. As L/K is a
quadratic extension, G = Gal(L/K) is generated by an element o of order 2. Since it acts
on NormCl (B/A) by inversion, we have NormCl (B/A)¢ = NormCl (B/A)[2]. The long
exact sequence of Galois cohomology given by (3.8) is

0 — NPE — NI — NormCl(B/A)¢ — HY(G,NPp) — H'(G,NTp). (4.2)

We will show that the last map is injective. As G is cyclic of order 2, the first cohomology
group is the kernel of the norm z — zo(z) modulo the image of the difference map
z — o(x)z~!. Suppose we have [((a), N k(a))] € ker(H(G,N'Pg) = H'(G,N1Ip))
for a pair ((«), Np/k(c)) in the kernel of the norm on NPg. Then this pair is equal
to (o(I),z)(I~t,2™) = (o(I)I~*,1) for some (I,z) € NZp, which gives Np k() = 1.
By Hilbert 90, we therefore have a = o(3)3~! for some 8 € L*, which means that
((@), N i (@) = ((0(B)871),1) is in the image of the difference on N'’P. We conclude
that the last map of (4.2) is injective. We obtain a short exact sequence

0 — NPE — NI — NormCl(B/A)Y — 0. (4.3)

A Galois invariant B-ideal is the product of an A-ideal with a collection of ramified primes,
as the split primes in its prime ideal factorization must come in conjugate pairs and the
inert primes are already A-ideals. Since A-ideals are principal, this means that every
element of N'Z% is equivalent to a pair of the form ([],p}*,x) in NormCl(B/A). The
generator x of Ny i [[;p;" = (I[; p;*) satisfies ordy, (x) = r;. This proves surjectivity.

It remains to show that the kernel of the map A% — NormCl (B/A) is the image of
the norm B* — A*. For a € B* we have ordy(o) = 0 whenever p is unramified, which
means that the prime ideal factorization of («) is

H pordp _ ﬁpiordpi(NL/K(a))‘
i=1

p prime

This shows that the image of the norm ENX — A is contained in the kernel of the map
A* — NormCl (B/A). Conversely, if x € A* satisfies

(Hpordpl 795) = ((@), Nk (a))

for some o € L, then we have x = Ny, /() and from

ordy (o) = ord, (H pordp : > =0 for p unramified

it follows that « is in B*. This concludes the proof. O
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Thus, NormCl(B/A)[2] is generated by the classes of (p;,p;) for i =1,...,¢ together
with the classes of (B,u) for u € AX/(A*)2, and all relations between these classes come
from norms of elements of BX. The next theorem shows that the number of these relations
is equal to the order of BNorm=1/(pNorm=1)2 \When A = Z and L/Q is real quadratic,
7% /(2*)?* is generated by —1 and OYorm=1 /(ONorm=1)2 jg generated by —1 together with
either a fundamental unit of norm 1 or the square of a fundamental unit of norm —1.
Hence, in this case, NormCl (B/A) is generated by the classes of the ramified primes
modulo a single relation. This is independent of the norm of the fundamental unit. The
following theorem can therefore be seen as a generalization of genus theory.

Theorem 4.2. Let B/A be a quadratic extension of Dedekind domains with A a PID.
Suppose this extension is ramified at t prime ideals. Then we have

2t [AX (AX)Z]
[BNormzl . (BNormzl)Q] :

#NormCl (B/A)[2] =

Proof. We use the same notation as above and write G = Gal(L/K). Define the subgroup
NP4 ={((z),2?) : x € K*} of NP§. Then (4.3) gives a short exact sequence

0 — NPG/NP 4 — NI /NP 4 — NormCl(B/A)Y — 0 (4.4)

and the long exact sequence of Galois cohomology coming from the short exact sequence
(3.9) is

0 — (BNom=h¢ _ KX 5 NPE — HY(G, BY™=1) — HY(G,L*).

