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Abstract

The late-time accelerated expansion of the universe remains one of the central
problems in modern cosmology. Modified gravity theories offer an alternative
to invoking the elusive dark energy to account for this expansion. These mod-
ifications introduce an additional degree of freedom that alters the dynamics of
gravitational instability on cosmological scales while reproducing a ACDM back-
ground expansion. In this thesis, we analyse a perturbative framework for study-
ing structure growth within such theories, with a focus on chameleon-screened
f(R) gravity. We begin by deriving the fluid equations for cold dark matter
within standard perturbation theory. The non-linear mode couplings are encoded
in the kernels F, and G,, which enter higher-order statistics, like one-loop cor-
rections to the matter power spectrum in the quasi-non-linear regime. We then
introduce modified gravity and set up screening mechanisms that suppress EP
violations in local high-density environments. Specialising to f(R) gravity, we
derive the modified Poisson equation that contains a scale-dependent linear mod-
ification and non-linear source terms that are characterised by the interaction co-
efficients M;, M, and M3. For the Hu-Sawicki model, we compute the Poisson
equation vertices assuming a ACDM background and implement a numerical
analysis to study their scale and time-dependence. Our results show that GR is
recovered at early times, while deviations emerge below the Compton scale. We
find that the non-linear vertices dominate close to the Compton crossing and the
location and width of this transition depend sensitively on the model parame-
ter fro. These findings highlight the importance of non-linear corrections and
screening effects when modelling structure formation for Stage IV surveys like
Euclid.
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Chapter

Introduction

Einstein’s theory of general relativity has withstood thorough experimen-
tal scrutiny for over a century, and has emerged as a successful descrip-
tion of gravitational phenomena across different physical regimes. So-
lar system tests, such as the perihelion precession of Mercury and the
Shapiro time delay, and laboratory experiments, including Eo6tvos-type
equivalence principle tests, have confirmed its predictions in the weak
field regime with great precision. However, on cosmological scales, the
theory remains comparatively less constrained, and it is tested mainly
through its role in shaping the growth of structure and expansion history
of the universe. In particular, large-scale structure probes gravity on very
large scales with low curvature and offers new avenues to study possible
deviations from GR.

The main discovery that motivated such an investigation was the late-
time accelerated expansion of the universe. Within the framework of gen-
eral relativity, a seemingly new fluid with a negative equation of state,
in the form of the cosmological constant or dynamical dark energy, is re-
quired to generate such an expansion [1]. An alternative explanation was
that gravity itself was poorly understood on large scales and needed to
be modified [2, 3]. While the cosmological constant provides a simple
phenomenological description for the acceleration, there is substantial dis-
agreement between the observed and theoretical values of its energy den-
sity. Therefore, modified gravity theories remain a compelling alternative
for explaining the observed expansion.

From a theoretical perspective, any modification to gravity must intro-
duce new degrees of freedom, the most common ones being scalar fields
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[4]. Such modifications affect the growth of cosmological perturbations in
the universe. Therefore, the most distinctive signatures of the new degrees
of freedom are observed in the growth of cosmic structure, and not on the
homogeneous background expansion, which can oftentimes be tuned to
mimic ACDM in modified gravity models. As a result, it is difficult to dis-
tinguish between models of dark energy and modified gravity at the level
of background expansion and linear growth.

The non-linear regime of structure formation is hence a powerful ob-
servational window for testing gravity on cosmological scales. In theo-
ries of modified gravity, the equations that govern the evolution of mat-
ter perturbations are altered through modifications to the Poisson equa-
tion and the slip between the Newtonian potentials. As highlighted in
[3], such modifications lead to scale and time-dependent growth of den-
sity perturbations, with an anomalous enhancement occurring within the
Compton radius associated with the scalar field [5, 6]. Beyond this radius,
gravity reduces to its general relativistic form on sufficiently small scales
in dense environments due to screening mechanisms such as chameleon
screening [7]. It is important to incorporate screening in such models be-
cause solar system tests and fifth-force searches place tight constraints on
the presence of additional degrees of freedom and limit any unsuppressed
scalar-mediated interactions in high density environments [8, 9]. This per-
mits such models to remain viable in local environments while altering
the dynamics of matter perturbations on cosmological scales. Together,
these characteristic behaviors allow us to single out intermediate scales,
typically of order megaparsec, where we can potentially detect deviations
from GR [3].

A particularly well studied class of modified gravity models is f(R)
gravity, in which the Einstein-Hilbert action is modified by the addition
of a general function of the Ricci scalar. It is seen that suitably chosen
f(R) models can reproduce the ACDM expansion history while influenc-
ing the evolution of perturbations [10]. f(R) theories introduce a scalar
degree of freedom whose effective mass depends on the local matter den-
sity, thereby demonstrating chameleon screening. Within such theories,
the growth of structure is explicitly scale-dependent and is governed by a
modified effective Newton’s constant [11].

These modifications have measurable consequences on cosmological
observables. The matter power spectrum and higher-order statistics are al-
tered due to changes in the linear growth and non-linear mode coupling.
Therefore, it is necessary to go beyond linear perturbation theory to ac-
curately capture these effects. The precision demanded by forthcoming
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surveys, such as Euclid, also motivates the development of more refined
perturbative and numerical techniques. As the sensitivity of Euclid will
extend deep into the quasi-non-linear regime, theoretical modeling must
account for non-linear gravitational dynamics, scale-dependent growth,
and screening effects [12, 13]. Forecasts indicate that Euclid will be capable
of distinguishing viable f(R) models from ACDM at high statistical sig-
nificance, provided the theoretical predictions for relevant observables are
sufficiently accurate [13].

Therefore, in order to address these challenges, there are stringent de-
mands on the theoretical framework used to interpret large-scale struc-
ture data. Perturbative approaches, such as standard perturbation theory
and effective field theory methods, depend on the accurate computation
of density and velocity kernels that encode mode coupling. Understand-
ing how these kernels are modified by gravity beyond GR is necessary to
ensure reliable inference from upcoming data.

The aim of this thesis is to analyse the perturbative framework for
studying large scale structure formation in modified gravity. We will par-
ticularly focus on f(R) models that exhibit chameleon screening. By de-
riving and studying the scale and time-dependent perturbative kernels,
this work aims to identify signatures of modified gravity in the matter
power spectrum beyond the linear order. We particularly focus on the
transition between screened and unscreened regimes and the role of mod-
ified Poisson equation vertices in implementing screening mechanisms.
We also study the dependence of non-linear effects on the model param-
eters. In doing so, this thesis contributes to the broader effort of building
tools capable of interpreting high-precision cosmological data from Stage
IV surveys.

The structure of the thesis is as follows. In Chapter 2, we review the
fluid description of cold dark matter within the framework of standard
perturbation theory. We extend the fluid description to higher orders and
study their impact on the matter power spectrum. Chapter 3 introduces
modified gravity theories and screening mechanisms, with a particular
focus on chameleon screening and its dynamics. In Chapter 4, we take
a closer look at f(R) theories, discuss conditions for viability, and study
the behavior of perturbations within this theory of gravity. In Chapter 5,
we derive the linear and non-linear vertices that enter the modified Pois-
son equation in the Hu-Sawicki model of f(R) gravity. In Chapter 6, we
conduct a numerical analysis of these coefficients, explore their time and
scale-independence, and identify regimes that exhibit deviations from GR.
Finally, in Chapter 7 we summarize the results and discuss possible direc-
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tions for future work.




Chapter 2

Standard Perturbation Theory

Gravitational instability plays a central role in the formation of large-scale
structures observed in the universe. In this section, we motivate the use
of cosmological perturbation theory in regimes where non-linear contri-
butions become significant. Perturbative solutions are introduced to de-
rive the standard perturbation theory (SPT) kernels that enter the matter
power spectrum and higher-order statistics. This will form the founda-
tion for studying the quasi-non-linear and non-linear regime of structure
formation in modified gravity models in the later chapters.

2.1 Fluid Description of Cold Dark Matter

In the standard homogeneous and isotropic universe, collisionless dark
matter can be modeled as a cold, pressureless fluid, whose dynamics are
governed by the Vlasov equation.

2.1.1 Phase-Space Description

Considering that dark matter only interacts gravitationally in an expand-
ing universe, the equation of motion for a collisionless, pressureless fluid
with velocity v and position r is,

av 8_4)

FrA T (2.1)
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where ¢ is the smooth Newtonian potential sourced by the local mass den-
sity p(r). The gravitational instability in an expanding universe can be de-
scribed in terms of the comoving coordinates x, where r = a(7)x, and the
conformal time T (dT = dt/a). The matter density is expressed in terms of
the contrast ¢ as,

p(x 1) =p(0)[1+4(x 7)), 22)

where (7) denotes the homogeneous background matter density. The
particle velocity can be decomposed in the following manner:

v(x,T) = H(T)x + u(x,t) (2.3)

homogeneous expansion  peculiar component

where H = dIna/dt is the conformal Hubble expansion rate. Simi-
larly, we can expand the gravitational potential into a homogeneous back-
ground component and a fluctuation ®(x, T), the latter of which satisfies
the Poisson equation,

V20 (x, 7) = gﬂm(r)Hz(T)é(x, ), (2.4)

where (), (7) is the matter density parameter. The system can be de-
scribed using the phase-space distribution function f(x, p, T), where p =
amu is the comoving momentum. Then the conservation of phase-space
density implies that the distribution function f satisfies the Vlasov equa-
tion,

% a—f mi Vf-— amVCI)-%:O. (2.5)

