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Abstract

We study totally wild extensions of local fields. To such an extension, we associate a
cohomological invariant derived from the discriminant of a generator. Under suitable
divisibility conditions, we prove that this invariant attains all possible values.

The construction provides a tool for the study of totally wild extensions, which
are in general poorly understood. Our proof uses non-standard group-theoretic
methods, including a generalization of the transfer homomorphism and a notion of
determinants of automorphisms of p-groups. These methods may be of independent
interest.
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1 Introduction

Let K be a field with multiplicative group K*. For an integer m, write K*™ = {a™ :
x € K*}. Let L be a finite separable field extension of K, and for an element o € L
such that K («a) = L, denote by A(«) the discriminant of the irreducible polynomial
of a over K, so that A(a) € K*. It is well known that one has

(1.1) Ala) - K** = A(B) - K** if a, 8 € L are such that K(a) = K(3) = L.

We shall, in a special situation, prove a strikingly stronger statement.

Let p be a prime number. We now make the additional assumptions that K be
local with residue characteristic p, and that L be totally wild over K; see Sections 5
and 6 for the definitions of the italicized terms.

Theorem 1.2. With the notation and hypotheses as above, let o, B € L be such that
K(a) = K(8) = L. Then we have A(a) - K**~1 = A(8) - K*~1.

A proof of Theorem 1.2 is given in Section 7. For p = 2, the theorem is obvious,
and for p = 3 it follows from (1.1); but for p > 5, the conclusion of the theorem
is stronger than (1.1). In the situation of the theorem, there exists a non-negative
integer n with [L : K| = p”; in the case n = 1 and K has characteristic zero, a proof
of the theorem is given in [7].

Theorem 1.2 shows that, for any pair p, K as above, there is a well-defined map
¢ from the set L(K,p") of K-isomorphism classes of separable, totally wild field
extensions L of K of degree [L : K] = p" to the group K*/K*~! sending the
isomorphism class of L = K(a) to A(a) - K**~'. This map may be viewed as
attaching a cohomological invariant to each L, because by [10, Chapitre II, §1] the
group K*/K**~! is isomorphic to the cohomology group H'(K, ), where F, =
Z/pZ. Given our general lack of understanding of wild extensions, such an invariant
is of interest to have.

Assume moreover that the group K*/A* is isomorphic as an ordered group to
the additive group of integers, where A is the valuation ring associated to K. The
following result shows that in this case the invariant assumes all possible values.

Theorem 1.3. With K being as above, the map
d: L(K,p") — K*/K*P!
Just defined is surjective for every positive integer n.

A stronger version of Theorem 1.3 is given in Section 8. The conditions of Theorem
1.3 are satisfied when K is a finite extension of a field of p-adic numbers Q, or
a field k((T")) of formal Laurent series over a field of characteristic p. There are
also fields where the map is not surjective; obvious examples are separably closed
fields and other fields that have no non-trivial, separable, totally wild extensions. In
Proposition 8.8, we construct such a local field that is not separably closed. It would
be of interest to see for which perfectoid fields K, as defined in [9], the conclusion
of Theorem 1.3 is valid.

One proof of the classical fact (1.1) for general finite separable field extensions
K C L proceeds as follows. Let M be a Galois closure of L over K, and G the
Galois group of M over K. One first defines a group homomorphism e¢: G — {1, —1}
by viewing G as a permutation group of the set X of K-embeddings L — M and
letting € be the sign map. Secondly, viewing {1, —1} as a subgroup of K* (the trivial
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subgroup if K has characteristic 2) and letting o € L be such that K(a) = L, one
constructs §(a) € M* such that §(a)? = A(a) and such that for all ¢ € G one has
€(o) = o(d(e))/6(cr). With these two ingredients, one proves (1.1) as follows. If a, 8
are as in (1.1), then for all ¢ € G one has o(d(«))/d(a) = €(o) = a(6(B))/I(5) so
o(0(a)/0(B)) = 6(a)/d(B). Therefore, §(«)/0(f) is an element of K* and 0(a)- K* =
d(p) - K*. Upon squaring, one obtains (1.1).

Our proof of Theorem 1.2 follows the same lines, but with two changes. First, the
group homomorphism e: G — {1, =1} is replaced by a homomorphism ex: G — Fy;
as we shall see in Section 5, there is a natural embedding F, C K*. Second, the
condition 6(a)? = A(a) is replaced by §(a)P~! = (—1)"P*+D/2. A(a); here [L : K] =
p", and p is assumed odd.

The construction of the map ey and our proof of the relation €(c) = o(§())/0(x)
make use of some group-theoretic tools that are not entirely standard. As a byprod-
uct of these, we obtain the following determinant formula.

Let k be a field, let m be a non-negative integer, and write k™ for the standard

m-dimensional k-vector space. Define the leading coefficient function lc: k™ — k
by
— 0 if all ; equal 0,
le((m)rgh) = 4 LA meaw
x; if j = min{i: z; # 0}.

Let £ be a finite set of one-dimensional subspaces of k™, and put X = (J,..[. Let
G be the group of k-linear automorphisms generated by all k-linear automorphisms
o with (¢ — 1)k™ € L that permute £. For example, if k is finite, and £ is the
set of all one-dimensional subspaces of k™, then G is the full general linear group
GL(m, k), see [6, Chapter XIII §9, Theorem 9.1].

Theorem 1.4. With the notation above, let 0 € G. Then the determinant of o is
given by

deto = H le(ox).

z€le 1 (1)NX

A proof of Theorem 1.4 is given in Section 3. This theorem generalizes the results
of Cartier [2, §8 and 9], where G is a group generated by reflections of a real vector
space.

In Section 2 we discuss a transfer map introduced by Cartier [2], and we charac-
terize it by a universal property. As an application, we develop in Section 3 a notion
of determinants of automorphisms of p-groups, and we prove Theorem 1.4. In Sec-
tion 4, we construct the map ex mentioned above. Section 5 assembles a few facts
on local fields, and Section 6 is devoted to generalities on totally wild extensions.
The construction of §(«) and our proof of Theorem 1.2 are in Section 7. Section 8
addresses Theorem 1.3.

There is a second proof of (1.1), which proceeds by considering the determinant
of the K-bilinear form L x L — K sending (z,y) to the trace of xy. It would
be of interest to have a similar “multilinear” proof of Theorem 1.2, possibly more
enlightening than the proof contained in the present paper.

The permutation group of a set X is denoted by Sym(X), and the identity map
of X by idx. For any group G, we write G° for the set of elements of G that are
different from the identity element. For any ring R, we denote by R* the group of
invertible elements of R.



2 The transfer

If d is a non-negative integer, and X,Y are sets, then a map f: X — Y is said to
be a cover of degree d if for every y € Y one has # f 1y = d.

Let F' be a group. By an F-set we mean a set X equipped with a group homo-
morphism : F' — Sym(X), which we call the action of F on X. For v € F, and
x € X, we shall write 7 - x or simply vz for ¢)(7)(x). An F-map between F-sets X
and Y is a map ¢: X — Y such that for all v € F', x € X one has ¢(v-x) = v-¢(z).
The F-sets together with the F-maps form a category. For an F-set X, its group
of automorphisms in this category is denoted by Autg(X). Two elements z,y € X
are said to be equivalent under F' if there exists v € F' such that yx = y. This is
indeed an equivalence relation, and we write X/F for the set of equivalence classes;
its elements are called the orbits of X under F', and for x € X we write Fx for the
orbit containing x. The stabilizer of x € X is the subgroup F, of F' consisting of
elements that map x to itself. The action is called transitive if there is exactly one
orbit. The action is called free if for all v € F° and all x € X, one has yx # x.