The cokernel of the map K* — N'P% is exactly NPE /NP 4 and we have H (G, L*) =0
by Hilbert 90. We therefore obtain

NP%/NPA ~ Hl (CTY7 BNormzl) — BNormzl/ (BNormzl)2 ) (45)

Note that the map NZ§ — (Z/2Z)" given by (I,z) +— (ordy,(z) mod 2); is surjective
and its kernel contains NP 4. We will show that the induced map NZ%/NP 4 — (Z/27)
fits into a short exact sequence

0 — A% /(A2 — NIG /NPy — (2)22) — 0. (4.6)

As discussed in the proof of Lemma 4.1, every Galois-invariant ideal of B is the product
of an A-ideal with a collection of ramified primes. Since all A-ideals and all p? = (p;) are
principal generated by an element of K%, every pair (I, z) in the kernel of NZG — (Z/27)*
is of the form ((z),ux?) for some z € K* and u € AX. Thus, every class in the kernel
of NIG /NP A — (Z/27)" is in the image of AX — NTG/NP4, u+ (B,u). The kernel
of the latter map consists exactly of the squares. This proves the exact sequence (4.6),
which together with (4.4) and (4.5) yields the result. O

4.2 The Rédei matrix

Assume now and for the rest of this chapter that L/K is an extension of global fields
of characteristic different from 2. A global field is a number field or a finite separable
extension of Fy(t) for some prime p, see [Cas67, §11.12]. Let S be the set of primes of K
not corresponding to a point in Spec A. When K is a number field, S will always include
the archimedean primes. Assume that S is finite and set s = #S.
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In this case, Theorem 4.2 can be made even more explicit using the S-Unit Theorem
[Cas67, §I1.18], which states that A* is the product of the group pgx of roots of unity of
K with a free abelian group of rank s — 1. It also follows from the S-Unit Theorem that
A* is the product of ux with a free abelian group of rank s —t — 1, where ¢ is again the
number of ramified primes in Spec A. We will consider all 2-torsion groups as Fo-vector
spaces and we define the 2-rank

ro(B/A) = dimp, NormCl (B/A)[2].

Note that we have dimp, (1 /p3) = dimp, (i [2]) = 2 since pk is a finite group. Hence,
we have dimp, A* /(A*)? = s —t and Theorem 4.2 can be restated as follows.

Corollary 4.3. With notation as above, we have

TQ(B/A) — 5 — dim]FZ (BNormzl/(BNorm:1)2) )

We now turn to the 4-rank
r4(B/A) = dimp, NormCl (B/A)[4]/NormCl (B/A)[2].
Computing this 4-rank is the same as computing the 2-torsion of the group

NormCl (B/A)/NormCl (B/A)[2].

This group turns out to be canonically isomorphic to the Picard group Pic(B).

Lemma 4.4. For a quadratic extension of Dedekind domains B/A with A a PID, there
1s a short exact sequence

0 — NormCl(B/A)[2] — NormCl(B/A) — Pic(B) — 0.

Proof. The map NormCl (B/A) — Pic(B) is surjective as the composition of the surjective
maps NormCl(B/A) — Pic(B) and Pic(B) — Pic(B). It is clear from Lemma 4.1 that
NormCl (B/A)[2] is contained in its kernel. Conversely, an element in its kernel is the
class of ((o) [[; %, uN(a)]];p;") for some a € L* and u € B*, and its square is the
class of ((8), Np/k(B)) with g = uc? [, pi*, which is trivial. O

Remark 4.5. Lemmas 4.1 and 4.4 together imply that the natural map
NormCl (B/A) —s NormCl (B/A)

is an isomorphism, as it fits into a commutative diagram

0 — AX/Np (B*) — NormCl(B/A) — Pic(B) — 0

| ! |

0 — AX/Np (B*) — NormCl(B/A) — Pic(B) — 0

where the rows are exact.
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For the discussion of the 4-torsion of NormCl (B/A), it is essential that the morphism
Spec B — Spec A is Galois with Galois group Gal(L/K). Recall that a morphism of
schemes Y — X with a finite group G acting on Y over X is called Galois with Galois
group G if it is faithfully flat and the map

G| | Y — YV xxY (4.7)
oeG

(0,y) — (y,yo)

is an isomorphism [Mil80, Rmk. 1.5.4]. In our case, B has a basis 1, « since Ais a PID,
and the morphism (4.7) corresponds to the homomorphism

B®;B—BxB (4.8)
rR1+y®ar— (x+yo,z +yo(a))

where o is the generator of G = Gal(L/K). With respect to the obvious bases, this is a
B-linear map given by a 2 x 2-matrix of determinant o(a) — . By definition of B, the
discrimant A = (o () — @)? is a unit in B, which means that o(a) — a is a unit in B. We
conclude that (4.8) is an isomorphism and that Spec B — Spec A is Galois.