The intrinsic non-linearity of this equation arises due to its coupling

with the gravitational potential through the Poisson equation, making it

difficult to solve. However, the combination of the Poisson and Vlasov

equations provides a kinetic description for the perturbative approach to
cosmic structure formation.
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2.1.2 Fluid Equations from the Vlasov Equation
Instead of solving the full phase-space dynamics, we can describe the sys-
tem in terms of momentum moments, which give rise to fluid variables

defined as fields over space. The zeroth moment defines the local mass
density as

/d3pf(x, p,T) = p(x, 7). (2.6)

The peculiar velocity u(x, T) is defined by the first moment,

[ e fxp,7) = px, ulx, 7, 2.7)

while the second moment defines the stress tensor c;;(x, ),

/d3p apzi:;éf(x, P, T) = p(x, T)ui(x, T)uj(x, T) + 03(x, T). (2.8)

Taking moments of the Vlasov equation yields the corresponding fluid
equations for these fields. This includes the continuity equation, which
describes mass conservation, from the zeroth moment,

96(x, T)
oT

and the Euler equation, which describes momentum conservation, from
the first moment,

du(x, 7)
oT

+V-{[1+4d(x,7)]u(x,7)} =0, (2.9)

+H(Du(T) +u(x 1) - Va(x,T) = —Vd(x,T) %vj(paﬁ).
(2.10)

In the early stages of gravitational instability, it can be assumed that
structure formation is driven by matter with negligible velocity disper-
sions. Therefore, one can set the stress tensor 0j; ~ 0, which characterises
the deviation of particle motions from a single coherent flow. However,
this approximation is expected to break down when multi-streams gener-
ate non-zero velocity dispersion on sufficiently small scales [14].

Next, we can redefine the variables in terms of the velocity divergence
0 = V - u and vorticity w = V x u. However, in the pressureless single-
stream regime, if absent initially, vorticity is not generated throughout the
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evolution. This motivates the irrotational approximation used in standard
perturbation theory.

2.2 Cosmological Perturbation Equations in an
Expanding Universe

The main assumption underlying perturbation theory is that the density
and velocity fields can be expanded about the linear solution and we can
treat the variance of the linear fluctuations as a small parameter. This al-
lows us to express the fields as

s(x,1) =Y 6"W(x1), 0x1)=Y 0M(x1), (2.11)

where 6(1) and 8(1) are linear in the initial density field, () and 6(?) are
quadratic in the initial density field, and so on.

2.21 Equations of Motion in Fourier Representation

On sufficiently large scales, cosmological perturbations are statistically ho-
mogeneous and isotropic, which allows us to decompose the density and
velocity fields into Fourier modes. In this representation, each Fourier
mode k represents a fluctuation with comoving wavelength A = 277 /k. In
the linear regime, a homogeneous (translationally invariant) background
implies that each Fourier mode evolves independently. However, when
we include non-linear terms, the equations of motion in Fourier space ex-
plicitly reveal how different modes couple to each other. Therefore, study-
ing the dynamics in this representation allows us to identify the funda-
mental mode-coupling structures that govern the non-linear evolution of
cosmological perturbations.

In this section, we adopt the following convention for the Fourier trans-
formation of a field A(x, 7):

3x
Ak, 1) = /%exp(—ikx)fl(x,r). (2.12)

Taking the Fourier transformation of the continuity equation (2.9) and
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recalling that V - u = 6, we obtain,

d3x
(27)3

9:0(k, T) +0(k,T) = — / e~ kXY . [5(x)u(x)]. (2.13)

Integrating the expression on the right-hand side and assuming that
the fields vanish at infinity,

d3x
(27)3

9:0(k,7) + 6(k,T) = —ik / RN (xulx).  (2.14)

Taking the inverse Fourier transform of the product §(x)u(x) and inte-
grating over comoving space gives

9:5(k, 7) +0(k, 7) = —ik / Padpop(k —p — q)d(p)i(q).  (2.15)

The irrotational flow approximation (V x u = 0) in Fourier space im-
plies that the velocity field satisfies u(k) || k. This allows us to write

(k) = A(k) -k, (2.16)

where A(k) is some scalar function of the wavenumber k. However,
since 0(k) = ik - @i(k), substituting the above expression gives

0 =ik’ A(k). (2.17)
The velocity field is therefore given by

(2.18)

Using the above relation to rewrite equation (2.15) and performing a
change of integration variables, the expression becomes

9:007) + 00k, 1) = - [ Ppiasp(k—p ) | L2 o)
(2.19)

The fundamental non-linear mode couplings in the expression can be
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encoded within the so-called a-kernel, which is defined as

w‘ (2.20)
q
Therefore, the continuity equation in Fourier space becomes

a(q,p) =

9:6(k, 7) +0(k,T) = — /d3p d°q ép(k—p—q) a(q, p)
x 6(p)0(q)

(2.21)

Similarly, taking the divergence of the Euler equation (2.10) yields

00+ HO+ V- [(u-V)u] = —V?. (2.22)

Upon substituting the Poisson equation and taking the Fourier trans-
form, the equations become

~ ~ 3 ~
9-0(k,7) + HO(k, T) + Eﬂm’Hz(S(k, )= —F{V-[(u-V)u]}. (2.23)
To obtain the Fourier transform of the non-linear term on the right-
hand side of the above expression, we use the following identity,

2

(u-Viu=V (%) +(Vxu)xu (2.24)

Combined with the assumption of an irrotational fluid, this identity
simplifies the non-linear terms, and gives the equation

d:0(k, 7) + HO(k,T) + gﬂmﬂzés‘(k, T) = % / Ppdq (p+q)’
xop(p +q—k)i(p)i(q).

(2.25)

Using equation (2.18) allows the velocity field to be re-expressed in
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terms of its divergence, resulting in
~ ~ 3 . 1
0-0(k,7) + HO(k, T) + EQ,nHZ(S(k, ) =3 /d3p #*qép(p+q—k)

< [PED AP 45

9*p?
(2.26)

Therefore, the second fundamental non-linear mode coupling kernel 8(q, p)
is defined as

B(qp) = AtP AP

772 (2.27)

The Euler equation then reads

9:0(k,7) + HO(k, T) + ngHZS(k, T) = — /d3p d°q ép(p+q—k)
x B(q,p)6(p)d(q)

(2.28)

Therefore, the « and B-kernels arise due to the non-linear terms of the
continuity and Euler equations and encode the non-linearity of the evo-
lution. The dynamical evolution of §(k,7) and (k, T) is determined by
the mode couplings of fields at all wavevectors p and q, which satisty
k = q + p, as required by translational invariance in a homogeneous uni-
verse.
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Summary: Equations of Motion and Mode-Coupling Kernels

The evolution of the density contrast 6 and velocity divergence 0 in
Fourier space is governed by

9:0(k, T) +0(k,T) =
- /d3p @qop(p+q-k)a(p,q)6(p,7)é(q 1), (229

3:0(k, ) + HO(k, 7) + gﬂmﬂzé(k, )=
— /d3p #qop(p+q—k)B(p,q)0(p,7)0(q,7),  (2.30)

where the mode-coupling kernels are given by

x(qp) = PTD P +p§) 4. (2.31)
+q)*(p-
B(ap) = P 2‘];2;21’ 9. (2.32)
NG J

2.3 Higher-Order Solutions in Einstein-de Sitter
Cosmology

To illustrate the general method for solving the fluid equations, we con-
sider the case of Einstein-de Sitter Cosmology with (), = 1 and Qj = 0.
To begin, we use the following perturbative expansions:

[0,] [ee)

Sk,1) = Y a"(0)bu(k), (k1) = —H(1) Y a"(T)0a(k). (2.33)

n=1 n=1

Here, the time dependence factors out as powers of the scale factor
a(t). This implies that the time evolution is universal while all the spa-
tial/mode structure is encoded within the fucntional forms of 4,, and 6,,.
The equations of motion determine the higher-order contributions to é(k, 7)
and 0(k, T) in terms of convolutions of the linear density field. Conse-
quently, the general solutions take the form,




19 Standard Perturbation Theory

5 (k) = / Pq;.. / Pt (K — Q1) Fn(qQLs o @n)81(q1)-01(qn)  (2.34)

0,,(k) = —/d3q1.../d3qn(5p(k— Q1) G ( Q1 oor @)1 (1) 01 ().
(2.35)

Here, F, and G, are homogeneous functions of degree zero, and are
constructed using the fundamental mode coupling functions discussed
earlier.

Substituting the perturbative expansions from equation (2.33) within
the continuity equation (2.21) yields

(o]

Y a(T)a" 1 ndy (k) + 0,(K)] = — / Pk, / Phadp (k; + Kz — K)a(ky, ko)
n=1
X ni i a(T)a" 1 (T) 0 (k1) 80— (k2).
m=1n=2
(2.36)

Comparing the coefficients of 4(7)a" !, thereby isolating the nt"-order
contribution of the series, gives

160(K) + 0 (K) = — / Pl / Phadp (k1 + ko — K)
- (2.37)
><D€(k1,k2) Z Qm(kl)én—m(kZ)'

m=1

Similarly, in the case of the Euler equation (2.28), isolating the n"-order
contribution of the series yields
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;én(k) + (n + %) 0, (k) = — / Pl / Pladp (ki + ko — k)
(2.38)

n—1

X,B(klz kZ) Z 6m (kl)enfm(k2)~

m=1

Introducing the definitions

160(K) + 6 (1) = An(K), §5n<k>+(n+§) 0u(k) = Bu(k), (239)

allows us to express 6, and 6, as a linear combination of A, and B, as
follows:

(2n +1)A, (k) — 2B, (k) 6 (k) — 2nB, (k) — 3A,(k)
n2n+1) -3 ’ T 2n+3)(n—1)
(2.40)