For the remainder of this section, we fix an abelian group F. We write it multi-
plicatively and denote its identity element by 1. In this case there is, for each F-set
X, a group homomorphism F' — Autz(X) sending v € F' to the map = — ~yx.

We write X' or simply X for the class of all F-sets X that are free with X/F
finite. For example, one has F' € X', where F' acts on itself by multiplication; in this
case the map F' — Autp(F) just defined is an isomorphism.

For a group G, we write 7(G) for the class of all systems of group homomor-
phisms u = (ux: Autp(X) — G)xecx that have the following two properties:

(a) if X € X is the disjoint union of two subsets Y, Z that are stable under
the action of F', and p € Autp(X) restricts to 0 € Autp(Y) on Y and to
T € Autp(Z) on Z, then one has

ux(p) =uy(o) - uz(r) in G

(b) for d € Z+o, X, Y € X, p € Autp(X) and 0 € Autp(Y), if ¢: X — Y is an
F-map that is a cover of degree d and satisfies ¢ o p = o 0 ¢, then

ux(p) = uy(o)* in G.

For any homomorphism v: G — H of groups and any v = (ux)xex € T(G) one
defines v o u = (v o ux)xex, which is an element of 7(H). An element u € T(G)
is called universal if for every group H the map Hom(G, H) — T (H), v — vou, is
bijective.

One readily shows that a pair consisting of a group G and a universal element
u € T(G) is unique up to unique isomorphism if it exists; that is, if (G', «’) is another
such pair, then there is a unique group isomorphism v: G — G’ with ' = v o u.
There are also general arguments to prove the existence of such a pair, but instead
we give an explicit description.

Let X € Xr. By a section of X we mean a subset S of X that intersects
each orbit of X in exactly one element. To any two sections S and S’ of X, we
associate an element d(S,S") of F, which may be interpreted as an asymmetric
“distance” between S and S’. For each s € S, there exists an element 7, of F' such
that s € ~,9’, which is unique because X is free. Let d(S,5") = [[,cq7s- The
map d is multiplicative in the sense that for a third section S”, one has d(S,S") =
d(S,S")d(S’,S"). Any F-automorphism p of X transforms sections into sections,
and we have d(pS, pS’) = d(S, ).



Proposition 2.1. Let F' be an abelian group. Then there exists a unique element
t = (tx)xex € T(F) with the property that the map tr: Autp(F) — F is the inverse
of the isomorphism F — Autp(F) given by the multiplication in F. Moreover, t is
universal.

Furthermore, let X € X, let p € Autp(X) and let S C X be a section. For each
s €8S, let vs € F be the unique element such that p(s) € vsS. Then

tx(P) = H’Ys

seS

Proof. Let X be an element of X. Define tx: Autp(X) — F as the map p —
d(pS, S) for some section S of X. Using the properties of d above, one readily checks
that tx is independent of the choice of the section S, and that tx is a homomorphism
of groups. This map has the desired properties that tg(y) = d(7S,S) = v for every
v € F and tx(p) = [[,cq7s» Where p(s) € 755. Moreover, t has properties (a) and
(b), so t € T(F). We prove uniqueness. One may write any automorphism p of a
free F-set X as the composition of an automorphism ¢ that permutes a given section
S and an automorphism 7 that maps each orbit to itself. Property (a) implies

tx(7) = HT|F5,

seSs

and one has tx(o) = d(05,S5) = d(S,5) = 1. By the homomorphism property of
tx, we conclude that t is completely determined by its value on F'. Hence t is unique
with the given property.

To show that t is universal, we prove that the map Hom(F, H) — 7 (H) sending v
to vot is injective and surjective. Injectivity is easily checked: for v, w € Hom(F, H),
whenever vot =wot, one has v oty = wotr. The map tp is an isomorphism, so
v is equal to w.

Surjectivity requires a little more work. Let H be a group and let w € T (H). Let
v: F'— H be the homomorphism of groups defined by v +— up(¢(7)), where v is
the action of F' on itself via multiplication. Let X € X and p € Autp(X). As before,
write p as the composition of an automorphism o that permutes a given section S
and an automorphism 7 that maps each orbit to itself. Property (a) implies that
ux(7) is equal to v(tx(7)). The F-map ¢: X — F sending every element of S to
the identity element is a cover of degree # X /F satisfying ¢ o 0 = idp o¢. Property
(b) yields ux (o) = up(idp)**/F = 1. So we also have ux(c) = v(tx(c)). By the
homomorphism properties of uy, tyx, and v, we obtain ux = votyx. Hence the map
Hom(F, H) — T (H) is surjective. This shows that t is universal. O

The definition of t is due to Cartier [2]. We show that the classical transfer is a
special case. Let G be a group and H C G a subgroup of finite index. Write
[H, H] for the commutator subgroup of H, and set /' = H/[H, H]. The abelian
group F' acts on X = G/[H, H| by right multiplication; under this action we have
X € Xr. Let S be a subset of G that intersects each coset of H in exactly one
clement. Let S’ be the section {s[H, H] : s € S} of G/[H, H] under H/[H, H]. The
group G acts on X by left multiplication, and for each g € G, this action is an
H/[H, H]-automorphism of X yielding a group homomorphism ¢: G — Autp(X).
The classical transfer homomorphism G — H/[H, H] is defined by g — [], .o 7s,
where gs € 7,5’. This coincides with the map ty o¢.

Remark. When #F = 2, we may identify F' with the group {1, —1}, where 1 is the
identity element. With this identification, the sign map and the transfer coincide
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on Autp(X) for any X € Xr. Indeed, let p € Autp(X) and let S be a section of
X. Write p = 0 o 7, where ¢ permutes S and 7 maps every orbit to itself. Since o
acts in the same way on S and on —S = {—1-s: s € S}, it is an even permutation
of X, s0 €(0) = 1 = tx(o). For 7, each orbit {s, —s} is either fixed pointwise
(contributing nothing to the sign and v, = 1 to tx) or swapped (contributing a
transposition and v, = —1), so €(7) = tx(7). Since both the sign map and tx are
group homomorphisms, they coincide.

In the final result of this section, we consider groups V' whose underlying sets are
equipped with an F-set structure. We assume that F'1 = {1} and that V° belongs
to Xp. Let U, V, and W be groups equipped with such F-set structures. Let
¢: U —=Vand ¢: V — W be maps that are simultaneously group homomorphisms
and F-maps, and that fit in a short exact sequence of groups

0=U3VEW 0.

Proposition 2.2. The situation being as above, suppose that p, o, T are group
automorphisms of U, V', W respectively that are simultaneously F-maps and satisfy
pop=co¢pandpooc=rT1o1. Then one has

tyo(olve) = tue(plue) - twe (T]we).