We will now prove the analogue of Rédei theory using the Hochschild-Serre spectral
sequence [Mil80, Thm. II1.2.20 and Rmk. III.2.21]. For a finite Galois morphism of
schemes Y — X with Galois group G and a sheaf F (for the fppf topology) on X, this
is a spectral sequence whose second page is HP(G, H?(Y,F)) and which converges to
HPYI(X, F), ie.

H?(G,HY(Y,F)) = HPTI(X,F).

As with any spectral sequence, the second page provides a five-term exact sequence of
low degree terms

0 — HY(G,F(X)) — HY(X,F) — HY(Y,F)¢ — H*G,F(X)) — H*X,F).

We will apply this to the Galois morphism Specg — Specg to prove the following
theorem.

Theorem 4.6. Let A be a PID with field of fractions K. Let L/K be a quadratic extension
and let B be the integral closure of A in L. Define A and B as in (4.1). Assume that K
and L are global fields with char(K) # 2. Let S be the set of places of K not corresponding
to a point in Spec A. For every v € S, there is an injective homomorphism

Ou : Ky /Nig K, /K, (L @K Ky)* — Z/2Z.

The 4-torsion group NormCl (B/A)[4]/NormCl(B/A)[2] is canonically isomorphic to the
kernel of the map
I1 6v: A /Npyw(B*) — (2/22)° (4.9)
veS

Proof. As noted, the morphism of schemes Specg — Specg is Galois with Galois group
G = Gal(L/K) of order 2. Hence, we have the Hochschild-Serre spectral sequence
HP(G,HY(B,G, ;) = H'"(A,G,_ 7).

26



Its five-term exact of low-degree terms is
0 — H'(G, B*) — Pic(A) —> Pic(B)® — H*(G, B*) —> Br(A)

where Br(4) = H2(A, G,, 7) is the cohomological Brauer group [Mil80, p. 147]. We
have Pic(A) = 0 as A is a PID and H2(G, BX) = gX/NL/K(EX) as G is cyclic. We also
consider the Hochschild-Serre spectral sequence

HP(G,HY(L ®k K,,Gy,)) = HPY(K,,G,,)

for every place v € S. Since Pic(L®x K,) = 0, the last three terms in the five-term exact
sequence are

0 » K /Nrggr, (L @k Ky)* —— Br(Ky).

We have an injective map Br(K,) — Q/Z for every v € S [Ser79, Prop. XIII.3.5] and
since K\ /Nrg,. Kk,(L ®K K,)* is 2-torsion, this gives the injective maps 6,. For every
v € S, the morphism of schemes Spec K,, — Specﬁ induces a natural transformation
between the two spectral sequences, which gives a commutative diagram.

0 —— Pi¢(B)¢ ———————— AX/Np i (B) Br(A)

| 1 l

—— Des K /Nrowk, (L Ok Ko)* —— @eg Br(Ky)

where the rows are exact. But since S is the set of places of K not corresponding to
a point in Spec A, the map Br(4) — @,cqBr(K,) is injective [Mil80, Ex. III1.2.22(a)].
Hence, the kernel Pic(B)% of the top right arrow must be equal to the kernel of the central

vertical arrow, which is exactly the kernel of (4.9). Since G acts by inversion on Pic(B),
we have Pic(B)® = Pic(B)[2] and we obtain a canonical isomorphism

NormCl (B/A)[4]/NormCl (B/A)[2] — Pic(B)[2]

by Lemma 4.4. O

If L/K is ramified or inert at v, then L& g K, is L,, where w is the unique extension of
vto L. If L/K is split at v, then we have L& g K, = K, x K,, and K¢ /NL®KKD/K(L®KKv)
is trivial. Hence, 6, is the local Artin symbol or norm residue symbol [Ser79, §XIII.4] of
L/K at v.

Analogous to the theory of Rédei [Réd34], the order of the kernel of (4.9) can be
found explicitly by computing the rank of a matrix R4 over Fa, called the Rédei matrix.