Using an inductive ansatz, it is possible to show that for all orders n,
there exist F; and G, that satisfy the equations (2.34) and (2.35). The proof
proceeds as follows:

on(k) =

e n=1:F(q1) =1land Gi(q2) =1
Then &1 (k) = [ d>qidp(qi — k)d1(q1) = d1(k)
and 6y (k) = — [d°q10p(q1 — k)d1(q1) = —d1 (k)
Therefore, the base case is satisfied.

e n # 1: We begin by assuming that equations (2.34) and (2.35) hold
for all orders n. Substituting the corresponding expansions of J,, and
6, into the definitions of A, and B, yields:

An( /d3q1 A qudp(q1 + q2 + .+ qn — k) An(q1, -, qn)
x01(q1)---01(qn)
By (k) /d3q1 A qudp(qi + Q2+ ... + qn — K)Ba(qu, ..., qn)

><(51(q1)---51(qrz)
(2.41)
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where A,, and B,, are,

n—1
An(qr s Q) = Y, @(q1 + oo+ Qs Qg1 + - + dn) G (q1, -oos Git)
m=1
XFn—m(qm—f—l/---/ qn)
n—1
Bu(q1, - qn) = ), B(q1 + -+ Qs Q1 + o+ Q) G (1, ooy Qi)
m=1

X anm(qm—i—l/ ceey qn)
(2.42)

Substituting the expressions for A, and B, back into the relations
derived in equation (2.40), and comparing with the general forms of
solutions in (2.34) and (2.35) gives the expressions for F,;, and G, as

n—1

Fi(qu - qQn) = 2 (Gm(ql,.“’qm) [(2n + V)a(ky, ko) Fu—m(qm+1, -+ qn)

L (2n+ 3)(n—1)
—|—2‘B(k1, kz)Gn—m(qm—HI s Cln)]
(2.43)

Gu(q1, - qn) Z znf;' 'qm)>[2n,3(k1,k2)Gn—m(qm+l,...,qn)

+3D‘(k1/ kZ)Fn—m(qm—H/ Yy qn)]
(2.44)

Therefore, F,, and G, are kernel functions, which can be computed it-
eratively and describe how Fourier modes couple together through non-
linear gravitational evolution. They can be represented diagrammatically
by the vertex shown in Figure (2.1).

One of the key ideas of SPT is how the F,;, and G, kernel functions can
be used to construct higher-order statistics and corrections to the theory.
As a consequence, the kernels F, and F; enter the one-loop matter power
spectrum and will be discussed further in the next section.




22 Standard Perturbation Theory

Figure 2.1: Diagrammatic representation of the n''-order mode-coupling ver-
tex F, arising from SPT. The figure illustrates how n incoming Fourier modes
ki, ..., k, couple to give a single outgoing mode k, with the conservation of co-
moving wave-vectors enforced by the Dirac delta function [15].

2.4 Power Spectrum Beyond the Linear Order

The statistical properties of a Gaussian density field in Fourier space are
completely characterised by its power spectrum (or two-point correlation
function), which is defined as

(6(k,7)6(K, 7)) = 6p(k+K')P(k, 7). (2.45)

However, when the evolution of gravitational instability is non-linear,
the mode couplings introduce non-Gaussianities, requiring higher-order
perturbation theory to completely characterise the density fields.

241 Tree-Level Contribution
Atleading order, the density contrast J evolves linearly and takes the form
PO (k,T) = D% (1) P (k), (2.46)
where D (7) is the linear growth factor while P; represents the initial

(linear) power spectrum. This contribution is called the tree-level or zero-
loop power spectrum.
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2.4.2 One-Loop Corrections

One-loop perturbation theory describes the initial effects of mode cou-
pling in the evolution of the power spectrum and provides quantitative
estimates of where tree-level PT breaks down during the transition to non-
linear regimes. Expanding up to the cubic order in the linear density field
gives the one-loop power spectrum,

Pkt)= PO(kt) + PU(k1) . (2.47)
——— ——’
linear (tree level)  one-loop correction

The one-loop contribution can be further expanded as

PW (k, 1) = Py (k, T) + Pis(k, 7). (2.48)

As we can see from Figure (2.2), the term P, arises from the correla-
tions of second-order density perturbations, while Pj3 encodes the cou-
pling between the first and third-order perturbations. Their respective
computations are discussed below.

(6(k)o(ka)) = 0@ +{ Q . .43 }

Figure 2.2: Diagrammatic representation of the matter power spectrum at one-
loop order. The first term represents the tree-level contribution (P(?)), while the
rest arise from the loop corrections due to mode-coupling (P) and propagator
renormalisation (Py3) respectively.

Recalling the general forms of expressions for §, from equation (2.34),
the second-order contribution is given as

5@ (k) = /d3q1d3Q25D(k —q1— ¢12)F2(S)(Q1/%)51(‘11)51((12)- (2.49)

Plugging this into the definition of Py, = (6 (k)6 (K')), we get:
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(0P (k)s®(K)) = /d3CI1dSCI2d3P1d3P25D(k —q1 — q2)0p (k' — p1 — p2)

<Ey (q1,92) B (P1, P2) (3,040, 0p,)-
(2.50)

Applying Wick’s theorem for a four-point function, the following pair-
ings are possible:

<5l]1(5‘725P15P2> = <5Q1542> <5P15P2>/+ <5Q15P1> <5¢725P2> + <5Q15P2> <5QZ§P12'

(. J

) (i) (i)
(2.51)
Since (i) enforces a zero external momentum, it can be dropped in the
case of the connected power spectrum when k # 0. Using the definition
(6MW(a)sM (b)) = ép(a+ b) Pr(a), the contribution of term (ii) to the in-
tegral in equation (2.50) can be expressed as

T = /d3q1d3qzd3pld3P25D(k —q1— q2)p(k' — p1 — p2)

<EY (qu, @) B (p1,p2) X 6p(p1 + q1)PL(q1) X 8p(q2 + p2) PL(42).
(2.52)

Integrating over p; and p; reduces the expression to

L = /d3CI1d3CI25D(k —q1— q2)0p(K' +q1 + q2)

(2.53)
<y (1, @) B (~a1, —a2) * Pr(g1)Pi(g2)

Since the symmetrised second-order kernels are homogeneous to de-

gree zero, they satisfy Pz(s) (q1, q2) = 2(2) (—q1, —q2). Further, upon rela-

beling the integration variables and integrating over q, we obtain

Ty = ok +K) [@q(E (k—al@)PP(a). (@54
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Similarly, the contribution from the third term (iii) of equation (2.51) to
the integral in (2.50) can also be written as

Ti = op(k + ) [ @a(F (k—al@)?Pula):. (255

Therefore, equation (2.50) reduces to,

(62 (1052 (1)) = 20p (k +K) [ dqlEf” (1K~ al, @) PP () Pe 1k — )
(2.56)

However, by definition, (6 (k)§® (K')) = 6p(k + k') Py (k). There-
fore, through comparison, the P, contribution to the one-loop power spec-
trum is derived as

Po(k) =2 [ @qlE (k- al, @ PPL@P(k —a).  @57)

This contribution is positive-definite and characterises how power is
transferred between modes due to non-linear interactions.

Similarly, using the definition of Pz = (6(1) (k)d©®) (K)) yields

(D8O (1)) = [ @il prd®pad’psdn (k — a1)én (K — p1 — p2 — ps)

X Fl(s) (ql)F?SS) (Pl/ P2, P3) <5"715P15’72(Sp3> ’
(2.58)

Integrating over q; and recalling that Fl(s) = 1, the integral reduces to

(D8O () = [ dp1d®pad’psdn (K — p1 — p2 — p3)

(2.59)
< F$*) (1, P2, P3) (507,80 ps)-

Using Wick’s theorem and following a similar analysis as before, the
P13 contribution to the one-loop power spectrum is obtained as
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Pi(k) = 6 [ @qF (k q,~q)PL(K)PL(9). (2.60)

Unlike Py, this contribution is in general negative and does not de-
scribe mode-coupling. Depending on the form of the initial power spec-
trum Pp, P13 can suppress power on quasi-linear scales leading to effects of
previrialisation, which is when small density fluctuations experience non-
radial motions and tidal interactions, causing their gravitational collapse
[16].

2.4.3 Diagrammatic Representation
The two contributions P,; and Pj3 correspond to the diagrams shown in

Figure (2.3), where the vertices represent the mode-coupling kernels and
the internal lines represents to the linear power spectrum.

Py
Py
Py
F.’{ Fy Fy
Py

Figure 2.3: Diagrammatic representation of the one-loop contributions to the mat-
ter power spectrum: Py (right) and Pi3 (left). The Pi3 term arises from the cou-
pling between a linear and a third-order perturbation, and P», represents the cor-
relation of two second-order perturbations of the density field. [15].

Therefore, the kernels F, and F; play an important role in determining
the leading non-linear corrections to the power spectrum. Their explicit
form influences the sign and scale-dependence of the one-loop contribu-
tions. Each diagram corresponds to an integral over internal momenta.

This diagrammatic representation provides a compact way to study
the non-linear corrections to the correlation functions. It is also useful for
assessing the infrared and ultraviolet behavior of loop integrals and for
understanding how different interactions contribute to the observables,
such as the power spectrum [17]. As seen from Figure (2.3), P,; comes
from the correlation between two second-order density perturbations and
represents the simplest irreducible mode-mode coupling. In contrast, Pj3
arises from the coupling between one linear mode and one cubic pertur-
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bation, and encodes the self-energy correction that renormalises the linear
density propagator [18].







Chapter 3

Moditied Gravity and Screening
Mechanisms

This chapter introduces the general principles behind theories of modified
gravity and provides the physical motivation for screening mechanisms.
In particular, we will study chameleon screening, in which the additional
degree of freedom is environment-dependent, thereby allowing for the re-
covery of general relativity in high-density regions.