Proof. The case in which U or W is the trivial group is immediate. Assume that
U and W are non-trivial. Then W° contains an F-orbit isomorphic to F', and the
inverse image of such an orbit under v is the disjoint union of #U orbits under F'
Hence U is finite, and since I’ acts freely on the finite non-empty set U°, the group
F is finite as well, with #F dividing #U°. It follows that one has #U = 1 mod #F'.

The set V° is equal to the disjoint union of ¢p(U°) and V\¢(U), so by property
(a) we have

tye(alve) = tewe) (alswe)) - tview) (alngsw))-

Since ¢ restricts to a cover U° — ¢(U°) of degree 1 and 1) to a cover V\p(U) — W°
of degree #U, property (b) now implies

ve)s tve) (@lnew)) = tyve (Twe)*Y = tywe (T]we).

towe)(olowe)) = tue(p

The proposition follows. O

3 Determinants

The first part of this section is dedicated to our proof of Theorem 1.4.

Proof of Theorem 1.4. The situation being as in Theorem 1.4, the set X° = X'\ {0}
is an element of Xj- as defined in the previous section, and the elements of G restrict
to k*-automorphisms of X°. The set lc™*(1) N X forms a section of X° under k*,
so by Proposition 2.1, the element [, 1)y lc(oz) of k* is exactly txo(o|x-),
the transfer of ¢ as it acts on X°. By definition, the k-linear automorphisms o
with (0 — 1)k™ € L that permute £ generate G; both det and ty. are group
homomorphisms, so it suffices to show that det o = tyo(0|xo) for those o.

Let o be a k-linear automorphism with (¢ — 1)k™ € L that permutes £. Then
X* is the disjoint union of the sets Y = {J, ¢y " where []] is the orbit of / under




the action of o. The sets Y| are stable under the action of £*, and o restricts on
each Y} to a k*-automorphism. Property (a) yields

th O-’Xo th 0'|Y'[l
[

Clearly o sends (o — 1)k™ to itself, so Yi—1yem) = ((0 — 1)k™)°. Write W for the
vector space k™ /(o — 1)k™, then the natural short exact sequence

0= (c—1E" = k™" =W —=0
induces a k-linear automorphism ¢’ on W; we have ¢’ = idy,. Hence
det(o) = det(o’) - det(o](o—1)km) = det(o|—1ypm)-

For [ € £ unequal to (¢ — 1)k™, the natural projection 7: k™ — W sends Y} to
a single subspace of W of dimension one; the orbit [{] is finite, because o permutes
L, which is finite, so, 7 restricts on Y} to a cover of degree #[l]. Property (b) yields

#1)

x2) = to-vpme (Olo-vpme) - TT iy (0 lovig)
A{(o—1km)

txe (o

Because ¢’ = idyy, for every | € £ unequal to (o —1)k™, one has tr(vy)(0"[r(vy)) = 1.
Thus,
txo(0]x0) = t(o—1)km)e (O] (o=1)km)e)-

Since o is a k-linear automorphism of (¢ — 1)k™, which has dimension one, there
exists A € k* such that for all v € (0 — 1)k™, we have o(v) = Av; it is immediate
that t(o—1)emye (0|(o—1)km)) = A and det(o|y_1)m) = A. Thus,

det(0) = txo(o|x0) = H le(ox).

z€le 1 (1)NX
Theorem 1.4 follows. O]

Throughout the rest of this section, we fix a prime number p. By a p-group we
mean a finite group whose order is of the form p™, with m € Zs,. We write P
for the class of all p-groups and for V' € P we denote by Aut(V') the group of all
group automorphisms of V. For example, the additive group Z/pZ belongs to P,
and the map F; — Aut(Z/pZ) sending c to x + cx is an isomorphism of groups.
The following lemma endows any p-group with an F;-set structure as in Proposition
2.2.

Lemma 3.1. There exists a unique collection of actions (¢y: Fy — Sym(V))vep
with ¢y (7v)(1) = 1 such that every homomorphism between p-groups is an F-map,
and the action on Z/pZ is defined by the group isomorphism Fr — Aut(Z/pZ) C
Sym(Z/pZ) defined above. Moreover, for V € P, under this action V° is an element
Of X[F;.

Proof. We first consider the cyclic group Z/p™Z for a positive integer m. We seek
an action Fy — Sym(Z/p™Z) such that every homomorphism is an Fj-map. In
particular, this applies to endomorphisms of Z/p™Z of the form v — v* for k € Z.
Thus, for all v € V, k € Z and v € F, the action ¢y that is to be defined must



satisfy ¢y (7)(vF) = ¢y (7)(v)*. Together with the requirement ¢y (y)(1) = 1, it
follows that each ¢y () must be an automorphism of V.

The group of automorphisms of Z/p™Z is Aut(Z/p™Z) = (Z/p™Z)*, which has
order (p—1)p™~t. There is a short exact sequence defined by a mod p™ +— a mod p:

0— 1+ (pZ/p"Z) — (Z)p"Z)* — (Z/pZ)* — 0.

Since p™~! and p — 1 are coprime, there is a unique homomorphism of groups

¥ — (Z/p™Z)* such that the composition with @ mod p™ + a mod p is the group
isomorphism defined above. Define ¢z,,m7 to be this map. It follows that the natural
projection f : Z/p™Z — Z/p™ ' Z is an Fj-map.

Let V € P and v € V, then v has order p™ for some m € Z>,. The inclusion
Z|p™Z — V where n — v" must be an F’-map, so we must define ¢y (7)(v") =
v?2/emz(N() - This uniquely determines ¢y .

One easily verifies that every homomorphism of p-groups is an F;-map under ¢
and that the action is free. The Lemma follows. m

Remark. One readily checks that the action of ¢ on additively written IF,-vector
spaces is exactly scalar multiplication. When using multiplicative notation it is, for
lack of a better word, scalar exponentiation. In what follows, we will write v7 for
év(y)(v) for multiplicatively written p-groups V.

If G is a group, then we write D(G) for the class of all systems of group homomor-
phisms e = (ey: Aut(V) — G)yep that have the following property: if

0USVEW =0

is a short exact sequence of groups in P, and p, o, 7 are group automorphisms of
U, V, W respectively that satisfy ¢ o p =0 0 ¢ and 9 o 0 = 7 0 1), then one has

(3.2) ev(o) =ey(p) -ew(r) in G.

For any homomorphism v: G — H of groups and any e = (ey)vep € D(G) one
defines v o e = (v o ey)yep, which is an element of D(H). If G is a group, then
an element e € D(G) is called universal if for all groups H the map Hom(G, H) —
D(H), v+— voe, is bijective. One readily shows that a pair consisting of a group G
and a universal element e € D(G) is uniquely unique if it exists; that is, if (G',€)
is another such pair, then there is a unique isomorphism of groups v: G — G’ with
¢/ = voe. Again, there are general arguments to prove the existence of such a pair,
but we give an explicit description instead.

Proposition 3.3. There is a unique element det = (dety)yep € D(F}) with the
property that detz,z: Aut(Z/pZ) — Ty is the inverse of the isomorphism Ff —
Aut(Z/pZ) sending v to x w— ~yx. This element det is universal. Moreover, for
V€ P, an automorphism p of V, a section S of V° under F,, and s € F, such
that p(s) € S, we have the formula

(3.4) dety (p) = tye(p

VO) - H’Ys‘

seSs

Before we prove Proposition 3.3, we treat a lemma, which states that an element of
D(G) is completely determined by its value on Z/pZ.