Definition 4.7. With notation as before, let vy, ..., vs be the places in .S and let €1, ... , €
be a basis for A* /(A*)2. The Rédei matriz of B/A with respect to vy, ...,vs and ey, ..., €
is the s x s-matrix

Ry = (evi(ej))m
over Fy with 6, the local Artin symbols.

In the notation of Theorem 4.6, the matrix R4 represents the homomorphism

[1¢.: A/(4)? — (z/22)°

veS
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with respect to the basis €1,...,€s. The following relation between R4 and the 4-rank of
NormCl (B/A) therefore follows from Theorem 4.6 and Lemma 4.1.

Corollary 4.8. For B/A as in Theorem 4.6, we have

r4(B/A) = ro(B/A) — 1k Ry.

Remark 4.9. In the proof of Theorem 4.6, the image of Br(A) is in the kernel of the
sum map @, g Br(K,) — Z/2Z. Hence, the 0,, satisfy

28: B, (u) =0 (4.10)
=1

for every u € g, which means that the columns of Ry sum to zero. This can be used
to aid calculation if a tactical choice of basis €1,..., €5 is made. We will see this in the
following example.

Example 4.10. Take A = Z[i] with K = Frac(4) = Q(i) and L = Q(i,+/65). The
ramified primes are 1 4 24,2 4+ 3i € Z[i]. Since Q(7) has just one infinite place, this gives
s = 5. As L has 2 pairs of complex embeddings, we have O = pur x (n) for some
fundamental unit 7 by the Dirichlet Unit Theorem. Regardless of the norm of 1, we must
have ONerm=1 /(ONorm=1\2 o 7 /97, « 7,/27.,, and Theorem 4.2 yields

T’Q(OL/OK) = S — dim]F2 Ogormzl/(ogormzl)z =5—-2=3.
Note that for u € O, the local Artin symbol 6, satisfies
Op(u) = 0 <= wu is a square modulo p

for each of the ramified primes p by Hensel’s Lemma. For instance, for the prime p = 1424,
the isomorphism Z[i]/(1+2i) = F5 sends 2—3i to the square 1 and sends 1—2i, 2+ 3i and
i to non-squares, which gives 0119;(2 — 3i7) = 0 and 0;49;(¢) = 1 for € € {1 — 24,2+ 3i,i}.
A similar calculation for the other primes allows us to fill in the Rédei matrix as follows:

1+2¢ 1—-2¢9 2437 2—-37 1

1424 1 1 0 1
1—2¢ 1 0 1 1
2+ 3 0 1 0 1
2—3i 1 0 0 1
00 0 0 0 0 0

The bottom row being 0 reflects the fact that the unique infinite place oo of Q(i) is
complex and therefore split in L/K. Note that we only needed to calculate 6,(u) for u
coprime to p, as the diagonal entries can be filled in using (4.10). One finds tk Ry = 2
and

T4(OL/OK) = TQ(OL/OK) —I‘kR4 =3—-2=1.

From r2(Or/Ok) = 3 and 14(Or/Ok) = 1 we conclude that NormCl (Or/Ok)|[2] is
isomorphic to Z /27 x 7./27 x 7./2*7Z for some k > 2. We can relate this information back
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to the wide class group Cly, using the exact sequence (3.6) associated to the norm class
group. For each of the ramified primes, this gives a commutative diagram

0 —— Z[i]*/Np/x(0F) —— NormCl(Op/Ox) » Cly, 0
0 —— K /Ny, i, (L)) —=— NormCl (L,/K,) —— 0

where the rows are exact. As with the narrow class group, relating the norm class group
to the wide class group requires determining whether elements are norms or not. In this
case, we observe Ny (i) = —1, and since we had 6,(i) = 1 in the Rédei matrix for every
ramified p, this makes the vertical arrow Z[i]* /N, (OF ) — K, /Ny, /K, (L, ) an isomor-
phism. For any such p, this provides a retraction NormCl (O /Ok) — Z[i]* /Ny /k(OF)
and we find

Thus, we conclude that the 2-part of Cly, is isomorphic to Z/27Z x Z/2*7Z for some k > 2.
Indeed, this class group is Cly, = Z/27Z x Z/AZ, see [LMFDB].
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