3.1 Modified Gravity

General relativity has had extraordinary success in making predictions
about fundamental physics that have been confirmed through experiments
and observations, such as the precession of Mercury perihelion with high
precision. In principle, GR is a geometric theory for gravity, in which the
spacetime curvature is determined by the energy, momentum, and stress
of matter and radiation through the Einstein field equations.

Despite these successes, there are compelling observational and theo-
retical reasons to consider possible extensions or modifications to general
relativity. One such motivation comes from CMB, Type la supernovae, and
large-scale structure observations that confirm the universe is currently
undergoing a period of accelerated expansion. Within general relativity,
this expansion is accounted for by introducing a cosmological constant or
a dark energy component with a negative equation of state. However,
there is substantial disagreement between the observed value of the vac-
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uum (cosmological constant) energy density and that predicted theoreti-
cally by quantum field theory, which gives rise to the cosmological con-
stant problem [19, 20]. From a theoretical standpoint, general relativity is
not perturbatively renormalisable and can be considered as a low-energy
effective theory, which indicates the need for extensions or new degrees of
freedom at higher energies [21].

This has led to the development of modified gravity theories. Most
modified gravity models retain the geometric foundation of GR and ex-
tend the gravitational action by introducing additional dynamical fields
or geometric invariants. This can be done in a multitude of ways, some
of which include theories with higher-order curvature terms in the ac-
tion, non-Christoffel connections, or even formulating models in higher
dimensions [22]. Among these different theories, scalar-tensor theories
are particularly important. In such theories, gravitational interactions are
governed by both the metric tensor and a scalar degree of freedom that
couples to the curvature scalar. In general, the action can be written as a
sum of the gravitational piece, a scalar piece, and a pure matter piece [22],

S=S5p+51+5m (3.1)

Depending on the choice of coupling functions, these theories encom-
pass a wide range of modified gravity models, including Brans-Dicke grav-
ity. Animportant subset of scalar-tensor theories is f(R) gravity, where the
Ricci scalar R in the Einstein-Hilbert action is replaced by a general func-
tion f(R). Such modifications introduce scale and environment-dependent
effects that are not observed in GR.

One of the main challenges for modified gravity theories is satisfy-
ing local gravity tests. Since precision measurements in the solar system
place extremely tight constraints on deviations from GR [23], any addi-
tional degree of freedom must be suppressed in local environments. This
is achieved through screening mechanisms, such as chameleon and Vain-
shtein screening, which suppresses deviation from GR in high-density or
high-curvature environments. Screening mechanisms will be discussed in
greater detail in the following sections.
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3.2 Screening Mechanisms

Observations from Type Ia supernovae and CMB anisotropies indicate
that the universe is currently dominated by a dark energy component.
While the cosmological constant provides an adequate phenomenologi-
cal description, more general models of gravity explain dark energy and
the late-time acceleration of the universe through a dynamical scalar field.
However, for such a field to remain dynamical today, its corresponding
mass must be of order Hy [24].

Scalar fields that are effectively massless on scales of the solar system
mediate long-range forces and lead to violations of the Equivalence Prin-
ciple, which is tightly constrained through astrophysical and laboratory
tests [25]. The fields couple to matter with gravitational strength, leading
to phenomenological inconsistencies unless their effects are suppressed
on these scales. Screening mechanisms reconcile the cosmological impli-
cations for such a scalar degree of freedom with stringent local tests of
gravity.

3.2.1 Chameleon Screening

Chameleon screening achieves this reconciliation by ensuring that the scalar
field acquires a mass whose magnitude depends on the local matter den-
sity. In regions of high density, such as the solar system, the associated
mass becomes large, causing the force it mediates to become short-ranged
and making it unobservable. In contrast, in low-density regions, the force
becomes long-ranged and can influence cosmological dynamics [7].

The action governing the dynamics of such a model in the Einstein
frame is given by [7]

5= / d4x\/_{ THR 2 (0p) - )}— [ dxculell gld), 62)

-~

matter action

J/

scalar ﬁeld action

where Mp; = (871G)~1/? is the reduced Planck mass and the matter
tields 1,0,(7;) couple to the scalar field by the conformal rescaling,

gffﬁ — P9/ Mug, (3.3)
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Here, B; denote dimensionless coupling constants that need not be ex-
tremely small; they can be of order unity in their coupling to matter. It is

assumed that different matter fields 1}7,(1? do not interact with each other.
Further, a runaway potential V(¢) is assumed which is monotonically de-
creasing and satisfies the following conditions:

lim V(¢) =0, 1l Ve _o 1im 22 —o 3.4

g P =0y =0 gy, =0 34
Ve Ve

lim V(¢) = lim —2 = lim ~? = co. .

i (¢) = o0, ey = jmg = (3.5)

An example of such a runaway potential would be the inverse power-
law potential

ME+n
If the stress-energy tensor for the i type of matter is
TS = 2 Okm (3.7)

the equation of motion can be derived by varying the action with re-
spect to the scalar field ¢. Varying the scalar field part of the action yields

58y = / dx\/—g(V, V). (3.8)

For the matter action part, however, there is only an implicit ¢-dependence

(i)

in g,y which arises due to the conformal rescaling. Therefore, the varied

action becomes
(i) _/ s o) Bi ()i
0Sy = [ d*xy\/—g MngWT op. (3.9

(i

However, for non-relativistic matter gWZT(i)VV ~ —p;, where p; is the
energy density. Furthermore, p; is not conserved in the Einstein frame,

and therefore it is convenient to use an alternate energy density p; =
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Since 0S¢ + S, = 0 for arbitrary ¢, the equation of motion is obtained
as

Bi  pp/m
O¢p = Vg + Y -Ztpefid/ M (3.10)
i Mp, l

From the right-hand side of equation (3.10), it is evident that the dy-
namics of the scalar field does not just depend on the runaway potential
V(¢), but also on an additional density-dependent term. Therefore, the
effective potential can be written as

Verr () = V(9) +)_piel#/Mr. (3.11)

While the first term V(¢) arises due to self-interactions, the second
term comes from the conformal coupling to matter fields. It can also be
observed that although V(¢) and efi#/Mpi are monotonic functions, Vers
displays a minimum provided f; is positive (see Figure (3.1)). If ¢,,;;, is the
value assumed by ¢ at the minimum, it would satisfy

ﬁi BiPmin/ M
V . o iPmin Pl — 0, 3.12
AP((Pmm) ; MPZ Qi ( )

and the mass of small fluctuations around ¢,,,;, would be obtained as

2 _ Ve BE B/ M
Myin = d¢2 = V,4>4>((sz’n) + ZM_%lpie #Wmin L (3.13)
i

Equations (3.12) and (3.13) show that the minimum value of the field
¢min and its mass m,,;, are both dependent on the local matter density
pi. It can also be observed that larger values of p; imply a smaller ¢,,;,
and larger m,,;,. This means that the chameleon becomes more massive in
denser environments. Therefore, this mechanism allows for the scalar field
to be sufficiently massive on Earth to evade constraints on EP violations
and fifth-force. The next chapter will discuss chameleon screening in the
context of f(R) gravity and its manifestation in the structure of non-linear
mode-coupling kernels.
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Effective Potential in the Chameleon Mechanism

— Veff(¢)
-== V(¢)
...... o exp(Be/Mp)

Figure 3.1: Effective potential for the chameleon field as a sum of the self-
potential V(¢) and the conformal coupling contribution peP?/ M. These contribu-
tions produce a density-dependent minimum of the effective potential. In high-
density regions, the minimum shifts to smaller values of ¢ and the curvature of
Vers increases, which implies a large effective mass for the scalar field. This rep-
resents the chameleon mechanism which screens the scalar-mediated ‘fifth-force’
in dense environments while allowing it to remain active on cosmological scales.



Chapter I

f(R) Gravity and Screening

41 Introduction

f(R) gravity is one of the simplest and most widely studied modifications
to general relativity. It gained traction following Alexei Starobinsky’s re-
search on cosmic inflation [26], where a quadratic correction to the Ricci
scalar R in the Einstein action produced a de Sitter universe that accounted
for the accelerated expansion. Later on, it also emerged as a candidate to
explain the late-time expansion of the universe, without invoking dark en-
ergy.

Through a conformal transformation, f(R) theories can be recast as
general relativity with an additional scalar degree of freedom that cou-
ples to all matter with a fixed coupling strength [11, 27]. This raises con-
cerns over violations of the stringent solar system tests of gravity. How-
ever, screening mechanisms suppress the scalar degree of freedom in high-
density environments, which effectively renders the theory indistinguish-
able from GR on such scales. As a result, f(R) theories are not auto-
matically ruled out. Further, it is possible to develop models that im-
itate a ACDM expansion history, but deviate from general relativity in
the evolution of cosmological perturbations. In this chapter, we derive
the quasi-static perturbation equations responsible for structure forma-
tion, and highlight how scale-dependent modifications to gravity enter
the Poisson equation for f(R) theories.