Lemma 3.5. Let G be a group, and let d,e € D(G) be such that dg )y = ez/pz.
Then one has d = e.
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Proof. We argue by induction on the order of the p-group V. If #V = p, then
V = Z/pZ; The base case #V = p holds. Now let V be a p-group of order greater
than p. Let o € Aut(V).

First suppose that V' is elementary abelian. Then V' is an [F-vector space. We
may reduce to the case that dimg, (0 — 1)V = 1, because e and d are systems of
group homomorphisms and the group of k-linear automorphisms of V' is generated
by those automorphisms [6, Chapter XIII §9, Theorem 9.1]. Immediately, we see
that o restricts to a group automorphism on (¢ — 1)V and induces one on the
cokernel W =V/(o — 1)V. By (3.2) applied to the short exact sequence

0= (c—1)V-oV-o>W=0

and the induction hypothesis, we obtain ey () = dy (o).
Next suppose that V' is not elementary abelian. Then the subgroup

{veZ(V) v’ =1},

where Z(V') is the center of V, is non-trivial, proper and characteristic in V', and
hence invariant under o. Thus there exists a non-trivial proper subgroup U C V
that is invariant under . We obtain a short exact sequence

1-U—=>V->V/U—=1

of non-trivial p-groups, together with compatible automorphisms p = o|y on U and
7 on V/U in the sense of (3.2). By (3.2) we therefore have

ev(o) =ev(p)evu(r),  dv(o)=du(p)dvu(T).
The induction hypothesis gives ey (o) = dy (o), which proves the Lemma. O

Proof of Proposition 3.3. By Proposition 2.1, there exists a universal element t €
T (F;,) with the property that tz/,z: Autrs(Z/pZ) — F, is the inverse of the isomor-
phism F, — Autp; (Z/pZ). Recall that every group homomorphism respects the F-
action on p-groups, so a group automorphism of V' restricts to an Fj-automorphism
of V°. Define det to be the system of group homomorphisms (ty: Aut(V) — Fy)vep
obtained by composing with the restrictions. By Proposition 2.2, this system is an
element of D(F;). The homomorphism tz,7 |aut(z/pz) 18 exactly the inverse of the
multiplication action. This establishes the existence of an element det of D(IF}) that
satisfies the formula (3.4).

Uniqueness of the element det follows from Lemma 3.5. It remains to be shown
that det is universal. Let H be any group. We show that the map Hom(F}, H) —
D(H) sending v: F} — H to vodet is injective and surjective. Suppose v,w: Fy — H
are homomorphisms such that v o det = w o det. Then, in particular, v o detz,,z =
w o detz/pz. Since detz,z is an isomorphism, one has v = w. Hence the map is
injective.

Let e = (ev)vep be an element of D(H). Let v: F; — H be the homomorphism
v+ ezpz(y-) where we write - for the multiplication by . Now ez/,z is equal to
v odetz,z, so by Lemma 3.5, we have e = v o det. This completes the proof. O

Theorem 1.4 applied to finite-dimensional vector spaces over finite prime fields shows
that the maps dety generalize the usual determinant. Therefore we shall refer to
the maps dety as determinants.
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4 The epsilon maps

Let p be a prime number. Let G be a finite group equipped with a normal p-subgroup
V. Let S be the class of G-sets on which the induced action by V' is transitive.

Proposition 4.1. There is a unique system of group homomorphisms e = (ex: G —
) xese with the property that for all X € Sg, * € X and o in the stabilizer G, of

x, one has
_ dety (o)

N detvx (0'*)

where o, denotes the action of o on the relevant group by conjugation.

ex(o

A proof of Proposition 4.1 is given after the following lemma.

Lemma 4.2. Let F' be a finite group of order coprime top. Let X € S and x € X.
Then the map Hom(G, F) — Hom(G,, F) that sends a homomorphism G — F' to
its restriction to G, is bijective.

Proof. The subgroup V, is normal in G, as it is the kernel of the map G, —
G/V. Because V and V, are p-groups and F is of order coprime to p, the nat-
ural maps Hom(G/V, F') — Hom(G, F'), pto g — p(¢gV) and Hom(G,/V,, F) —
Hom(G,, F), 7 to h — 7(hV,) are bijective. Since V acts transitively, the in-
clusion induces a bijection V/V, — G/G,. The homomorphism G,/V, — G/V
defined by oV, + oV is therefore an isomorphism, which induces a bijection
Hom(G/V,F) — Hom(G,/V,, F) Composing these three bijections between Hom-
sets yields a bijection
Hom(G, F) - Hom(G,, F).

For v € Hom(G, F') and o € G,, the image of v under this bijection sends o to v(o).
This proves Lemma 4.2. O

Proof of Proposition 4.1. Let X € Sg and x € X, then the map G, — F, defined

dety (o4)
by o= det\Z(a*)

there is a unique group homomorphism ex: G — F; that restricts to the given map.
Let y € X and let v € V with vx = y, which is possible because V' acts transitively
on X. For 0 € G, the element 0/ = v~ 'ov of G stabilizes x. Since the image of ex
is abelian, we have ex (o) = ex(v)ex(0')ex(v™!) = ex(o’). Moreover, conjugation
by v defines an isomorphism v,: V,, — V, and v,: V — V, and v, o 0, = 0, o v,.
The formula (3.2) yields

is easily verified to be a group homomorphism. By Lemma 4.2,

_dety(o})  dety(oy)
N detvw(O';) N detvy(O'*).

ex(o) = ex (o)

Hence ex does not depend on x. This proves Proposition 4.1. O
We finish this section with some properties of e.

Proposition 4.3. Let X € Sg and let ¢p: G — Sym(X) be the action of G on X. Let
f be a surjective group homomorphism with domain G and let 1: f(G) — Sym(X)
be such that ¢ = o f. Then for all o € G,

where €y is the group homomorphism associated to the action ¢ of f(G) on X and
the subgroup f(V') of f(G) by Proposition /.1.
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Proof. By Lemma 4.2, it suffices to prove the statement for elements o € G, for
some z € X. Solet x € X and 0 € G,. Then by definition, ex(o) = Gftt“//—((‘z)).

Apply (3.2) to the short exact sequence defined by f|y and fly,, then we obtain

dety (04) _ detyer(r)nv (o) detpy (fou)
dety, (0.)  detyer(r)v, (o) det s, (04)

Any element of ker(f) acts trivially on X. In particular, all elements of ker(f) NV
stabilize x, so ker(f) NV = ker(f) NV,, and hence, detyer()nv, (fo.) is equal to
detyer(pynv (fo), and the proposition follows. ]

5 Local fields

A local ring A with maximal ideal p is called Henselian if for every polynomial
f € A[X] with leading coefficient 1 and every a € A with f(a) € p, f'(a) ¢ p, where
[’ denotes the derivative of f, there exists b € a + p with f(b) = 0, see [1, Chapter
ITI, Section 4]. One easily verifies that such an element b is necessarily unique.

Let K be a field. A wvaluation ring of K is a subring A of K with the property
that for every r € K with z ¢ A one has 7! € A. Each valuation ring of K is a
local ring [4, Corollary 6.4].

In the present paper, a local field is a field K equipped with a Henselian valuation
ring A of K. It is well known that a valuation ring A of K is Henselian if and
only if for every algebraic field extension L of K, the integral closure B of A in
L is local [4, Chapter III, Corollary 13.5 and 16.6]. If that is the case, then B is
automatically itself a Henselian valuation ring of L, and it is the only valuation ring
of L that intersects K in A, by [4, Chapter III, 13.6 and 13.5]. Traditional examples
of local fields include the field @, of p-adic numbers together with the ring 7Z, of
p-adic integers, the fields k((T")) of Laurent series over a field k with the ring k[[T7],
and their finite extensions. Our much broader notion, including arbitrary algebraic
extensions of traditional local fields, reflects the generality in which our results are
valid.

Let K be a field and let A be a valuation ring of K. We denote by p the maximal
ideal of A. The field A/p is called the residue field, and its characteristic p is called
the residue characteristic of K. A fractional ideal of A in K is an A-submodule
of K generated by a single non-zero element. The abelian group Zx of fractional
ideals under multiplication is linearly ordered by inclusion, so Zy is torsion-free. The
groups Zx and K*/A* are isomorphic via aA — aA*. For an algebraic extension L
of K with a valuation ring B satisfying BN K = A, there is a natural embedding
of ordered abelian groups Zx — Z; defined by aA — aB; using this embedding we
will identify Zx with a subgroup of Z7.

The group homomorphism A* — (A/p)* induced by the natural map A — A/p
is surjective, and its kernel is 14+p. Thus 1+p is a subgroup of K*. We are especially
interested in the group K*/(1 + p). Clearly, there is an exact sequence

(5.1) 1= (A/p) - K/(1+p) = Ik — 1.

The elements of K*/(1 4+ p) that map to a given element a € Ty are precisely the
cosets b - (14 p) with b € a and b ¢ ap; since such a coset b- (1 + p) coincides with
the additive coset b+ ap of K, this yields an equality of sets

(5.2) K*/(1+p)= | (a/ap)°,

ClGIK
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the union being disjoint, and the notation ° being as declared in the introduction. If
the residue characteristic p is positive, then Iy is a subgroup of (4/p)*. The exact
sequence above shows that Iy may also be viewed as a subgroup of K*/(1+ p).

Proposition 5.3. Let K be a local field with positive residue characteristic p. Then:

(i) for each m € Z coprime to p, the map 1 +p — 1+ p sending ¢ to ("™ is a
group automorphism;

(ii) for each A € K* and each 0 € K*/(1 +p) with XA+ (1 +p) = 077! there is a
unique element n € K* withn-(1+p) =0 and nP~1 = \;

(iii) the group of (p — 1)st roots of unity in K* has order p — 1, and under the
natural map K* — K*/(1+ p) it maps isomorphically to the subgroup F; of
K*/(1+p).

Proof. Our definition of Henselian shows that for each A € 1+p and for each m € Z,
m ¢ pZ, the polynomial f = X!™l — X has a unique zero in 1+ p, which implies (i).
Part (ii) follows from (i), because #?~1 /) has a unique (p — 1)-st root in 1 + p.
Applying (ii) with A = 1 and 6 equal to a generator of the subgroup F; of
K*/(1+ p) one finds that K* has a subgroup mapping isomorphically to 7 under
the map K* — K*/(1+p). Since XP~* — 1 has no more than p — 1 zeros in K, this
subgroup must be the group of (p — 1)st roots of unity in K*. This proves (iii) and
completes this proof of Proposition 5.3. O

Using Proposition 5.3(iii) we shall identify the group of (p — 1)st roots of unity in
K* with F?,

6 Totally wild extensions

In this section, let K be a local field with valuation ring A, as defined in the previous
section. Let p be the maximal ideal of A, and let p be the characteristic of A/p.

Let L be a finite extension of K, let B be the integral closure of A in L, and let
q be the maximal ideal of B. We write f(L/K) for the field extension degree [B/q :
A/p]. The ramification index of L over K is the group index e(L/K) = (Zy, : k).
According to a Lemma of Ostrowski [8, Section 38; 5, Chapter I, Proposition 7.1],
one has

(6.1) [L: K] =d(L/K)e(L/K)f(L/K)

for some d(L/K) € Z called the defect of L over K. If p is positive, d(L/K) is a
power of p, and if p = 0 then d(L/K) = 1. The extension L of K is called tame if

d(L/K) =1, e(L/K) # 0 mod p, and B/q is separable over A/p.

If L is tame over K and M is tame over L, then M is tame over K. If p = 0, then
every finite extension is tame. If p is non-zero, we call L totally wild over K if

e(L/K) is a power of p and B/q is purely inseparable over A/p;

if p =0, then L is totally wild over K if and only if L = K. Clearly, the degree of
a totally wild extension is a power of p. The extension L over K is totally wild if
and only if the only subextension of L over K that is tame is K itself [3]. If L is
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purely inseparable over K, then L is totally wild over K. Generally, L is totally wild
over K if and only if the maximal intermediate field of L over K that is separable
over K is totally wild over K; in the separable case, Proposition 6.3 below gives a
Galois-theoretic criterion for total wildness.

Let M be a finite Galois extension of K, and G the Galois group of M over K.
Let C be the integral closure of A in M, and v its maximal ideal. We define the
ramification group V of M over K to be the kernel of the map G — Aut(M*/(1+7))
induced by the action of G on M. The ramification group is normal in G, it is a
p-group if p > 0, and if p = 0 it is trivial [5, Chapter I, Theorem 3.6].

Proposition 6.2. Let L be a finite extension of K. Then there exists a unique
mazimal subextension Ly of L that is tame over K. If L' is a subextension of L over

K, then Ly = LyN L. If M is Galois over K, then M is the fized field of V in M.
Proof. [5, Chapter I, Theorem 3.15]. ]

Proposition 6.3. Let L be a finite separable extension of K. Let M be a finite
Galois extension of K such that the set X of field embeddings L — M that are the
identity on K is non-empty. Let v € X and let G and H be the Galois groups of M
over K and M over xL respectively. Then the following are equivalent:

(i) the field L is totally wild over K;

(ii) one has G=V - H;

(iif) #(V/(V N H)) = [L: K];
)

(iv) the natural action of V on X is transitive.

Proof. By Proposition 6.2, the field Ly is the intersection of L (the fixed field of H)
with the fixed field of V' in M. The extension L of K is totally wild if and only
if Ly is equal to K. Thus, L is totally wild over K if and only if V- H = G. We
may identify the set X with the set G/H, so #X = [L : K|. It is immediate that
H -V = G is equivalent to (iii) and to (iv). The proposition follows. O

We end the present section with two auxiliary result on totally wild extensions.

Proposition 6.4. Let M be a finite Galois extension of K, let C' be the integral
closure of A in M, and v the maximal ideal of C'. Then:

(i) the natural action of G on the group Iy, of fractional C-ideals is trivial;

(ii) for each fractional C-ideal a the natural action of V on the group a/av is
trivial.

Proof. Let 0 € G and a € ). Since Z); is torsion-free, and Z);/Zk is finite and
thus torsion, we have o(a)/a = C in Z);. This proves (i).