We consider theories of gravity that are governed by the following ac-
tion,
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5=y [dxy/gR+fR) + [dry/~glultiogl, @

where k> = 87G and f(R) represents a general function of the Ricci
scalar R. As the action is expressed in the Jordan frame, matter is mini-
mally coupled to gravity and the matter fields x; follow the geodesics of
the metric g,,. Before proceeding, we adopt the notation df /0R = fr
throughout this work. The field equation is obtained by varying the ac-
tion with respect to the metric g;,,. We use the following components in
the derivation:

* For a square matrix M, the following condition holds:

5(det M) = (det M) Tr(zvrl(SM)

1 ) 4.2)
0/~ = 5 V88" 08
* The following identity holds:
08py = —8pu " Gav * 68" (4.3)
e [tis also known that:
1
5rfﬂ/ = Egpa‘(v‘uégg']/ + vV&gUﬂ - vaégl’“/) (4:.4)

Substituting the identity from (4.3) in the above relation gives,

1 1 1
51“f”, = —Egmvyégp"‘ — Egﬁyvvégpﬁ + igp‘fgwgvﬁvgdg“ﬁ

1
and &I, = —Egﬁpvyégpﬁ
(4.5)

* Lastly, the variation of the Ricci tensor R,y gives,
6Ryuy = VoI, — V60, (4.6)

Multiplying the equation by ¢"¥ and substituting the expressions
from (4.5) gives,

§"ORy = —V,VpdgP + 0(8ap08"F) 4.7)
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But, it is known that 6R = R,0¢"" + g"Y6Ryy. Therefore, it follows
that,

Before varying the action, it is convenient to decompose it into two
parts as,

= o [ y/=gIR+ FR) + I+ [ @/l @9

Se Sm

* Varying S,:

The variation of the first part of the action, S, gives

353 = gz [ @x(0y/7§(R+f) +/"3(0R + froR))
558 T o2 /d4x\/_{ gﬂv R+f( ))5g’w (4.10)

+ (14 fr) [Rwég”” + (éyvm/— V.V, )5g7“/] }

The integral corresponding to the term Z; is evaluated,

Li= 21? / d*xy/=g{(1 + fr)guOsg"" }. (4.11)

We assume that (1 + fr)guw = Auy. Using the covariant product
rule,

ANV VESgH = Vo (A V 6g") — (VaAuw) V6",  (4.12)

the integral 7; becomes,

1

T= 55 / 442,/ =gV a( Ay VE5gH)
1

_@/dALX\/ _g(vtxAyy)vaégyy

(4.13)

Since the first integrand in (4.13) is a total divergence, it reduces to a
boundary term of the form,
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1
Ii,ll = @ /j\/l d4xaa (\/ —gAWV(X(ng) . (414)
However, since we assume the variation of the metric to vanish at

the boundary of the manifold, i.e., dg|; m = 0, the integral 7;,
vanishes as well. Therefore, the integral Z; becomes

1
T-—h [y eViAuTgr. @)

Performing an integration by parts and discarding the boundary term
once more, we arrive at

1
Ti=s5 /d4xw/—g(DAw)5gW,
1
T, = @/dllx\/_—ggw(DF(R))(SgW.

Similarly, the integral corresponding to the term Z;; is evaluated as

(4.16)

T, = 217 [d/=50+ )=V, V6. @)

Performing an integration by parts and neglecting the total diver-
gence term, we obtain

1
Ti=; [dsy/=gVu(l+ f)(Visgh).  @18)
Repeating the integration by parts once again gives,

1
Ti=-53 / d*x\/—gV Y frog". (4.19)

Combining the two contributions from Z; and Z;;, one obtains

5Sg: 2LK2/d4x\/—_g{(1 +fR)Ryv_%gyv(R+f(R)) ( |
4.20

NAERRA T
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¢ Varying S;;:

Upon varying the matter sector of the action, we obtain
58, = /d4x(5(\ /=2 Lon). 421)

Defining the stress-energy tensor as

_ 2 4(V—8Lm)
Ty = — = e (4.22)

the varied action becomes
1
m=-z / d*x\/—g Tog". (4.23)

Combining the contributions from the two evaluated variations yields

0S = 0Sg +0Sm = 5 /d4x\/_{ [1+fRRw/ 2gw(R+f( )

+ (gm0 - VVVV)fR] - Tw}égi“/.
(4.24)

However, the action must remain invariant under variations of the metric,
yielding the field equations

(14 fR)Rpw — %g;w(R +f(R) + (g0 — ViVy) fr = €*Tyy | (4.25)

The extra f(R) term in the action leads to additional terms in the Ein-
stein equations, which are now fourth-order differential equations.

The energy-momentum tensor of a perfect fluid can be expressed as

where p is the energy density, P is the pressure, and U¥ is the four-
velocity in the rest frame. As the metric remains minimally coupled to
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matter, the continuity equation is given as

p+3H(p+P)=0. (4.27)

To derive the Friedmann equations, the FLRW metric is considered in

conformal time, o
ds* = a*(7)[—dt* + Siidx'dx']. (4.28)

The following components are required in the derivation and are com-
puted using the FLRW metric.

* Christoffel symbols: The non-zero Christoffel symbols are obtained
as
Too = H, r?j = Hoij, Téj = 7—[5]1-. (4.29)

¢ Ricci Tensor: It is known that the Ricci tensor is defined as
Ruy = 05T, — 0,1, + Tq, T, — I3, Th,. (4.30)

Using the Christoffel symbols, we can calculate:

H' +21?
Roo = —3H', Rjj= —7 8 (4.31)
* Ricci Scalar: The Ricci scalar is evaluated using
R — gvayy. (4.32)

Using the previous components, the Ricci scalar is obtained as

! 2
R = %. (4.33)

* 4-Velocity and Stress-Energy Tensor: The 4-velocity of a perfect
fluid in a comoving frame is

1
ur = (E'O’ 0, 0) : (4.34)

Therefore, the 00 component of the stress—energy tensor takes the
form
Too = (p + P)U, Uy + Pgoo = Too = pa’. (4.35)
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The 00*" component of the Einstein equations gives
(1 + fR)ROO — —gOO(R + f) (gOQD — V()V())fR = 12T, (4.36)

Upon using Vfr = fg, the equations reduce to

I 2
%(_QZ) { (H :—H )

(1+ fr)(—=3H') - —I—f} +3H fr = K*pa®.  (4.37)

Further, noting that H' = a’/a — H?2, the first Friedmann equation is
obtained as

) a az , K2 ) 438
A+ fR)H = o frt+ o f +Hfg=Fap (4.38)

From the ij" component of the Einstein equations, one obtains
1
(1+ fr)R;j — Eg,-]-(R +£) + (80— ViVj) fr = Ty (4.39)

Using V;V,fr = —Héjjfp and T;; = PaZ(Si]-, along with the results from
equations (4.31) and (4.33) one finds

a a’ a2
(1+ fr) (7 + HZ) -3 (7) -5 f — fR — Hfk =x*a*P.  (4.40)
Subtracting equation (4.38) from the above expression gives
a f K2a2

(1—fR)+ f+ +HfR——Ta(3P—p). (4.41)

However, from equation (4.38), it is known that

2
Hfp = a0 — (1+ fr)H? + —fR - —f (4.42)

Upon substitution into equation (4.41), the second Friedmann equation
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is obtained as

a// az " 2

o Tf R = —%az(SP—l—p) (4.43)

The additional terms that arise in the Friedmann equations due to f(R) #
0 effectively replace dark energy [11]. In particular, this new scalar degree
of freedom is denoted by fg, and is called the scalaron [26].

Taking the trace of the Einstein field equation (4.25) gives

2
Of = 3(R+2f ~ Rfi) = '5(p —3P) = G

(4.44)

Therefore, a second-order equation for the field fr is obtained, with a
canonical kinetic term and an effective potential sourced by the scalaron.
To remain consistent with the theoretical predictions of the early universe,
when curvature was large, the following assumptions must hold [11]:

|f| <R, |fr| < 1. (4.45)

This ensures the restoration of the theory to general relativity in the
high curvature limit.

The extremum of the effective potential Vs is given by setting

dVeff . 1 _ B K2

(o —3P) =0, (4.46)

which in the high curvature limit reduces to its GR value
2
R = g(p —3P). (4.47)

Furthermore, the mass of the scalaron is determined by the second
derivative of the effective potential,

0%V, 1[1+4f
me =2 et - [—R — R} . 4.48
fr df2 3| frr (4.48)
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In the high curvature limit, the mass can be approximated as

mfR ~ ~ .
fRR 3frR

(4.49)

This implies that the condition frr > 0 must be satisfied in order to
avoid a tachyonic scalaron. Furthermore, the mass of the scalaron m fr Sets

the Compton wavelength

2
Ao = 1 (4.50)

M fr
The range of the fifth-force mediated by the scalaron is determined by
its Compton wavelength. Therefore, in regions of high density, where the
scalaron becomes heavier, the range of the fifth force is significantly re-
duced and its effects become unobservable. This is the manifestation of
chameleon screening in the context of f(R) gravity.

4.1.1 Viable f(R) Gravity Models

The viability of f(R) models is constrained by stringent observational and
experimental bounds. While f(R) gravity is formally equivalent to Brans-
Dicke theory with wgp = 0, low values of the parameter are ruled out by
solar system tests. However, in high-density regimes, the scalar degree of
freedom becomes heavier and therefore strongly suppressed. This neces-
sitates a separate set of conditions that the theory must satisfy to remain
observationally consistent.

The conditions that f(R) gravity models must satisfy to be a viable
theory which explains cosmic acceleration are as follows [11]:

1. For R > frr, frr > 0. As implied by equation (4.49), a positive
frRr ensures that the scalaron does not experience tachyonic instabil-
ities. Classically, this condition arises from requiring a stable high-
curvature regime, such as the matter-dominated epoch [28].

2. 1+ fr at all finite R. Since the effective Newton constant in case of
f(R) gravity is given by

(4.51)
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this condition ensures that the sign of the gravitational constant does
not change. Quantum mechanically, it prevents the graviton from be-
coming a ghost [29], while classically, 1 + fg < 0 implies a universe
that quickly becomes inhomogeneous and anisotropic [30, 31].

3. Since CMB and Big Bang nucleosynthesis observations require GR to
be recovered at earlier times, this means f(R)/R — 0 and fg — 0 as
R — oco. However, since frr > 0, this implies that fr < 0 for all R,
with fr being a monotonically increasing function that tends to zero
asymptotically.