Using the short exact sequence (5.2) and (i), it is immediate that V" acts trivially
on (a/ar)°. This finishes this proof of Proposition 6.4. O

Proposition 6.5. Let L be a finite, totally wild field extension of K and let m be
an integer coprime to p. Then the norm map Ny x: L* — K* and the inclusion
Ly ks K — L induce group isomorphisms

L*/r™ — K*/K™ and K*/K*™ — L*/L™™.
Moreover, if [L : K] =1 mod m then these isomorphisms are mutually inverse.
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Proof. 1f p = 0, the statement is trivial, because in this case the only totally wild
extension of K is K itself. Assume p > 0. The composition of the inclusion K* — L*
and the norm L* — K* is the map K* — K* sending each A € K* to AFK],

If L is purely inseparable over K, then the composition of the norm L* — K*
with the inclusion K* — L* again maps each A € L* to AFK]

Next, suppose L is separable over K. Let M be a finite Galois extension of K
containing L. Let V be the ramification group of M over K, let H be the Galois
group of M over L and write W for V N H. Then the composition of the norm
map Ny g: L* — K* with the inclusion ¢y K* © M* sends each y € L* to
[T wevw 7(y) € M*. The definition of V' shows that V' acts trivially on the group
M*/(1+x). So tarx 0 Np/i induces the map L* — M*/(1+v), y — ylFE - (1 +v);
since q = tNL, we obtain that ¢/, 0Nk induces the map A — MEEL on L* /(14q).
By Proposition 5.3 applied to m and L, every element of (1 + q) is an m-th power,
so the induced map on L*/L*™ is exactly defined by A\ — NEE]

In the general case, we write L as a purely inseparable extension of a separable
extension L’ of K. In this case, the norm Ny/k = Npyg o Np/po and the inclusion
map tr/r © t/k induce the map A — (ABLDLEE] = NIEE] o L* /L™,

Since m is coprime to p and [L : K] is a power of p, the maps defined by
A — MEE] are automorphisms of K* JK*™ and L*/L*™ respectively, thus, the norm
and inclusion induce isomorphisms L*/L*" — K*/K*™ and K*/K*™ — L*/L*™
respectively. If moreover [L : K] = 1 mod m, then these maps are the identity on
their domain, which proves the proposition. O]

7 Constructing a root of the discriminant

In this section, K is a local field of residue characteristic p > 2, and L a finite,
separable, totally wild extension of K. Let n be defined by [L : K] = p". Write
A for the Henselian valuation ring of K, and B for the integral closure of A in L.
Fix a finite Galois extension M of K containing L, and denote by C' the integral
closure of A in M. Let v be the maximal ideal of C'. The Galois group of M over K
is denoted by G and the ramification group by V. By Proposition 6.3, the group V'
acts transitively on the set X of ring homomorphisms L — M that are the identity
on K, s0 X € Sg. From Proposition 4.1, we obtain the homomorphism ex: G — F;.
Choose « € L such that K(«a) = L. We denote the Galois group of M over L by
H. Let tpr/r: L — M denote the inclusion map, viewed as an element of X. The
stabilizer of ty7/r in G is exactly H C GG. Write f for the irreducible polynomial of
a over K. Write A(«) for the discriminant of f.

Proposition 7.1. In the situation above, there exists §(«) € M such that
(i) 8a)~" = (~1)"C+D2 . A(a), and
(ii) for each o € G one has o(6(c))/d(a) = ex(o).

The setup for proving Proposition 7.1 will take up most of this section; a proof is
given after Lemma 7.4. We give a number of definitions that depend on «. The set
J is defined by

J={j C M : there exists 7 € G such that j = (o« — 1) - C'}.

Clearly, J is finite and non-empty, and because C' is a valuation ring, J is totally
ordered by inclusion. The minimal element of J equals (0), and the maximal element
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max .J equals ) (o —Ta)-C. To simplify notation, we will write J° = J\ {(0)}.
For j € J°, we denote by j’ the predecessor of j in J. For any j € J, we write

Gi={reG:a—1acj}, V;=VNG,.

For example, one has Guaxys = G, Vinaxg =V, Goy = H, and Vo) = VN H. By
Proposition 6.4(i), each Gj is a subgroup of G, and each G; contains H. Since V' is
normal in G, each V] is a subgroup of V' that is normalized by Gj and therefore also
by the subgroup H of Gj.

Until Lemma 7.3, we fix an element j € J°. We define the map c¢: V; = j/j - ¢
by ¢(7) = (¢ — Taw mod j - t). From Proposition 6.4(ii) it follows that ¢ is a group
homomorphism. An element 7 € V] belongs to the kernel of ¢ if and only if o« — 7o €
j - t. Since j is isomorphic to C' as a C-module, j - t is a proper C-submodule of j
that contains each proper C-submodule of j. Thus, for 7 € Vj, one hasa —ra € j -t
if and only if (aw — 7a) - C' is properly contained in j; By definition of j’ this occurs
if and only if o — 7 € j’. This proves ker ¢ =V}, so V; is a normal subgroup of V;.
Since j/j - v is a vector space over the field C'/v of characteristic p, the group V;/Vj
is naturally a vector space over F,. We write V;/V; multiplicatively, so [, acts on
it via scalar exponentiation, while j/j - v is written additively, and [, acts on it by
scalar multiplication.

The group H acts on V;/Vj by conjugation, so V;/Vj is an H-module. For o € H,
we write o, for the conjugation action of o on Vj, Vi, and V;/V;. Let 0 € H. Then
we have oo = «, so for each 7 € V; one has a — o760 'a = o(a — 7a). Tt follows
that the injective map c: V;/Vj — j/j - v induced by c is H-linear. It maps the set
(V;/Viy)° of non-identity elements of V;/Vj to the set (j/j - t)° of non-zero elements
of j/j - v, which by (5.2) is a subset of the multiplicative group M*/(1 + ).

Let n; be the dimension of V;/V; as an IF,-vector space, which is finite because
V' C G is finite, and let S; be a section of (V;/Vj)° under F;.

Lemma 7.2. Let 0; be the element HTesj c(t) of M*/(1+t). Then we have

@ o= JI el in M/ +0),

pe(Vy/Vy)®
(ii) for each o € H one has
o(6))
4
in the group Fy C (C/t)* € M*/(1+x).

Proof. Each p € (V;/V;)° can be written uniquely as p = 77, with 7 € Sj and v € F},.

Therefore one has
[T =TI I

pe(Vi/Vyr)° y€F; T€S;]

Since ¢ is a morphism of Fy-sets, we have ¢(77) = v¢(7). In F, one has HWGF; v =
—1. We thus see

[T et =TT —clry " = (-1#sor.

pe(Vi/Vjr)° TES;

The order of the F,-vector space Vj/Vj is p™, so #(V;/Vy)° = p™ — 1. Since p is odd,
one has
pnj —1 n;—1
#S; = - =p" '+ +p+1=n;mod 2.
p —
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This proves Lemma 7.2(i).
For 7 € Sj, there exist 7' € S; and v, € F}; such that o(c(7)) € y,¢(S5). We also
have o,(7) € 7,S. The mapping 7 — 7’ is a permutation of S, so

T o(0;
detyy v, (0.) = [[ % = [ C(i/))) _ (6j )

TES] TES

This concludes this proof of Lemma 7.2. m
Let f’ be the derivative of f.