We use these conditions repeatedly across the thesis to ensure the agree-
ment of theory with observations.

4.2 Perturbations in f(R) Models

Perturbations around the Friedmann-Lemaitre—Robertson—-Walker metric
are expressed in the Newtonian gauge, which is given as follows:

ds? — _(1 + Zl[J)dtz + (;[2(] + 24))(51~jdx"dxj. (4.52)

The evolution of matter fluctuations is studied within the Hubble hori-
zon. Before proceeding, it is important to discuss the quasi-static approxi-
mation and its role in deriving the equations governing the growth of cos-
mological perturbations. In theories of modified gravity/dark energy, it is
based on the assumption that relevant modes satisfy k > aH, such that
the spatial derivatives dominate over the time derivatives. This implies
¢ < c2k?5¢. Physically, this means that the perturbations evolve slowly
compared to the timescale set by their spatial propagation. This allows
the scalar fields to adjust instantaneously to changes in the matter density,
and can effectively be treated as remaining in equilibrium with the matter
distribution.

As discussed earlier, in order to successfully explain the accelerated ex-
pansion of the universe, gravity must be modified on large scales. How-
ever, such modifications introduce scalar degrees of freedom that alter dy-
namics even on sub-horizon scales. These modifications can be described
using Brans-Dicke gravity. In this context, f(R) gravity can be consid-
ered as a scalar-tensor theory equivalent to a Brans-Dicke model with the
parameter wpp = 0 and a specific scalar potential. Therefore, using the
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quasi-static approximation, the perturbed modified Einstein equations are
given as [32],

p+yp=—¢ (4.53)
1 1
a—2V21,L7 = 471Gppmd — ﬁvz(p. (4.54)

Here, ¢ is the scalar field perturbation associated with the additional
scalar degree of freedom in scalar-tensor theories. Furthermore, equation
(4.53) encodes the gravitational slip that is induced due to the departure
from general relativity.

The equation of motion for the scalar field perturbation is given by [32],

1
3+ 2wBD)a—2v2go = —87Gpud, (4.55)

where py, is the background energy density and d is the density contrast
of dark matter.

Many modified gravity models that address the late-time cosmic ac-
celeration predict a Brans-Dicke parameter wpp of order unity on sub-
horizon scales. Such values do not agree with the stringent Solar System
constraints, which require wgp > 40000 [8]. However, these bounds only
apply if the scalar has no potential or self-interactions. When an inter-
action term is introduced, the scalar field becomes effectively screened in
dense regions, thereby evading local constraints. In this case, the dynam-
ics of the scalar perturbation obeys a field equation of the form

%kz(p = 81tGpmd — Z(¢), (4.56)

where the interaction term 7 can be expanded as [32],

2() = Mg+ 3 | IR () ks gl

+1 / d3k1d3k2d3k3
6 (27

g 6p (k — kia3) Ms(ky, ko, k3) (k1) @(k2) p(k3).

(4.57)

One realisation of this non-linear interaction term 7 is provided by the
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chameleon mechanism, which has been discussed in Chapter 3. With an
increase in local mass density, the scalar field becomes heavier, thereby
suppressing departures from general relativity. In the above expression,
M is the linear mass term of the scalar perturbation in the background,
while M; (i > 1) represent the higher-order self-interaction coefficients
that describe how the mass changes with energy density [32].

The next step is to derive the complete form of the modified, perturbed
Poisson equation. To this end, the interaction term can be substituted
within equation (4.56) giving,

5 K2g(k) + Mig(k) = ©ond(k) — Ty (K), (4.58)

where 7y includes all the higher-order non-linear contributions to the
interaction term Z. For ease of notation, it is also convenient to define,

k2
+ M (4.59)

k) =22 +73

Therefore, ¢(k) in equation (4.58) can be re-expressed as,

?(9) = 3110 [P0nd(k) = T | (4.60)

We can perturbatively expand ¢ as,

o=+ 9@ 4 o0 4 . (4.61)

Upon comparing equations (4.60) and (4.61), it is straightforward to see
that the linear contribution is given by,

20,8(k
ot = omolk) (15) ) (4.62)

Similarly, the quadratic contribution is obtained from the first term of
ZIn1, which reads,

d°k d3k
NL 2/ 147X p(k — k12)M2(1<1,k2)cp(1)(kl)(p(l)(lq). (4.63)
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Substituting the expression for ¢(!) from equation (4.62) yields,

11(52(10 = - (g;p(nli); / d3(1;f;;(25D(k — k12)M2(k1,k2)%-
(4.64)

However, it follows from equations (4.60) and (4.61) that,

o (k) = — LK) (4.65)

Therefore, we obtain,

K2 " 2 3 3
k0 = [ e )
(4.66)

Similarly, the cubic-order contribution receives two terms: one arising
from the product of three first-order perturbations ¢(!) and another from

the product of one first and one second-order perturbations (¢(!) and ¢(?).
Therefore, one obtains,

20 \° Bl Pkodd
? (k) = _181"}(k) ( ;’m) /d klé;)zf k35D(k—k123)
x {M3(k1,kz, ks) — MZ(kl'kzg(llzi;Vb(kz' k3>} (4.67)
.o 0(1)8(I)d(ks)
IT(k)IT(ko)TT(ks3)

Moving forward, we adopt the following notation for convenience,

S(k) = ¢ + 9B 4 . (4.68)

where S(k) represents the non-linear source term of perturbations. To
obtain the full form of the Poisson equation, equation (4.60) is substituted
in the Poisson equation (4.54). Moving to Fourier space gives




48 f(R) Gravity and Screening

_ K206 (k) [1 kz/az} 1k* Iy (k)

kZ
—2vK) 2 3[1(k)| 242 3TI(k)’ (469)

where «? = 871G. Therefore, the Poisson equation is obtained as,

- (E)zlﬁ(k) — 3% 1 %(ﬁ/&ﬂ . (g)zsao, (4.70)

where the non-linear source term, up to third-order, is given by

2

3 (2m)? IT(kq)IT(ky)
3
_ Ma(kq, ko3) M (ko k) | (k)0 (ka)d(ks)
IT(kos) IT(kq )TT(ko)IT(ks)
@.71)

The forms of M, M, M3, and Il depend on the specific model of mod-
ified gravity under consideration. In the next chapter, these functions will
be specified explicitly for the class of models being studied. We will also
examine how these functions enter the higher-order statistics governing
non-linear structure formation.




Chapter 5

Interaction Coefficients of
Hu-Sawicki f(R) Gravity

This chapter specialises the quasi-non-linear perturbative framework to
f(R) gravity. The main aim is to derive the ingredients required to com-
pute the matter power spectrum, specifically the interaction coefficients
M;, My, M3, and the function I'l. This also makes it possible to examine
how these functions encode the scale dependence and screening behavior
characteristic of f(R) theories.

As extensively discussed earlier, f(R) theories are governed by the ac-

o S = / v/ ~g {R“Lf By cm}. (5.1)

The trace of the field equations associated with this action has also been
derived as

30fr — R+ fr- R —2f(R) = K0, (5.2)

where p,, is the matter density of dark matter and x> = 87G. In f(R)
gravity, the additional scalar degree of freedom is fr and its field pertur-
bation is given by

¢ =06fr = fr— frs (5.3)

where fr represents the value of the scalar field in the background. The
perturbations around the Ricci scalar and matter density are defined as

R=R+4R (5.4)
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p=p(1+9). (5.5)
Perturbing the field equations (5.2) gives

30(fr + ¢) — (R+6R) + (fr + @) (R + IR)

_ ) B (5.6)
—2(f +8f) = =2 (P + PmOm)-
The background field equation is subtracted from the above expression

to obtain )
300¢ — 6R + fROR 4+ @R — 20f = — 12O (5.7)

Applying the quasi-static approximation, in which time derivatives are
neglected relative to spatial derivatives, reduces the expression to

3

—a—zvzfp —OR(1 — fr) —26f = —K*pbm. (5.8)

The change in f(R) can be obtained by performing a Taylor expansion
up to first order as

T I
fR)=F(R)+ 58|~ (R-R) 59
. 8f = frOR. (5.10)

Furthermore, to ensure that the background expansion closely resem-
bles that of ACDM cosmology, the following approximations are applied
[32],

frl <1, [f/R| < 1. (5.11)

Applying these approximations to equation (5.8) yields
_gvz(p ~6R = — K206 (5.12)

In the next step, this equation of motion for the scalar field perturba-
tion is compared against the general scalar equation (4.56) introduced in
the previous chapter. This comparison allows for the identification of the
interaction term in the case of f(R) theories, which we obtain as

I(¢) = 6R = R(fr) — R(fr)- (5.13)
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Performing a Taylor expansion about the background value once again
gives the perturbative expansion of the interaction term up to third order,

o+ 1 9°R(fr)

fr=/r 2 afl%

1 o°R
(P2+€' a({R)
fr=/r fr

_ sr — 9R(fR)

fr=/r
(5.14)

Comparing this to the general expansion of the interaction term from
the previous Chapter, equation (4.57), allows us to observe that,

_ 9*R(fr)

_ R(fr)
TR

7 M3 - 3
it o

_ 9R(fr)
My = afRR

fr=fr fr=fr

(5.15)

The explicit forms of M;, M, and M3 are model-dependent and in the
next section, these quantities will be derived for the Hu-Sawicki model of

f(R) gravity.

5.1 Hu-Sawicki Model

In 2007, Wayne Hu and Ignacy Sawicki proposed a class of f(R) mod-
els that could reproduce an expansion history similar to that of the ACDM
universe without invoking the cosmological constant [33]. These are among
a limited set of functional f(R) constructions that satisfy the solar system
tests of gravity.

The Hu-Sawicki model with chameleon screening takes the form [33],

2 Cl(R/mz)n

f(R) =—m CZ(R/mZ)” n 1’ (516)
and when n = 1, it gives
R
fR) « 27 (5.17)

for some constant A. In the high curvature regime, when AR > 1,
f(R) can be expanded as

3



52 Interaction Coefficients of Hu-Sawicki f (R) Gravity

2
f(R) ~ —2K°pp _fRO%; (5.18)

where frg is the free parameter of the theory. Therefore, the first deriva-
tive of f(R) with respect to the curvature R is given by,

RS froR3
= fr—2 = R = .19
fr fRORZ = o (5.19)
and assuming a ACDM background,
Ry = H3(12 — 9Q0). (5.20)
Introducing a dimensionless variable [34],
H2
E=—, (5.21)
Hg
where, assuming a ACDM background, one obtains
E=Qua 32+ (1-0p). (5.22)

The background functions that appear in the Friedmann equations can
be expressed in terms of E and E’ [11],

R
= 3(4E + E'), (5.23)
0
where a prime denotes differentiation with respect to Ina. Therefore,
for the assumed ACDM background, one obtains an expression for the
Ricci scalar R as

R = 3H3(Qmoa 2 +4(1 — Qo). (5.24)

However, using equations (5.15) and (5.19), the expression for M; in
the Hu-Sawicki model can be found as

R 1
M =-———— ) (5.25)
2 fROR% fr=/r
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Substituting the background expression for the Ricci scalar from equa-
tion (5.24) yields,

1 3H2 (Qpo — 4a3(Qyo — 1))°

M, = —
L 2wl 2 (4 — 3Q00)>

(5.26)

Consequently, the expression for IT1(k) follows directly from equation
(4.59) as

3
(k) k N 1 Hi (Quo —4a%(Quo — 1)) (5.27)
' a> 2| frol a2 (4 — 3Q0)? ‘

Similarly, the expression for M, in the Hu-Sawicki model is given by

R5

—( FroRo)2" (5.28)

3
My =7

Substituting the expressions from equations (5.20) and (5.24) gives,

9 H3 (Quo +4(1 — Quo)a®)° 5.29)
4 | frol?atS (4 -3t '
Lastly, the expression for M3 in the Hu-Sawicki model is,
15 R’
Mz = — > (5.30)

8 (frRoR2)3

Substituting the expressions from equations (5.20) and (5.24) gives,

_ g H% (QmO + 4‘13(1 B Qm()))7

L= (5.31)
8 a2l frol3 (4 — 3Qmo)*
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This completes the derivation of the interaction coefficients that encode
the screening mechanism relevant to the theory. With the interaction co-
efficients now completely specified, the Poisson equation determines how
the gravitational potential i responds to matter density perturbations and
screening. This potential acts as a source term in the Euler equation (2.10)
which determines the evolution of the peculiar velocity field. Combined
with the continuity equation, it forms a closed system that determines the
evolution of matter perturbations. As seen in Chapter 2, this system is
solved by assuming a perturbative Ansatz created from the convolution of
linear density fields and the mode coupling kernels F, and G;,. These ker-
nels enter the non-linear matter power and imprint signatures of screening
and scale-dependent growth.




Chapter 6

Numerical Analysis of Modified
Poisson Equation Vertices

In the previous chapter, the exact form of the modified Poisson equation in
the case of the Hu-Sawicki model of f(R) gravity was derived. This chap-
ter presents a numerical analysis that explicitly computes the linear and
non-linear vertices appearing in the Poisson equation, and studies their
scale and time dependence. Plotting these vertices helps identify regimes
in which deviations from general relativity become significant, as well as
regions where screening suppresses the effects of modified gravity.

This analysis depends on the background cosmology, the Hu-Sawicki
model parameter frp, and the theoretical assumptions used in the pre-
vious chapters. The model is constructed assuming a flat ACDM back-
ground, specified by the Hubble constant Hy = 67.9km/s/Mpc and the
matter density parameter (), = 0.303 which were adopted from the 2018
Planck cosmological analysis [35].

The modified gravity contributions are characterised by the parameter
fro, which controls the overall strength of deviation from general rela-
tivity. It enters both the linear and non-linear vertices that appear in the
modified Poisson equation. It also sets the Compton wavelength below
which modifications to gravity become relevant and above which they are
screened. The different assumption adopted in the previous chapters are
retained during this analysis. This includes the subhoriozon quasi-static
approximation and the assumptions required to ensure viable f(R) theo-
ries.

The main aim of this numerical implementation is to evaluate the ver-
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tices over scale and time, and determine where their respective contribu-
tions are dominant. We perform the computation using the scale factor a as
the time variable and the vertices are studied over the range a € [1073,1],
effectively covering the entire history of cosmic evolution while main-
taining numerical stability. The scale dependence is sampled over the
range k € [1073,1.2] h Mpc~!, which spans the linear and quasi-non-linear
regimes of structure formation. A uniform grid of scale and time is con-
structed in these ranges, over which the vertices are studied.

During this analysis, an alternate convention is adopted for ease of no-
tation [36]. The modified Poisson equation reads,

R oa) = 3 0 k) 6 (0)

2

2
(7)ot ke e
(i) — (27'[)3(51) (k — k123) 1/3(&, k) 51(1 (a) 51(2 (g) 5k3 (a)

" (Tm> /k1,k2,k3 (27-[)351) (k - k123) 1/22(61, k) 51(1 (LZ) 5(1;2i;l) 5k3 (El) ’

where v is the linear vertex and 15, v3, and vy, are the non-linear ver-
tices. Using O, = k%01 /3H(a)? and comparing with equations (4.70) and
(4.71), we obtain

v(ak) =1+ % (Ilfl/(i))z 6.2)

vala k) = - (k)z 8 Hon (e ©3

wla) = 255" (k>2 M ¢4
aio) =255 (1) mme ey 6

where M;, M, and M3 are model-dependent and, in this case, speci-
tied by equations (5.25), (5.28), and (5.30).
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In addition to the evolution of the Poisson equation vertices, the Comp-
ton scale associated with the scalar degree of freedom is also plotted in all
figures. As seen in equation (6.7), the Compton wavelength is determined
by the scalaron mass and sets the characteristic scale which separates the
screened and unscreened regimes.

It is plotted in the (g, k) plane using the time-dependent scalaron mass
of the Hu-Sawicki model. The comoving Compton scale is given by:

am
ke(a) = —2’;1;(”), (6.6)
where
- %
R R f
_ f 0 RO
=\ <6|fR| fR> (67)

The Compton crossing is evaluated numerically and overlaid on the
vertex plots as a white dashed curve. This curve serves as a visual marker
separating the regions where the fifth force is screened and where modi-
fied gravity effects are active.

6.1 Scale and Time Dependence of the Vertices

6.1.1 Linear Vertex and the Low Curvature Regime

The vertex v incorporates the scale-dependent modifications to the grav-
itational coupling at linear order. In Figure (6.1), v is evaluated over the
(a,k) plane for the Hu-Sawicki model, for two different values of the pa-
rameter: frp = —10"% and fro = —10~%. The dashed curve indicates the
Compton crossing k/a ~ m(a), which represents the transition between
the regimes where the scalar field is light and mediates a long-range force,
and where it is heavy and screening sets in.

We know that the linear vertex encodes the scale-dependent modifica-
tions to gravity through the expression

—_
—~

B k/a)?
v(a, k) =1+ 3 TI(K)

(6.8)
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v comparison for different values of fgro
fro=—10"*

fRO = —10_6

1.32
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Figure 6.1: Scale and time dependence of the linear vertex v(a, k) for two values
of the Hu-Sawicki f(R) parameter: |fro| = 107° (left panel) and |fgro| = 10~*
(right panel). The dashed curve represents the Compton crossing, separating the
screened (high-curvature) and unscreened (low-curvature) regimes.

and that it controls the response of the gravitational potential to lin-
ear matter perturbations. From Figure (6.1), one can observe that at early
times, across all scales, v >~ 1, which represents the recovery of general
relativity. This agrees with the theoretical prediction that the modifica-
tions are exponentially suppressed at high curvatures, since the scalaron
acquires a large mass (i.e., short-range). It also satisfies the viability condi-
tion that f(R) cosmology must mimic ACDM in the high-redshift regime
where it is well-tested and constrained by cosmic microwave background
observations [33, 37, 38].

Furthermore, using equations (6.7) and (6.8), we can express the linear
vertex as

1 (k/a)?
3(k/a)2+m2(a)’

v(a, k) =1+ (6.9)

In the deep-Compton limit, (k/a)?> > m?(a), the expression for the
vertex reduces to v ~ 4/3. This is observed in Figure (6.1) as well, where
the vertex v asymptotes to a value of approximately 1.33, indicating an en-
hancement of the effective gravitational strength, as expected in the pres-
ence of linear modifications to gravity [11].

We can also observe that, in the case of a stronger modification to gen-
eral relativity which correspond to larger values of |fgro|, the linear mod-
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ification saturates to v ~ 4/3 at earlier times (and large scales) than in
models with a smaller | fro].

6.1.2 Non-Linear Vertices and High-Curvature Regime

The non-linear vertices 13, vy, and v3 encode higher-order corrections to
the modified Poisson equation that arise as a result of screening mecha-
nisms. Therefore, they are expected to become dominant only near the
transitional regime. Figures (6.2a)-(6.2c) show the second and third order
vertices evaluated over the (a,k) plane. As before, the evolution of the
Compton crossing is overlaid as a white dashed curve across all the plots.