Lemma 7.3. Let .
jeJe

Then the following holds in the group M*/(1 +t):

(i) o7 = (=1)" f'(e) - (1 +),

(ii) for each o € H one has 0(0)/0 = ex(0).
Proof. Since V(g is the stabilizer of o under V', we have

f= 1] X=p), flay=" J[ (a=pla)).
PEV/ V(o) pEV/Vioy)\MVioy }

Forj € J° and 7 € Vj\ Vj, the coset (o« — 7(a)) - (1 + t) is equal to ¢(7), and this
value depends only on the coset 7Vj. Hence in M*/(1 + t), we have

flla)y-(1+v)=]] I1 cr)=11 [ -clo®/vo).
i€J° V0 €(K\Vy)/Vioy iEJ° pe(V;/ Vi)

One has
prier™ = [ #W/Vi) = #(V/Vig) =

jeJe
Since #(V;/Vig)) = 1 mod 2, Lemma 7.2(i) yields
—1)"f'(e) - (1 +1) = [J (=)™ py# Vo) = TT 6~ Y0) = gr-
()" f'(e)- A+ = [T=0m ]
jeJe pe(Vj/Vj/) jeJe

This proves Lemma 7.3(i).
For o € H, we use Lemma 7.2(ii) and the fact that #(V;/V()) =1 mod p —1 to
obtain

0 0\ #(Vir/Vio)
# =11 (%) = [ dety, v, (0.)#07 Vo) = TT dety; v, ()
jeJe ) jeJe jeJe

Using (3.2), we see that

dety (o«
H dety; v, (0.) = #SW)*) =ex(0).
jeJe

This proves Lemma 7.3. [

Lemma 7.4. There exists n € M* such that

18



(i) "=t = (=1)"- f(a),
(ii) for each o € H one has o(n)/n = ex(o) in M*.

Proof. Proposition 5.3(ii), with (—=1)"f'(a), M*, ¢, and the element 6 from Lemma
7.3 in the roles of A\, K*, p, and 0, yields a unique element n € M* with n-(1+t) =6
and n?~! = (=1)" f’(«). This element satisfies (i), and we will now prove that it also
satisfies (ii). Let o € H. Because f’() is an element of L, we have o(nP~!) = nP~1.
Therefore Z (”) is a (p — 1)st root of unity. By Lemma 7.3(ii) one has 57") (1+1v) =

ex(o) € M*/(l + t). Thus, by Proposition 5.3(iii), one has # = ex(o). This

proves Lemma 7.4. 0

Proof of Proposition 7.1. Let N: L, — K denote the norm map. One has
N(f'(@) = (=102 A(a),

Since p is odd, one obtains

N((=1)"f'(@)) = (=1)"" N(f'(a))
= (=)™ (=1)P"P"DR2A(q) = (=1)"EFD2A ().
By Proposition 6.5 applied to m = p — 1, one has N(\) € AL**~! for every \ € L*.
Therefore, there exists ¢ € L* such that N((=1)"f'(a)) = (=1)"f'(a)(?"!. One
obtains
(=1 EA() = (—1)" f(a) ¢t =

with 1 as in Lemma 7.4. Set d(a) = 77(. Then 5( ) satisfies 7.1(i). We prove that
it also satisfies 7.1(ii). From 6(a)?~! = (=1)?"®"~YD/2A(a) € K* and Proposition
5.3(iii), it follows that the map o — % is a homomorphism of groups G — F, C
K*. For 0 € H, we have ¢(() = ( since ( is an element of L; by Lemma 7.4(ii),

o0e) _ o) _ o) _

6(a) n¢ U

By Lemma 4.2, there is a unique extension of the homomorphism ex|g = (0 —
M) to a homomorphism G — F;. Hence ex and o 20(@) oincide on all of

o(a) /. . d(a)
G. This proves Proposition 7.1. O

Proof of Theorem 1.2. As noted in the introduction, we may assume p to be odd,
as we do in this section. Let o, € L be such that K(a) = L = K(f), and let
d(a),d(5) be as in Proposition 7.1. From Proposition 7.1(ii), we see that for every
o € (G, we have

o (0(e))

fa) T
and therefore o(d(«)/d(5)) = 6(a)/6(5). This implies that §(«)/d(5) is an element
of K*. Raising d(«)/d(5) the (p — 1)st power and using Proposition 7.1(i), we find

(1A @) - K = (<1 RAB) K

This proves Theorem 1.2. O

Corollary 7.5. The element (—1)""*D/2. A(a) of K* has a (p — 1)st root in the
maximal tame subextension of any Galois closure of L over K.

Proof. Let M be a Galois closure of L over K. The element §(«) is a zero of the
polynomial X?~1 — (—1)"P+)/2A(a) € K[X], so the degree [K(§(a)) : K] is at most
p — 1 and thus prime to p. Therefore K(d(«)) is tame over K, by [5, Chapter I,
Proposition 3.1]. This proves Corollary 7.5. ]
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8 Constructing an extension with given invariant

Let K be a local field of positive residue characteristic p with valuation ring A.
Write p for the maximal ideal of A. For an integer m and a group G, we say G is
m-divisible if for each g € G there exists h € G such that h™ = g. Let

Ki={a € K : there exists k € Zsq such that ap®, a 'p* € A},

which is a subgroup of K*. It is immediate that A* C K;. In this section, we assume
that K*/K; is (p — 1)-divisible and K # A. If K has characteristic p, then p =0 in
K and K* = K, so the first assumption is satisfied. Furthermore, if Zy =2 K*/A* is
isomorphic as an ordered group to a subgroup of the additive group of real numbers,
then the first assumption is also satisfied.

Theorem 8.1. With the assumptions above, suppose K;/(1+ p) is not p-divisible.
Then the map
d: L(K,p") — K*/K*!

defined in the introduction is surjective for every positive integer n.

The remainder of this section is devoted to our proof of Theorem 8.1. As an immedi-
ate consequence, we obtain Theorem 1.3. Our general strategy for proving Theorem
8.1 is to construct elements of L(K,p"™) with a given invariant using polynomials of
the form T?" +aT +b for a,b € K*. We will begin with two lemmas on polynomials
of this form. For g a polynomial, we write A(g) for the discriminant of g.

Lemma 8.2. Let n be a positive integer, let a,b € K*, and let g € K[T)] be the
polynomial TP" + aT +b. If K has characteristic zero, assume a?" ¢ p™"bP" =1 . A.
Then

A(g) € (_1)p"(p”—1)/2a N

Proof. Swan [11, Theorem 2] gives the following formula:
A(g) = (=1 @D (1= p )P ).
If K has characteristic p, then this formula reduces to
Ag) = (_1)p”(p"fl)/2 . af"n,

which lies in (—1)P""~1/2q . *P—1,
If K has characteristic zero and p™"b?"~! ¢ aP" - A, then one has
pnp"bp"—l

r = (1 _ pn)pn_la/pn G p

By Proposition 5.3(i) applied to m = p—1, all elements of 1+p are (p—1)st powers.
One computes

Alg) = (~1P" 0D (L) (1 e
Thus A(g) is an element of (—1)P"?"~1/2.q. K*»=1 This proves the Lemma. [

Lemma 8.3. Let n be a positive integer, and let a,b € K* be such that

(i) "L ar A
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(ii) b- (1 +p) is not a p-th power in the group K*/(1+ p).
Let a in some extension field of K satisfy
o 4+ ao+b=0.
Then K(«) is a separable, totally wild extension of K of degree p".

Proof. The field K(«) is separable over K, because if K has characteristic p, then
the polynomial 77" + aT + b and its derivative a are coprime in K|[T).

It is clear that [K(«) : K] is at most p". In this proof, let B be the integral
closure of A in K(«a), and let g be the maximal ideal of B. The plan of this proof is
to show that the ramification index e = e( K («)/K) multiplied by the inseparability
degree f; of B/q over A/p is divisible by p". By the definition of totally wild and
Ostrowski’s lemma 6.1, that will clearly suffice.

The equation satisfied by « shows that the two largest of the fractional B-ideals
a?" - B, aa - B, bB coincide. If ao - B is one of these, then it contains o”" and b, so
(aa)?" - B = (aa)(ac)?" ! - B contains o?” - b?"~! and consequently a?” - B contains
" =1 but BN K = A then implies that a?” - A already contains b*" !, contradicting
(i). Thus we conclude that the two largest fractional ideals can only be o?” - B and
bB, and that aa belongs to bq. Thus the equation satisfied by a shows that we have

(8.4) o = —b-(1+ ) with z € q.

Let now k be the largest integer with 0 < k < n for which we can write —b = o
with ¢ € A and u € A*. (Note that for £k = 0, we can take ¢ = b and u = —1.)
Choose such ¢ and u. We are going to show that e is divisible by p"~* and f; by p*.
That will do.

As for e, we may clearly assume k£ < n. Then the maximality of k implies that cA
is not a p-th power in the group of fractional ideals Zx. But o?" - B = bB = (cB)pk
shows that o?" ™" - B = ¢B, so ¢B is a p"F-th power in Tk (a)- This implies that the
cokernel of the natural map Zx — Zk (,) has an element of order p" % and therefore
p"* divides e.

As for f;, we may clearly assume k > 0. Then ¢ is a p-th power in K*, so
condition (i) implies that the element u € A* with —b = ¢®" - is not in (A*)?- (14p)
or, equivalently, that the image u of w in the field A/p is not a p-th power in that
field. From (8.4), we see that the element 8 = of" " /¢ satisfies 57" = u - (1 + )
with # € q. Hence 3 € B*, and the image 3 of 3 in B/q is a zero of the polynomial
™ — 4. By what we just proved about @, it follows that /3 is purely inseparable
of degree p* over A/p. Hence f; is divisible by p*, as required. This completes our
proof. O

We prove Theorem 8.1 in the case that K has characteristic p.

Lemma 8.5. Suppose K has characteristic p and K*/(1+4p) is not p-divisible. Then
the map ®: L(K,p") — K*/K*?~ from the introduction is surjective.

Proof. Fix a class £ € K*/K*~!. Choose b € K* such that b- (1 + p) is not a p-th
power in K*/(1+4p). If b € A* let ¢ € K*\ A*, which is possible because K # A,
and multiply b by ¢” to obtain b(1 + p) not a p-th power in K*/(1+p) and b ¢ A*.
Choose a € K* with (—1)P"®"=1)/2q € ¢ and b*"~! ¢ a?" - A; for example, for 2’ € ¢,
one of —a'bP~t, —a'b'P, —2'7PbP~! and —2'7Pb' P will do. Let o in some extension
of K satisfy o®" + aa + b = 0. By Lemma 8.3, the extension L is totally wild and
separable over K of degree p”. By Lemma 8.2, the invariant associated to L is &.
Lemma 8.5 follows. O]
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Until our proof of Theorem 8.1, suppose that K has characteristic zero. The strategy
in characteristic zero follows the same lines as in characteristic p, but we need to
be more careful when choosing the elements a and b of K*. To aid this choice,
we introduce some notation and prove a lemma. Let ord: Ky — R be the group
homomorphism that preserves the order defined by p + 1; that is, for c € K¢, s € Z
and t € Z, we have ord(c) > £ if and only if p* ¢ ' - A.

Lemma 8.6. Let ¢ € K*/K*~'. Let ¢ € K; with ord(c) > 0. Let y,z € R such
that y — z > (p — V)ord(c). Then there exists a € £ with z < ord(a) < y.

Proof. Because we assume K*/K; is (p — 1)-divisible, K; N &' is non-empty. Let
a € KyN ¢, then for every integer k, also a’c?~V% € ¢. Choose k minimal such
that z < ord(a’c??~V*) and put a = a’c?~1*. By minimality of k, we have ord(a) <
z + ord(cP~1) <y, which proves the lemma. O

Now we are ready to prove the characteristic zero case.

Lemma 8.7. Suppose K has characteristic zero, and that the group K;/(1 +p) is
not p-divisible. Let £ € K*/K*P~! Then there exist a,b € K* that satisfy

(=1 D2 € ¢ b (1+p) is not a p-th power in K*/(1+p),
a?" ¢ p" B T A and VP ¢ o - AL
Proof. Fix £ € K*/K*~. We distinguish two cases:
(i) there exists N € Zs such that ord(Kf) = +Z;

(i) for every z € R.q, the group K is generated by the set {u € K : |ord(u)| < z}.

In case (i), let ¢ € K; with ord(c) = +. With Lemma 8.6 applied to & =
(—1)P (e ;;)_/if, ¢y = 2l a'nd 7= 5, choose' a 6* (—1)P" " =1/2¢ ifith o <
ord(a) < %5 In this case, a is not a p-th power in K*/(1 +p). Put b = a, then a
and b are as required.

In case (ii), for every real number z > 0, there exists u € K¢ \ (K7 (1 + p)) with
lord(u)| < . With Lemma 8.6 applied to & = (—1)P"¢""D/2¢ ¢ =p y =p— 1,
and z = 3, choose a € ¢ with § < ord(a) <p— 5. If a- (1 +p) is not a p-th power
in K*/(1+p), set b = a, then a and b are as required. If a - (1 +p) is a p-th power
in K*/(1+p), Chogse u € K\ KF(1+p) with |ord(u)| < m. Set b = au, then
a and b are as required. This proves the lemma. O
Proof of Theorem 8.1. If K has characteristic p, the statement follows from Lemma
8.5. Suppose K has characteristic zero. Let £ € K*/K*P~! and choose a,b € K* as
in 8.7. Let « in some extension of K satisfy o®” + aa + b = 0. By Lemma 8.3, the
extension L = K () is totally wild and separable over K of degree p". By Lemma

8.2, the invariant associated to L is £&. The statement follows. O]

We finish this section by giving a class of fields for which the invariant does not
attain all values. Let K be a local field. Let K, be a separable closure of K and
let G'x be the Galois group of K, over K. Let V' be the kernel of the natural map
Gg — Aut(KZ,/(1 +t)). By [5, Theorem 3.8ii], there is a subgroup H C Gk with

the properties Gy = H -V and V N H is trivial. Write L for the fixed field of H in
Keep.

Proposition 8.8. In the situation above, for n > 0, the set L(L,p") is empty and
the map ®: L(L,p™) — L*/L**~1 from the introduction is not surjective.

Proof. By [5, Theorem 3.6i, 3.10vi], the only extension of L that is totally wild is L
itself. Therefore, L(L,p") is empty for all n > 0. The proposition follows. ]
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