We would like to remind the reader that the non-linear vertices v,,
V2, and v3 arise from higher-order interactions that encode the screening
mechanisms and not from mode couplings. From Figures (6.2), one can
observe that these vertices are only dominant near the Compton crossing,
where the transition from the low-curvature to the high-curvature regime
takes place. They are negligible at early times, consistent with the pre-
dictions of a high-redshift universe, when the modifications to gravity are
screened. As discussed in [33], the high-curvature solutions correspond
to R ~ x?p, where the field gradients are negligible and general relativ-
ity is restored. While the linear vertex controls the overall enhancement
of gravitational strength in the unscreened regime, the non-linear vertices
are responsible for the restoration of general relativity by suppressing this
enhancement near the Compton crossing. This is indeed what is observed
across Figures (6.1)-(6.2), since when the linearisation is valid, the solution
is low-curvature everywhere [33]. Therefore, the non-linear terms only be-
come dominant when linearisation no longer holds. We also observe that
the non-linear vertices exhibit weak scale-dependence at early times.

Compton Crossing and High-Curvature Regime Below the Compton
crossing, when (k/a)? < m?(a), across Figures (6.1)-(6.2), we can observe
that all modifications to gravity are strongly suppressed or screened. Here,
the linear vertex satisfies v ~ 1, while the non-linear contributions v, 177,
and v3 ~ 0, which are consistent with their respective GR values. This
regime corresponds to the high-curvature solution which is intrinsically
non-linear [33].
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(a) Non-linear vertex v»(a, k) in the Hu-Sawicki model of f(R) gravity.
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(b) Non-linear vertex v;(a, k) in the Hu-Sawicki model of f(R) gravity. This
contribution is more localised compared to 1,, and it peaks closer to the Compton
crossing.
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(c) Non-linear vertex v3(a,k) in Hu-Sawicki model of f(R) gravity. It shows a
similar structure to vy, but with a lower amplitude and an opposite sign.

Figure 6.2: Non-linear vertices in Hu-Sawicki f(R) gravity as functions of scale
and time, shown for |fro| = 107° (left panels) and |fro| = 10~ (right panels).
The dashed curves denote the Compton crossing. Below the crossing, the mod-
ifications are strongly suppressed by screening; in the unscreened regime they
exhibit a bump-like enhancement before decaying at late times. Across all non-
linear vertices, the width of the transitional regime reduces as | fro| is increased.



61 Numerical Analysis of Modified Poisson Equation Vertices

Extremities of Non-Linear Vertices It is also useful to analyse the scal-
ing behaviour of the non-linear vertices in the two regimes defined by the
magnitudes of physical wavenumber k/a and scalaron mass m(a). It is
known that this scaling is mainly controlled by the form of the function
I1(a, k), which is given by:

k? 5
[1(a,k) = 2 tm (a). (6.10)

There are two regimes within which the vertices can be studied:

1. CaseI: k/a < m(a)
In this regime, the expression for the function Il(a, k) reduces to
I1(a,k) ~ m(a). This means that the non-linear vertices would ef-
fectively scale as,

k\? H2M, k\? H*M; k\? H*M,M,
Vp & | — 6+ VaX |~ g+ VX |\~ ———5 -
a m a m a m
(6.11)
Therefore, we can see that the vertices are strongly suppressed by
high powers of mass, and this reflects the fact that the scalaron is
heavy in this regime as a consequence of screening.

2. Casell: k/a > m(a)
In the opposite limit, the expression for I'l(a, k) reduces to I'1(a, k) ~
(k/a)?. In this case, the vertices scale as,

Uy (E)Z—HZMZ V3 <IE>2—H4M3 Voy (E)Z—H4M2M2
27 \a) e U \a) e P \a) kKKK,

(6.12)
Therefore, in this regime, the vertices decay as inverse powers of the
comoving wavenumber k. This scaling shows why the non-linear
vertices peak near the Compton crossing and experience a steep fall-
off at sufficiently high wavenumbers.

Together, these two limits explain the origin of the localised, bump-
like feature of the non-linear vertices. On large scales, they are suppressed
due to the large scalaron mass and vanish due to screening, and on very
small scales they decay as inverse powers of the wavenumber. Therefore,
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the vertices show a significant contribution only in the intermediate tran-
sitional regime around the Compton crossing, i.e., when k/a ~ m(a).

6.1.3 Width of Transition Region and Dependence on |fg|

To visualise the onset of the non-linear vertex contributions and to study
how they depend on the Hu-Sawicki parameter frg, we plot the outer-
most contour for each vertex in the (a,k) plane for three choices of fRo.
The transition regime is defined as the band in time and scale over which
the non-linear corrections are dominant. This provides a visual measure
of how the transition shifts with frp and how its width changes across
vertices.

Figures (6.3a)-(6.3c) show the outermost contours of the non-linear ver-
tices, for three choices of frg. Two trends can be observed across the three
plots,

1. As |fro| is increased, the transition shifts to earlier times and larger
physical scales.

2. As |fro| is increased, the width of the transition region, where the
non-linear contributions are dominant, becomes narrower.

The first trend can be explained by considering the expression for frr,
which in turn enters the definition of the scalar mass. It is known that
frRrR o |fro|- This implies that when |fro| is increased, frr increases as
well. Since my, o fra & /\Jleo, an increase in the parameter |fro| would

imply that the Compton wavelength increases as well. As a consequence,
the Compton crossing is shifted to smaller wavenumbers and earlier times,
as more Fourier modes satisfy k 2 am(a). This means that more modes lie
within the low-curvature regime where linearisation holds. As a result,
the linear modification saturates more quickly, leaving a narrow window
over which the non-linear effects dominate, which in turn gives rise to the
second trend.
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(c) Outermost contour of v3(a, k) for three values of fro. It exhibits a similar struc-

ture to v but with an opposite sign

Figure 6.3: Outermost contours of the Poisson equation vertices in Hu-Sawicki
f(R) gravity for frg = —107%,—107

10~%. For all three vertices, increasing
| fro| reduces the width of the transition regime. This implies that the stronger the

deviation from GR, more rapidly does the linear modification saturate






Chapter

Discussion

In this thesis, we studied the scale-dependent modifications to gravity and
their implications for non-linear structure formation. We began by ex-
amining the fluid description of cold dark matter within the framework
of standard perturbation theory and highlighted how non-linear mode
couplings arise from the continuity and Euler equations and are encoded
within the kernels F, and G,,. We also saw how these kernels contribute to
higher-order corrections to the matter power spectrum in the quasi-non-
linear regime. This served as the foundation for studying the evolution of
density perturbations when modifications to gravity are introduced.

We then examined the role of the additional scalar degree of freedom
that arises when gravity is modified. By perturbing the field equations, we
arrived at the modified Poisson equation that, unlike its GR counterpart,
contains a scale-dependent linear correction and non-linear source terms.
These modifications directly propagate into the Euler equation and conse-
quently into the mode-coupling kernels that govern non-linear growth.

We also studied screening mechanisms, specifically chameleon screen-
ing, and how it allows such theories to evade the stringent bounds from
local tests of gravity. In particular, we explored the dynamics responsi-
ble for suppressing the scalar degree of freedom in high-density regions
like the solar system and restoring gravity. This was achieved by an ef-
fective potential with a density-dependent minimum. This ensured that
in regions of high density, the scalar field acquired a larger effective mass,
which suppressed the range of the fifth force it mediates. This screening
mechanism manifests itself in the structure of the interaction coefficients
M, My, M3, and the scale-dependent function Il(a, k), which enter the
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modified Poisson equation. We then specialised this analysis to consider
f(R) gravity. Using sub-horizon quasi-static approximations, we derived
the explicit forms of the interaction coefficients in the Hu-Sawicki model.
These coefficients encode information about both the background cosmic
expansion (ACDM) as well as the non-linear self-interactions of the scalar
field.

The numerical analysis of these vertices provided further insight into
their scale and time dependence. It was seen that at early times, when the
universe was in a high-curvature state, the modifications to gravity were
suppressed and GR was restored. At late times, we could observe these
modifications emerge as the interaction vertices departed from their GR
values. However, the non-linear vertices were only dominant in the vicin-
ity of the Compton crossing, since at this stage they encode screening ef-
fects. This meant that in regions where linearisation holds, the non-linear
vertices were not active. We also observed how these vertices decay as
inverse powers of the comoving wavenumber k. This explained why their
contributions were localised to a narrow band in scale and time. The width
and location of the transition regime depended on parameter fro, and as
| fro| was increased, the linear modification saturated more quickly and a
narrower transition band was observed. Lastly, we note that at this stage
it is not prudent to comment on the nature of the non-linear matter power
spectrum, as this requires solving a closed system of fluid equations with
scale-dependent couplings, which is not a trivial task. The present analy-
sis instead focuses on the structure of the interaction vertices which make
up the basic ingredients for such a computation.

Given the precision era of Stage IV surveys like Euclid, it is important
to develop the theoretical framework to interpret data from the quasi-non
linear and non-linear regimes of structure formation. These results high-
light the importance of incorporating non-linear corrections and screening
effects when modeling structure formation in modified gravity. While lin-
ear modifications capture the scale-dependence of the theory, they do not
include screening effects, which only emerge in higher-order interactions.

The next step would be to derive the explicit forms of the modified ker-
nels F, and Gy, in case of Hu-Sawicki f(R) theory and subsequently com-
pute the loop corrections to the matter power spectrum. This would allow
for more direct comparison against results from observations or N-body
simulations. The methodology discussed in this thesis is not restricted to
f(R) models. Therefore, it may be productive to apply a similar analysis
to other modified gravity models with their own characteristic screening
mechanisms in the future.




Appendix A

Code

The full Python notebook for plotting the modified Poisson equation ver-
tices is available here.



https://drive.google.com/file/d/1g1SjW4LjuUmWjhoop-pmZ-tImoBCuPeV/view?usp=share_link
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